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THE COHOMOLOGY OF BLOW UPS
By SAMUEL GITLER*
0. Introduction

Theblowing up of a manifold along a submanifold is a construction that has
been used extensively in algebraic geometry. In this expository note we give
a description of the cohomology of both complex and real blow ups. We use
Thom spaces and the Thom-Pontryagin mappings to define isomorphisms
which allows more of the algebra of the cohomology of the blow ups and the
module over the Steenrod algebra structure to become apparent. We have
tried to make this note accessible to topologists.

Given a complex manifold X of complex dimension n and a submanifold
Y of complex of codimension d, the blow up of X along Y is a complex man-
ifold X of the same dimension as X, which comes with a holomorphic map
f : X — X which is an isomorphism outside f~1(Y) and where f ~1(Y) can
be identified with Y the projective normal bundle of the embedding of Y in
X. The mapping f is of degree one for closed manifolds and this produces a

splitting using the Gysin map f! : H *()NK ) — H*(X)
(0.1) H*(X) = f*H*(X) @ Kerf!

This splitting is not a splitting of algebras. We have a natural commutative
diagram:

- E ~ 1T .=
Y X YN
(0.2) 2 lf A
y —F o x L, yN

where YV and YV are the Thom spaces of the normal bundles of the embed-
dings of YinX andof Y inX , respectively, and %, k are the inclusions, £, the
Thom-Pontryagin maps; g is the restriction of f to Y and A is the induced
map in Thom spaces. This diagram induces a short exact sequence

(0.3) 0B YN S H X o H*TY) L H X)) = 0

where o = (¢*,h*),8 = f* — ¢* which enables us to identify Kerf! with
H *(f’) /g*H*(Y) and to determine the ring structure even though £ is not
aring map. In particular, when k2* : H*(X) — H*(Y) is onto, the description
of H* ()~( ) as an algebra is particularly simple, see Theorem (3.10).
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A similar exact sequence appears in [5]. However Manin does not consider
Thom spaces.

In section 4, we describe the Chern classes of the tangent bundle to X.

One may also make the blow up construction for real manifolds. The meth-
ods in this note, may equally apply to this situation and yield the mod 2 co-
homology of the real blow up, see section 5.

1. The blow up construction

Let X be a (real or) complex manifold of dimension n and Y a subman-
ifold of codimension d. Let F be the real or complex numbers and F™+d
the corresponding (m + d)-space. Let D™*¢ be the disk with coordinates
(2,2') = (21,---,2m,27, - - ,z"j). Let D be the subspace of D™+¢ given by
D} = (2,2')|]2' = 0, and let FP2-1 denote the projective space of dimension
d — 1 with homogeneous coordinate ¢ = [¢1,...,£;]. We now recall the blow
up construction as given in [2, p. 603]. The blow up of D™*¢ along D is the

submanifold B(D™+%, D7) of D™+4 x FP9~! defined by:
B(D™4, D) = ((2,2'), [t])|2jtj = 2/t; for 1 > 4,j > d.

The projection onto the first factor induces f : B(D™+¢ ,Df) — D™ 4 and it
is clear that f induces an isomorphism (diffeomorphism or biholomorphism)

(1.1) B(D™t¢,D}) —f~Y(DF) = D™ — D

The general construction is now obtained by patching. Namely choose a fam-
ily of charts {U,} for X so that Y = | J (U, N T) and so that it

0o : Uy — D™t¢  is a diffeomorphism,

then ¢o(UyNY) = D™,
Use the diffeomorphisms ¢, to constant B, (Uy, Uy, NY) over U,.
NowB(X,Y) = ]__[BO,(UQ, U, NY) modulo identifications, where the iden-

o4
tifications are as follows. Consider Ug another chart, then we can form
B,(UyNUR, U,NURNY) C Bo(Uy, UaNY) and B(U,NUg, U,NUZNY) C
Bp(Up, Ug NY). We identify a point x € Ba(Ua N Up, Us NUg NY) with
eg 1<pa(x) € Bg(UsNUp, UaNUgNY). It is then not hard to see that B(X,Y)
is a manifold of the same dimension as X, closed and compact if X is. More-
over, if X and Y are orientable manifolds (the problem of orientability only
arises for real X and Y), then so is B(X,Y). By general position, because Y
has codimension at least 1, the map f : B(X,Y) — X is of degree 1. Also
Yy = Y is the projective normal bundle of the embedding of Y in X.
This projective normal bundle Y has a canonical line bundle L consisting of
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(y,l,v), wherey € Y, lis aline in the normal space to Y aty, and v is a vector
in that line. We also denote by X = B(X,Y’). We now have a diagram:

(1.2) gl if

the blow up diagram, £,/ the embeddings with normal bundles N=Land N
respectively, wheref : X — Y — X — Y is an isomorphism.

2. Degree one mappings

In this section, we recall some well known results like the Gysin map,
Poincaré duality and degree one maps, which can be found in [1].

Letf : X >Xbea mapping of manifolds, which are orientable (otherwise
take coefficients in Z9) and closed. Denote by [5(], [X] their fundamental ho-
mology classes. Recall that using Poincare duality, we can define the Gysin

map, f! : H1(X) — H7+¢(X) where e = dimX — dim X, as follows:

(2.1) XINF & =£(X] %)

wherex € HY ()} ), f« is the map induced in Ebmology and N is the cap product.
Ife = 0, and f is of degree 1, namely £,[X] = [X], then forx € HI(X),

XNz =f(X]Infx) =fX]nz=[X]nx
thﬁs fIf* is the identity and f! is a left inverse of f*. We thus obtain:
(2.2) HI(X) = f*HI(X) & (Kerf!)9.

Suppose now that x € HP (X),y € (Kerf!)?, then
(2.3) yUf"x € (Kerfl)P+a

for

£((K10y) 0f ™)

(A(Eny)na
(X Nfly)nx=0.

XIn(Filyufr))

Il

Hence ifp + ¢ = 2n,
(2.4) yUf*x=0.
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3. The Mayer-Vietoris sequences

Consider the following diagram:

- E ~ i ~ T =

Ve N—1—%X - N
N

Y : N 7 X " Y

where we have extended the diagram (1.2) to include the inclusion of YinN
and Y in N where N and N are the normal bundles of the embeddings. Then

(3.2) X=(X-Y)UN (X-Y)nN=N-Y
(3.3) X=X-Y)UN (X-Y)NN=N-Y.

Recall from the construction, of X , that f induces isomorphisms X-Y -

X-Y, N-Y =N -Y. Now (3.1), (3.2) and (3.3) induce a map of Mayer—
Vietoris sequences:

- —=HI"YN - Y)— HIX) —

P
_.Hq—l(N -Y)— HY(X) —

(3.4)
— HIN) @ HIX-Y) — HIN-Y)— -

Pk s

—+HIN) @ HIX~Y) — HIN—Y) — -

where f{" and f5 are isomorphisms and f* and f~ are monomorphisms. The
fact that f~ is a monomorphism follows from the homotopy equivalences N ~

Y,N ~ Y and the well known monomorphism H*(Y) g H *(17). A little bit
of diagram chasing now produces that j* induces

(3.5) Kerf!= H*(Y)/g*H*(Y).
Now using (2.2) we obtain

(3.6) H*(X) = f*H*(X) © (H*(Y)/g"H*(Y))
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and we need to describe the ring structure. This will follow from

THEOREM (3.7). We have short exact sequences

0— HIYN) S HIX) o HIFN) B HIE) - 0

where

aly) = (t*y,f*y), B@,z) =f*x -T2
Proof. The fact that o is 1 — 1 follows from the fact that f*is 1 — 1.
Namely if u € H?3(Y¥) is the Thom class, then

(38) f*,u = UUX

where U is the Thom class of Y and x is described below in (3.10). Then
f*(u Uy) = UU x Uy, for any classy € H*(Y). But y = (—1)2-1xd-1 4 ...
and H*(?) = (H*(Y) ® P(x))/In where Iy is the ideal generated by x% —
x2=1C{(N)+- - -+(~1)8Cy(N). Thus UUxUy = +UUx%~1Uy+. --and UUyU
y = 0ifand only if UUx%~1Uy = 0. Now 3 is an epimorphism, for by (3.6) 3
is onto f*H*(X). Now the classes [x*y] generate H*(Y)/g*H*(Y) with & > 0,
and if we look at x%y in H*(Y), B*#*(U 2%~ 1y) = 2ky so B"1* (U -x*~ ly) = [xky]
and 8 is onto. Now fa = 0, for fa(y) = ﬂ(t*y,f*y) = f*t*y —~?*f*y =0
because of the commutativity of (3.1).

Finally, suppose 3(u,z) = 0,i.e. f*u = t*z. Nowz isof the formz = U(yy+
yix+ .. +yg_12%71), then B*t*z = yox + y122 + - - - + ¥4_ 152 = B*f*u. Thus
Yor+y1%2+ - +¥g_9x? gy (Crxt =l — . —(=1)?*+1Cy) = k*f*u. Then
we must have (—1)%+1ly; ;Cy = k*f*u and all the coefficients of x,...,x4~!
zero. Thus,

Yo+ (-3 1C4_1 =
y1+ DYy G =

Yd-2—Ya-1C2 = 0.

Thus
yox + - +yg_1x@ = (=13 1y, 1x

and
z= (=18 luyy_1x = (=121 (=1)@"DE"Dyyy, 1 = uxyg_1.

Thus
z2=8"(u-yg-1) and t"(n-yg_1) =f"u.
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Suppose E and F are vector bundles over X, then the embedding E —
E@F givenbye — (e, 0) induces a mapping of Thom spaces i : X% — XEO®F

PROPOSITION (3.9). We have i*Uggr = Ug Ux(F), where Ug|Uggp are the
Thom classes and x(F) is the Euler class of F.

Proof . Consider the product bundles

ExX —~FxF

XxX 2. xxx

where i(e,x) = (e,sp(x)) and sy is the O-section of F. It induces a map of
Thom spaces
kAs

XEAX "B XE A XF
and (k A sp)*(Ug ® Up) = Ug ® x(F).
Now using A : X — X x X to pass to Whitney sums, (3.9) follows.

Now the mappingf : f’ﬁ — YN is really the composite
yN _, y&'N _, yN
where _
0—-N—-g N—-W-=0.
Then by (3.9) f*Uy = Uz U x(W)
Now x(W) is computed in:
PROPOSITION (3.10). The Euler class x(W) is given by

X(W)=Cy_1{(N)—xCg_oN)+---+ (~—1)d'1xd_1_

Proof . We have
C(W)UCIN) =g*C(N).

Now C(N) = 1+ x, hence C(W) = g*C(N)(1 +x)~1 or C(W) = g*C(N)(1 -
x+x2— .-+ (=1)kxk 4+ ...) and since x(W) = Cy4_1(W) the result follows.

The Euler class C3(N) € H4(Y) is in the image of H*(X) since we have
H*¥N) 5 1) 2 H*(Y) and Uy — C4(N). Let C; = t*Uy.

When &* : H*(X) — H*(Y) is onto, as for example where X =Y x Y
and Y — Y x Y is the diagonal embedding having the tangent bundle as
normal bundle, then we may choose classes C; € H%(X) with k*C; = C;,i =
1,2,...,d — 1. Let P(V) denote the polynomial algebra over Z on a single
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generator V of dimension 2. Then we have:

THEOREM (3.11). When k* : H*(X) — H*(Y) is onto the mapping ¢ :
H*(X)® P(V) — H*(X) given by
n_Jf*x ifr=0
prxev)= {[k*qu’] if r>0

is an epimorphism of algebras. The kernel is the ideal generated by (Ker k*)®
P(V) and the class

z=V%_ Vd—l—C—l + -4+ (—l)déd
where k*C; = C;.
This theorem follows easily from the above results.
4. The Chern classes of X

In this section, we compute the Chern classes of (the tangent bundle of)
X. Formulas similar to these appear in [3], [4] and [6]. Our formula looks a
little bit different from that of A.T. Lascu and D.B. Scott [4, p.227], because
we did not use reverse formulas, but more importantly, we split the image
of j*f*(TX) more than they do. Their formula can be obtained by the same
argument I use below.

We begin by recalling that if E is a complex d vector bundle over a complex
manifold Y and

q:PE)—-Y
is the projective bundle, then ¢*E splits
0-L—>qg*E—-W-—>0

where L is the canonical line bundle. Also
T(P(E)) = ¢*T(Y) ® B(TCP%~1)
where B(TCP?~1) is the bundle along the fibers. In this case
B(TCP* 1Y~ Hom (L,W)=L*QW
hence
C(4.1) TPE)=q¢TY)sL*®@W

From this formula, one may compute C(P(E)), or C(l’;') namely C(f’) =
g*C(Y)C(L*@ W).
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Consider now -

.

P
|

R
P

Xx-vy L .x

then since g is an isomorphism and X — Y and X — Y are open submanifolds
of X and X respectively, we have

g T(X) = f*T(X) =j*(TX)

and hence 7*(C(X) — f*C(X)) = 0.

It follows that C(X) — f*C(X) = #*(u - a), since H*(X,X — Y) = H*(YN)
by excision. 5

We now describe the class a € H*(Y).

First we define a certain “Chern class” B(L, E) for any bundle E and line
bundle L.

PROPOSITION (4.2). For E and L as abouve, one has:
C(E®L)=C(E)+Ci(L)B(L,E).
Proof. By the splitting principle, one has
E=Li®Lo®---®Ly.
Suppose C(L;) = x;, C1(L) = x, then

k |
CE®L) = [[A+x+x)
i=1
k
CE) = [[(1+x)
i=1

and
C(E®L)- C(E)=xB(L,E)=C{(L)B(L,E).
Now we are ready to state the result on the Chern classes of X.

THEOREM (4.3) Suppose Y — X is an embedding with normalbundle N, Y
and X the divisor and the blow up of X along Y with0 - N —g*N - W — 0
the splitting of N when lifted to Y. Then

C(X) = f*C(X) + *[u(g*C(Y)C(N)B(N*, W))].
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Proof. Consider the blow up diagram

~ ko«

We need to compute %*(C()z) —*C(X)).
Since k*T(X) = T(Y) ® N,

£*(C(X)) = C(Y)C(N)

Again C(Y) = g*C(Y)C(L* ® W) so k*(C(X) — f*C(X)) = g*C(Y)C(N* ®
W)C(N)-E*f*C(X) ButE*f*(C(X)) = g*k*C(X) and since k.*T(X) = T(Y)®
N and g*N = L& W we have g*4*C(X) = g*C(Y)C(N)C(W) and k*(C(X) -
f*C(X)) = (g*C(Y))C(N)[C(N* ® W) — C(W)] thus k*(C(X) — f*C(X)) =
g*(C(Y))C(N) - Cy(N*)B(N*,W)) and thus the result follows.

5. Real blow ups

The definition is that given in § 1 where instead of C, now use R. Again,

§ 2 is already made to apply to X L, X the real blow up. In section 3, the
Mayer-Vietoris sequence (3.4) holds with Zg coefficients, and (3.5), (3.6) and
(8.7) hold. Proposition (3.10) holds replacing C by W where x now is 1 di-

mensional. .
" Theorem (3.11) holds also, where dimension of V is 1 and C; are replaced -

by W;. Theorem 4.3 holds replacing Chern classes by Stiefel Whitney classes. .
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