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HOMOTOPY HOMOMORPHISMS
AND THE HAMMOCK LOCALIZATION

BY R. SCHWANZL AND R. VOGT
Dedicated to the memory of José Adem
1. Introduction

In the theory of A, or Eo monoids, rings and modules, or in the study of
diagrams of spaces homomorphisms as structure preserving maps are often
too rigid: they are not homotopy invariant. For example, if one changes a
homomorphism by a homotopy one obtains a homomorphism up to coherent
homotopy, called h-morphism for short. If f : X — Y is a homotopy equiv-
alence and X has an A, or E, monoid or ring structure, then Y admits an
Ao or Ey monoid or ring structure making f into an h-morphism but not a
homomorphism. In the E, monoid case the addition is an A-morphism but
again not a homomorphism.

Although h-morphisms seem to be the correct notion of morphisms in ho-
motopy coherence theory, they have draw-backs: composition is defined only
up to homotopy. Fortunately, composition is homotopy associative with canon-
ical identities. Hence there is a perfectly good homotopy category. The de-
scription of naturality properties of constructions such as homotopy limits
and colimits of diagrams or topological Hochschild homology or algebraic K-
theory of Ao or Eo, rings is rather involved unless one passes to the homotopy
category.

This passage reduces the spaces of h-morphisms to their path components,
thus depriving homotopy coherence algebra of its appropriate Hom-sets. In
view of the work of Békstedt [2], Waldhausen [17], and, in particular, Robin-
son [8], this is a real loss of information. Hence we are led to analyze the
structure of the collection of all A-morphisms before passage to homotopy. It
forms what we will call a A-category, a category-like structure which can be
interpreted as a category up to coherent homotopy. To be precise, any small
A-category can be rectified to a homotopy equivalent honest topological cat-
egory with discrete space of objects, and the rectification is a “functor” of
A-categories up to coherent homotopy.

In the first part of this paper we develop the necessary theory of A-catego-
ries, give some examples from homotopy coherence theory, and prove the rec-
tification result. ,

The description of a homotopy invariant Hom-space by h-morphisms
—though it arises naturally— is still unsatisfactory from the view point of
formal homotopy theory. Diagrams, A, or E, monoids and rings and ho-
momorphisms form closed simplicial model categories in the sense of Quillen,
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whose localizations with respect to the weak equivalences are isomorphic to
the homotopy categories of h-morphisms. This indicates a relationship of the
spaces of h-morphisms with the simplicial Hom-sets of the hammock local-
ization of closed model categories introduced by Dwyer and Kan [3]. They
associate with each closed model category a simplicial category such that the
path components of the simplicial Hom-sets coincide with Quillen’s localiza-
tion and hence, in our examples, with the homotopy classes of h-morphisms.

The second part of the paper deals with the relationship between h-mor-
phisms and hammocks. Up to homotopy they are two sides of the same coin:
the space of h-morphisms is equivalent to the simplicial set of hammocks in
the strongest sense one possibly can expect. There is a sequence of maps of
A-categories and genuine simplicial functors of simplicial categories joining
the A-category of h-morphisms with the simplicial category of hammocks, and
each map is a weak homotopy equivalence.

2. Homotopy coherent diagrams

Throughout this paper we work in the category Top of compactly generated
spaces in the sense of [16]. .

(2.1). A topological category C is a topologically enriched small category,
i.e. its morphism spaces are topologized and composition is continuous. Ifits
space of objects is discrete, we call it a topological index category. A
C-diagram is a continuous functor D : C — Top, where C is a topological index
category. A natural transformation f : D; — D; is called a homomorphism.
Its underlying map is the collection of maps f(A) : D1(A) — D2(A),A € obC.
If all the f(A) are h-equivalences (homotopy equivalences), we call f a weak
equivalence. The category of C-diagrams is denoted by Top®.

In the theory of homotopy limits and colimits, but also in classical homo-
topy theory, one encounters situations where one has to substitute a given
C-diagram by a homotopy invariant modification, a homotopy coherent
C-diagram. Such diagrams are codified by a “homotopy resolution” of C.

CONSTRUCTION (2.2). [1]. Let Cat denote the category of topological index-
ing categories and continuous functors. We construct a functor

W :Cat — Cat
and a natural transformation € : W — Id as follows:
obWC=o0bC
wC(4,B) = | I] Cn+1(4,B) x[0,1]* | / ~
n>0
where Cp1+1(A, B) is the space of composible morphisms
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with the relations

(fﬂstﬂs"':fO) (fn:tﬂy"-1fi°f¢'-la"'!f0) lft.=0

= (fn,- - fivr, maz(tiz1, ), fiory- ., fo) i fi=1id
(t; € [0,1], f; € morC; if fn = id or fo = id, delete fn,ty, resp. ty, fo). Composi-
tion is
(9ms> ¥ms - -1 90)o(fnstny -, fo) = (gms ¥ms-- -5 90,1, frstn,..., fo).
The natural transformation & is defined by
e(frstny---, fo) = fno---ofo.
It is an h-equivalence on morphism spaces: there is a non-functorial section
s:C—WC, fr(f)
and Hy(fn,tn, .- t1, fo) = (fast tn,. .., t-t1, fo) deforms W C into this section.
The notion of homotopy resolution is justified by following result.

PROPOSITION (2.3). [1, (3.17)]. Given a diagram of topological index cate-
gories

we £
E le
¢c -2 . »p

and continuous functors such that G is an h-equivalence on morphism spaces,
there exists a continuous functor H : WC — £ such that Foe ~ GoH (homotopic
through functors). Moreover H is unique up to homotopy (through functors).

Definition. (2.4) A homotopy coherent C-diagram is a W C-diagram.

The homotopy invariance of homotopy coherent C-diagrams is a conse-
quence of (2.3). For its formulation we need the notion of a homotopy ho-
momorphism.

Let L, denote the linear category

0—-1—-2—.--—n
An order preserving map « : [k] — [n], where [n] = {0,1,...,n}, induces a
functor £ — Ly and hence a functor o : W(C x L) — W(C x Ln). As ust-
ally, we denote the n order preserving injections [n — 1] — [n] and surjections

[+ 1] — [n] by &* resp. o*

Definition. (2.5). An h-morphism (homotopy homomorphism) Dy — D; of
homotopy coherent C-diagrams is a continuous functor

a:W(Cx L) — Top
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such that ac6® = D; and ac6! = Dg. The collection of maps
o((idg,0 — 1)) : Do(A) — D1(4), Ae€ob(

is called the underlying map of a.

The correspondence ((fﬂ: ]ﬂ)’ tn,..., (fo,jO)) — ((fny tny.uey fO)l jﬂ° T °j0)
defines a functor W(C x £;) — WC x L;. Hence any homomorphism of WC-
diagrams is an A-morphism in a canonial way. While it is clear how to compose
an h-morphism with a homomorphism on either side it is far from clear how
to compose h-morphisms. To define this composition consider the simplical
class K Top® whose n-simplices are continuous functors

W(C x Lp) — Top.

PROPOSITION (2.6). [1, (4.9)]. K TopC satisfies the restricted Kan extension
condition, i.e. a horn can be filled in provided the missing face is not the first
or the last one.

(2.7). Given h-morphisms a : Dg — Dy and 8 : Dy — D3 thereis a
2-simplex 7 with ro60 = f,7062 = a. We take v = roé! as a composite of
a and . Then v is uniquely determined up to homotopy [1, (4.12), (4.13)],
and composition is homotopy associative with the identical homomorphisms
as units. Hence we obtain a homotopy category =K TopC.

(2.8). Let C be a topological index category and {X¢;C € ob C} a set of
spaces. We topologize the set of continuous functors F : ¢ — Top satisfying
F(C) = X¢ with the subspace topology of

H TOP(C(A’ B)’TOP(F(A):F(B)))'
A,B

In particular, the set K TopC (Do, D) of h-morphisms Dy — D; obtains a
topology. More generally, if S is a set of homotopy coherent C-diagrams and
K Top® is the simplicial subset of K TopC of all simplices having vertices in S,
then KgTop® has the structure of a simplicial space.

Let V, € W(C x L) denote the subcategory generated by all faces except of
the k-th face, 0 < k < n. Then (2.6) is proved by constructing a deformation
retraction functor W(C x L,) — V,. Now let »; : [1] — [n] be the order
preserving map sending O to+ — 1 and 1 tos. Let W ¢ W(C x L) be the
subcategory generated by all =;(W(C x £1)),s =1,...,n,n > 2. Applying the
previous remark inductively, we obtain a deformation retraction functor

W(C X £n) e w

PROPOSITION (2.9). =1, ..., 7, induce an h-equivalence of (K g Topc),z with
the space of strings of h-morphisms :
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Dy — Dy —+-+— Dy

with D; € S.
This result exhibits Kg Top as an example of what we will call a A-category
(see (3.3)).

(2.10). Homotopy invariance. [1, (4.18), (4.19)]. Let Is denote the cate-

gory »
0———1

7
consisting of two isomorphic objects. Let Dy be a homotopy coherent C-dia-
gram.

(1) Given h-equivalences a(A) : Dg(A) — D;(A), one for each A € ob C,
then Dg and the a(A) extend to a continuous functor

a:W(Cx Is) — Top.

(2) Given an h-morphism 8 : Dy — D; of homotopy coherent C-diagrams,
whose underlying map consists of h-equivalences, then § extends to a con-

tinuous functor
a:W(Cx Is) — Top.

Let u,v : £1 — Is be given by u(0) = 0,u(1) = 1,v(0) = 1,v(1) = 0. Then
B = aou. Clearly aov is a homotopy inverse of 3.
(2.11). Rectification of h-morphisms: There is an endofunctor

U: Topwc — Topwc

together with a natural weak equivalence r : U — Id and h-morphisms
np : D — UD having the following properties
(1) np isnatural with respect to homomorphisms f : D — E of W(C-diagrams,
ie. Ufof]D = r]Eo_f
(2) np(A) : D(A) — UD(A) embeds D(A) as a strong deformation retract
(8) rponp = id as h-morphisms
(4) any h-morphism a« : D — FE factors uniquely as a = aonp with
a: UD — E a homomorphism of W C-diagrams
(5) The map K Top¥ ¢(D, E) — Top®(UD, E), a — & is continuous.
The composites are always meant to be the canonical composites of an
h-morphism with a homomorphism of W C-diagrams.

Proof: We confine ourselves to the definitions. For a detailed proof see
[1, (4.43)].

UD(4) = (HW(C x £1) ((B,0),(4,1)) x D(B)) [/~
B
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with the relations (gof, z) ~ (g, D(f)(z)) for f € §'WC. The W(-structure is
defined by
UD(h)(g,z) = (hog,z)

for h: A — A'. The h-morphism 5 is given by the adjoints of the maps
W(C x L£1)((B,0),(4,1)) x D(B) — UD(A),
and if & : W(C x £1) — Top is an h-morphism D — E, its adjoints
W(C x L£1)((B,0),(A4,1)) x D(B) — E(A)

define the W C-homomorphisms a. If « = idp,thena : UD — D is the natural
maprp. O :

Hence any h-morphism a can be “decomposed” canonically into a broken
arrow diagram o a

D+ UD vE

where the map into the wrong direction is a weak equivalence. This suggests
that there should be a connection with the localization of Top" ¢ given by
inverting the weak equivalences:

PROPOSITION (2.12). [1, p. 140-ff]: Let W be the class of weak equivalences

in Topwc, then
TopW ¢ [W 1| = xK Top®

3. A-categories

Let A be the category of finite ordered sets [n] and order preserving maps.
Let X be a simplicial space, i.e. a functor X : A°? — Top. We define

(RLX)y, ={(21,...,2n) € (X1)%d 211 =d02;i=1,...,n =1} n>1

3.1
(RLX)o =Xo

ie. (RLX)y is an iterated pullback X; xx, X1 Xx, *** Xx, X1.

Let m; : [1] — [n] be given by =; (k) = ¢ — 1+ k. We have the following result:

LEMMA (3.2). A simplicial space X is the nerve of a category object in Top

if ’
(W]_, ceny Wn) H Xn — (RLX)n

is a homeomorphism for all n > 2.

Proof. If X is the nerve of a topological category then X, = (RLX)n.
Conversely,
dlo(';rl,?rz)_l i (RLX); — X2 =+ X3
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defines an associative composition with identities 89 : Xg — X;. o
We weaken (3.2) up to homotopy and define

Definition (3.3). A special A-space is a simplicial space X such that
(*1,...,%n) : Xn — (RLX)y, is an h-equivalence for all n > 2. A A-category
is a special A-space for which Xj is discrete. A A-functor is a simplicial map
between A-categories. Let ACat denote the category of A-categories.

Example (3.4). Let Y be a topological space and SY its topologized singular
complex, where S,Y = Top(A"™,Y) has the function space topology. SY isa
special A-space.

Remark (3.5). Special A-spaces with X ~ * are of importance in loop space
theory [13, (1.5)].

The passage from A-categories to the hammock localization, mentioned in
the introduction, is given by A-functors up to coherent homotopies, which
we will now introduce. Any simplicial space X and hence any A-category is
canonically a homotopy coherent A°?-diagram via

X
wa®_ - a0 +Top.

Definition (3.6). An hA-map between simplicial spaces is an h-morphism
of the associated W A°P-diagrams.

Asin § 2 A-categories and hA-maps extend to a simplicial class KACat. Let
S be a set of A-categories and KgACat the restriction of KACat to simplices
with vertices in S, then (2.6) and (2.9) give

PROPOSITION (3.7). K ACat satisfies the restricted Kan extension condition
and KgACat is a A-category.

(3.8). Homotopy invariance: If X is a simplicial space, then

dl

Gr(X): X; Xo

do

is a directed topological graph. A simplicial map f : X — Y defines an under-
lying map of graphs Gr(f) : Gr(X) — Gr(Y). Similarly ifa : X — ¥ is an
hA-map we have underlying maps a; : X; — ¥;,7 = 0,1 which commute with
d* up to homotopy. We call (ag, a1) the underlying h-map of graphs. Given an
hA-map a : X — Y of A-categories for which ag, o3 are h-equivalences, then
ap, a1 extend to h-equivalences (RLX), — (RLY)n, because Xy and Y are
discrete. Since X and Y are special, (2.10.2) implies:

PROPOSITION (3.9). Given an hA-map o : X — Y of A-categories whose
underlying h-map of graphs (ag, a1) consists of h-equivalences, then a extends
to a continuous functor W(A°P x Is) — T op.

Remarks (3.10): (1) Given a A-category X and a map of graphs Gr(f) :
Gr(X) — Y which consists of h-equivalences we cannot expect to extend Gr( f)
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and X to an hA-map of A-categories. The analogue of (2.10.1) extends ¥ to a
W A°P-space which need not factor through e : WA° — A° and hence need
not define a A-category.

(2) For special A-spaces (3.9) holds, provided d® or d! is an h-fibration.

(3.11). Rectification of hA-maps: There is an endofunctor
M : ACat — ACat

together with a natural transformation r : M — Id and hA-maps
nx : X — M X such that
(1) nx is natural with respect to A-functors
(2 (nx)n : Xn — (MX),, embeds X,, as a strong deformation retract
(3) ryxonx =1idx as hA-maps
(4) any hA-map a : X — Y of A-categories factors uniquely as & = aony
witha : MX — Y a A-functor.
(5) The map KACat(X,Y) — ACat(X,Y), a — & is continuous.
The functor U of (2.11) will not do since it produces a W A°?-diagram from
a A-category. We need a modification.
Define a special A-space NX by

(NX)n = (HW(A"" x L1)(([¥],0), ([n], 1)) x Xk) /[~

k

with the relations (hogof,z) ~ (se(h)og, X((f))(z)) in the notation of (2.2)
for h € §OW A°P and f € §1W A°P. Now proceed as in the proof of (2.11) to
show that NX has all the required properties apart from the fact that (NX)g
is not discrete (but (NX)q = Xp). For the proof of (2) consult [10, (4.5)].

Let NgX denote the constant simplicial space on (N X). Define M X to be
the pushout

NoX NX
| !
Xo MX

Then NX — MX is a weak equivalence in the sense of (2.1) because

NoX — NX is a cofibration. Since A-categories have a discrete space of 0-

simplices the passage from NX to M X preserves properties (1),...,(5). o
As in section 2 we conclude

(3.12). An hA-map a : X — Y of A-categories “decomposes” canonically
into a broken arrow diagram of A-functors

rx &

X+ MX 'Y

where the A-functor into the wrong direction is a weak equivalence.
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4. Rectification of A-categories

The following is an adaptation of methods of May [6] to our situation.
Let J c A denote the subcategory of all maps f : [m] — [n] of the form
f(@) = f(0) +1 for all « € [m]. If J; C J is the full subcategory with objects [0]
and [1], then Topjlo * isthe category Graph of directed topological graphs. The
obvious forgetful functor

L: T'opJap — Graph
has a right adjoint
R: Graph — Top’ ™
given by the iterated pullback (3.1). The following is obvious.

LEMMA (4.1). LoR = Id and the adjunction unit § : Id — RoL is given by
the maps of (3.2)
6n = (71,...,7n) : Yn = (RLY ),

The forgetful functor Ry : Top®™ — Top”*" has a left adjoint
Ly:Top”™ — Top””, YHY® ;A= (H Yy, x A([n], [kl)) /[~
k

with the relations (Y (g9)(y), f) ~ (v,9°f) for y € Yi,g9 € J(|m],[k]), and
f € A([n],[m]). The simplicial structure is gwen by composition on the right.
The composite D = RyoL; is a monad on Top”™"

(4.2). Analysis of DY: Let A, C A be the subcategory of all morphisms
g : [m] — [n] with g(0) = 0 and g(m) = n. A morphism f : [n] — [k] in A
factors uniquely as h fa

1+ l—=—lg—=—{H
with f2 € Jand f; € A,. Note that ¢ = f(n) — f(0). Hence

(DY)n = [T ¥a x Au([n], [K]).
k

In particular,
(DY)o=Yy , (DY)1=]]¥.
k

The unit of D is

(7¢)n: Yo — HYk x As([nl, [k]), v~ (y,9d).
k
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(4.3) A, is a strictly monoidal category with (k]@ [l| = [k+]and f D g :
(k] @ [l] — [m] & [n] defined by

f(s 1<k
(f@9)l) = {m(J)rg(i—lg) i>k

Any f € A4([n], |k]) is uniquely of the form f = f1 @ --- @ fn with f; : [1] —
[f() = f(i—-1)].

LEMMA (4. 4) 6DR : DR — RLDR is a natural Lsomorphzsm of functors
Graph — Top

Proof. LetY = RZ,Z € Graph. Think of (y1,...,yx) € Y} as a diagram

: V1 vz ¥n
zg +T1 »oan *T )

with z; € Yo and Y; € Y]_. For ((yl,.. -,yk);fl DD fn) € Yk X A.([n], [k]) C
DY, we have

(1o 9k), f1© @ fn) = (zf-1) = Tp—1)+1 = -~ = Z5(0) fi)-

The statement follows. o

Let JTop C Top’” denote the full subcategory of all Y for which Yj is
discrete and §y : Y —+ RLY is a weak equivalence in the sense of (2.1). Note
that B; X € JTop for a A-category X. From (4.2) we obtain

LEMMA (4.5). D preserves weak equwalences in Top’” and RL weak equiv-
alences in JTop. o

Consider the commutative diagram in Top””

[
py —— 2 ., RLDY
(4.6) . lpay lRLD&Y
SpDRLY

DRLY ————— RLDRLY

IfY € JTop then §pgLy is an isomorphism (4.4) and Déy,, RLD&} are weak
equivalences (4.5). Hence épy is a weak equivalence. Since (DY)O = Yy, we
obtain :

LEMMA (4.7). D defines a m_,onad- on JTop.
By [6, (5.2), (5.3), (5.5)] these observations imply

PROPOSITION (4.8). Let § rapho .C Graphbe the full subcategory of all graphs
X with discrete Xo. Then =~ -

(1) C'= LDR is a monad on Graphg
_ 6D RLD6
2 é6:D +*RLD » RLDRL = RCL is a morphism of monads
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(3) IfY € JTop is a D-object, there is a natural diagram

. 5.
Y.« B.(D,D,Y) —— RB,(CL, D, Y)

of simplicial D-objects. B.( ) is the two-sided bar construction, Y, the
constant simplicial D-object on Y, and e. a simplicial h-equivalence in
JTop.

We apply this result to our problem: the D-objects in JTop are exactly the
A-categories, the D-objects in JTop of the form RZ are exactly the topological
categories. Since (DY)q = Yj, the simplicial object (B. (D, D, Y))o is constant
on Yy. Since (RLY)y = Yy, the same holds for RB,(CL, D,Y). Since the
topological realization functor preserves small limits, R commutes with topo-
logical realization, and we obtain a diagram of D-objects in JTop

lee] 164

Y «—— |B.(D,D,Y)| ——— R|B,(CL, D, Y)|.

Since the degeneracies in B,(D,D,Y) and RB.(CL,D,Y) are inclusions of
topological summands and hence cofibrations, (4.6) implies that § of (4.8.2)
is a weak equivalence. Consequently the D-maps |e,| and |8.| are still weak
equivalences in the sense of (2.1).

We summarize:

THEOREM (4.9). There are functors M,C : ACat — ACat together with
natural transformations € : M — 1d, 6§ : M — C which are weak equivalences,
such that CY is a topological index category:

: &
y—X Mmy—2 ¢y,

o o~

Inverting ey according to (3.9) we obtain an hA-map Y — CY which is a
homotopy equivalence. (All maps are the identity on 0-simplices).

Remark (4.10). There is another rectification process which passes from
A-categories to Ay, categories, i.e. Ay, monoids in Graphg, and then to topo-
logical categories. A theory of A, categories can be developed along the lines
of Sections 2 and 3 using [1].

5. The A-categories of A, or E, monoids and rings

The structures of A and E monoids and rings are codified by appro-
priate topologized algebraic theories (see [12, §2]). Among these theories are
universal ones obtained as follows: we start with a canonical theory © which
is the theory ©,, of monoids in the A, monoid case, the theory 8(Q ) asso-
ciated with the little cubes PROP Qo of [1, (2.49)] in the E5 monoid case,
and the theories ©( ¥, L) associated with the CW -approximation of Steiner’s
canonical operad pair (¥eo, £) [14], [15] in the ring cases. In the A, ring case
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we forget the action of the symmetric groups on L, in the E ring case this
action is part of the structure. We then apply the theory version of Construc-
tion 2.2 [1, p. 72 ff] to Oy to arrive at a universal theory: each A, or Ey
monoid or ring can be structured by WOy [1, (3.17), (6.31)].

We now proceed as in Section 2 with W( replaced by WOy : A, Ex
monoids or rings are product preserving continuous functors X : Woy —
Top, X(1) is the underlying space of X, a homomorphism is a natural transfor-
mation of such functors. A weak equivalence is a homomorphism f : X — Y
whose underlying map f(1) is a homotopy equivalence. Denote the resulting
categories by MAoo, MEoo, RAco and Réw.

Let M denote any of these categories. h-morphisms between objects in M
can be defined as in (2.5) with C x £; replaced by 8y ¢ £, where Oy o L is
the quotient of ©y x L,, obtained by identifying the objects (0,1),7 € L, toa
single terminal object. As in Section 2 the h-morphisms extend to a simplicial
class KM, and we have

PROPOSITION (5.1). KM satisfies the restricted Kan extension condition for
M = M.Aw, M{oo, RAOO and kgoo.

The proof is a refinement of [1, (4.9)] and [9, (3.2)], which also provides"

PROPOSITION (5.2). If S is a setof objectsin M = M Ao, MEoo; RAco Or RR oo,
then KgM is a A-category.

(5.1) allows the construction of the homotopy category K M of homotopy
classes of h-morphisms.
Given an h-morphism « : X — Y of objects in M, we call

a((idy, 0 — 1)) : X(1) — Y(1)

the underlying map of a.

(5.3). Homotopy invariance [1, (4.18),(4.19)], [9, (4.4),(4.6)]: Let
M = MAco, Mlo, RAo or Réo
(1) Let X bein M and f : X(1) — Y be an h-equivalence in Top. Then there
isa Y € M with underlying space Y and a continuous product preserving
functor

a:W(Oy oIs) — Top
extending X,Y and f.

(2) Any h-morphism « : X — Y of objects in M, whose underlying map is an
h-equivalence in Top, extends to a continuous product preserving functor

W(Oy o Is) — Top.

PROPOSITION (5.4). The rectification result (2.11) holds in MAco, M€,
RAs and Ré.
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Proofs are given in [1, (4.43)] and [9, (4.12)]. The rectification process in
[9] is a variant of our functor N of (3.11). The necessary changes are easily
made.

COROLLARY (5.5). Let W C M be the class of weak equivalences. Then
MWl =2 xKM.

6. Comparison with the hammock localization

Let M be a model category in the sense of Quillen [7] and W its subcategory
of weak equivalences. To avoid confusion we call them model equivalences.
Dwyer and Kan associated with M its hammock localization L M with respect
to W [3].

(6.1). The hammock localization: ob LEM = ob M and L M(X,Y) is

a simplicial class whose k-simplices are hammocks of arbitrary length and
width k. A hammock in L¥ M(X, Y) of length n and width k is a commutative

diagram in M

2oy — 2oz <o —— Zon

L,y ——— 212

-

=
3

N

Zk, Zy

2 v Zgn

such that

(1) all vertical maps are model equivalences

(2) in each column all horizontal maps go in the same direction. If they go
to the left, they are model equivalences

(3) the maps in two adjacent columns of horizontal maps point in opposite
directions

(4) no column of horizontal maps contains only identities.

The i-th face operator omits the :-th row and the i-th degeneracy repeats
it. Composition is the obvious one. Possibly one has to reduce the resulting
diagram to a hammock by composing arrows and deleting identities.

Although LH M(X,Y) is a simplicial class it is homotopically small in the
following sense [3, (2.2), (4.1)]: L¥ M(X,Y) contains a simplicial subset U
such that for each simplicial subset V containing U there is a simplicial subset
W containing V' for which the inclusion U — W is a homotopy equivalence
after realization. In particular, L¥ M(X, Y) has a well-defined homotopy type,
and one has [3, (4.2),(4.7)]:

PROPOSITION (6.2). (1) If M is a model category, then moL¥ M = M[W!].
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(2) If M. is a closed simplicial model category, X € M. is cofibrant and
Y € M, is fibrant, then M.(X,Y) has the same homotopy type as L M(X,Y).

In (6.2.2), LF M(X,Y) extends to a bisimplicial structure L M, (X, Y) with
one direction from M., and the homotopy equivalence is given by the obvious
functors [3, (4.8)]

(6.3) M. — diag LEM, — LHEM

By [4] and [11], the categories Top®, MAco, Moo, R Aco, R Eeo Of Section 2
and 5 form closed simplicial model categories. Their model equivalences re-
spectively fibrations are homomorphisms whose underlying maps are weak
h-equivalences in Top resp. Serre fibrations. In particular, all objects are
fibrant. By (2.8) these categories have topologized morphism sets and the
simplicial structure is obtained by passing to their singular complexes.

Constructions such as homotopy limits and colimits, classifying spaces, al-
gebraic K-theory [12], [17] or topological Hochschild homology [2] of homo-
topy ring spaces obviously define functors on L M. A comparison of the
A-categories of Sections 2 and 5 with the corresponding categories of ham-
mocks hence describes the functoriality of these constructions with respect to
h-morphisms. This comparison is established in the following two theorems.

THEOREM (6.4). Let M = Top®, M Ao, MEoo, RAco Or REec and let S C ob M
be a subset. Let T = {UX;X € S} C ob M and let My C M be the full
subcategory of objects in T. Then there is an hA-map

KsM — Mt

whose underlying map consists of h-equivalences.

(6.5). Let us call two A-categories A and B equivalent if there is an hA-map
A — B whose underlying map consists of h-equivalences. Then A and 8 are
equivalent iff there are A-functors

A—C— B

which are weak equivalences (3.9),(3.11).

L¥ M(X,Y) is a set for small M but only homotopically small in general.
Hence only the notion of equivalence of the second part of (6.5) makes sense:
Two simplicial categories A, B with possibly only homotopically small simpli-
cial morphism classes are called equivalent if there is a string of simplicial
functors

A— 0 — «ev. o — B

preserving the homotopy types of the morphism classes.

THEOREM (6.6). Let M = MAco, Méoo, RAco, REeo or Topt with mor C of
the homotopy type of a CW-complex. Let S C ob M be a set of objects of the



HOMOTOPY HOMOMORPHISMS AND THE HAMMOCK LOCALIZATION 445

homotopy type of a CW-complex and T = {UX;X € S}. Then the simpli-
cial categories Mt and Lg M are equivalent, where Mt and Lg M are the full

subcategories of M and LH M of objects in T respectively in S.

The model equivalences in M are homomorphisms whose underlying maps
are weak h-equivalences in Top. Equivalences in K M come from h-morphisms
whose underlying maps are honest h-equivalences. Hence the comparison
(6.6) can only hold on subcategories where weak h-equivalences and honest
ones of the underlying spaces agree ( M = TopL0, L the trivial category, is a
counter example).

Proof of (6.4). We construct a sequence of A-categories and A-functors
which are weak equivalences

KMy —T oM T My

The A-category N has product preserving continuous functors
px :W(Byols)— Top

as vertices, where px|[6°WOy = X and px|§'WOy = UX, one for each
X € S. The existence of px is guaranteed by the rectification process U.
The n-simplices of N are product preserving continuous functors

WOy olsoLlLn)— Top

extending the given functors on vertices. As in the other examples N is a
A-category. !
The A-functors fp and f; are induced by the two inclusions £,, — I's x L.

LEMMA (6.7). fo and fi are weak equivalences.

Proof . By symmetry it suffices to prove this for fy. Since fo is a A-functor of
A-categories it suffices to show that it is an h-equivalence on 1-simplices. Let
V Cc W(By ¢ Is<L1)be generated under composition and taking products by
§°W (©y o L1) and the subcategories W (©y o Iso{i}),7 = 0,1. An h-morphism
o:W(ByoLly) — Topfrom X toY with X, Y € S defines a continuous product
preserving functor G(s) : V — Top :

UX . Uy
PX PY
[Tex ]
X — Y
There is a deformation retraction F : W(©y ¢ Is o L1} — V through prod-

uct preserving functors [1, (4.18)], [9, (4.8)]. Hence we obtain a continuous

section of fy
8g : (KsM)l — N]_ y O G(a‘)oF.
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Since F is a deformation retraction, sgofg ~td. ©

LEMMA (6.8). The canonical A-functor f = f2 : My — KrM is a weak
equivalence.

For the proof we need

LEMMA (6.9). A weak equivalence h : UX — UY in M, i.e. a homomorphism
with underlying map an h-equivalence, has a homotopy inverse in M.

Proof: Let # M denote the category of homotopy classes of homomorphisms
in M. The rectification construction U defines a functor

[7:1rKM—>1rM

For a class [a] € 7K M(X,Y), Ulc] is defined as follows: Take any composite
B a

X —— Y
l'lx ' L_? lﬂy
vx —— UY

of @ and 5y, then Ula] is represented by j, induced from § by the universal
property of 5 x. Since 8 is unique up to homotopy, so is 5.
Letnf : #t M — 7K M be induced by the A-functor of (6.8) and let

g = ryohor]X : X—-UX—-UY =Y

be the canonical composite of the h-morphism nx with the homomorphism
ryoh. By homotopy invariance, [g] is an isomorphism in xK' M. Hence Ulg] is
an isomorphism in # M. Since = f[ry | is inverse to [ny], honx is a composite
of ny and g. Hence U|g| is represented by hopy = h. ©

Proof of (6.8): The composite

M(UX,UY)

KMUX,UY) = M(UUX,UY)

sends h : UX — UY to h : UUX — UY defined by honyx = h. Since h is
a homomorphism, (2.11) implies that h = ryyoUh = horyx. By (6.9) ryx is
a homotopy equivalence in M. Hence f : M(UX,UY) — KM(UX UY)isa
homotopy equlvalence o

Proof of (6.6). We work in the ambient categones M and LH M. We have
simplicial functors

f
McT

diag L M.+ LH M« LEM

where the left two arrows are given by (6.3) and f is induced by the functor
U, which preserves model equivalences. By [5, (3.3), (3.5)]

f:LEM(X,Y) — LEM(UX,UY)
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is a weak homotopy equivalence. Since all objects in M are fibrant the equiv-
alence of M, and Lif! M follows from (6.2) and

LEMMA (6.10). If X € M has the homotopy type of a CW-complex UX is
homotopically cofibrant, i.e. UX is homotopy equivalent in M to a cofibrant
object.

Proof . Let ¢ be the initial object of M. Decompose g — X into a cofibration
and a trivial model fibration ¢ : QX — X. Then QX is cofibrant. Let R be the
CW -approximation and ax : RX — X the associated h-morphism described
in the appendix (for simplicity we use RX for F*RX). Consider

Rgq aQx
RX « RQX + QX.

Since ¢ is a model equivalence Rgq is a weak equivalence in the sense of (2.1)
or Section 5. Hence there is an h-morphism RX — RQX inverse to Rq up to
homotopy, and we can choose a composite 4 : RX — QX. Rectification gives
a homomorphism f : URX — QX. Since the underlying map of # consists
of weak h-equivalences, § is a model equivalence. If y : M — Ho M denotes
Quillen’s localization functor [7, (I1.1.11)], v(f) is an isomorpism. But QX is
cofibrant and URX fibrant. Hence [7, (I.1.16)]

Ho M(QX,URX) = nM(QX, URX).

We can lift the inverse of v(f) to a homomorphism g : QX — URX. Since
v(Bog) = idgx and Ho M(QX,QX) = 7M(QX,QX), Bog is strictly sim-
plicially homotopic to id in the sense of [7, (IL.2.5)]. Since URX is of the
homotopy type of a CW -complex gof is a weak equivalence in M and hence
an h-equivalence by (6.9). Consequently f is an h-equivalence in M. The
h-morphism o x induces a homomorphism URX — UX whose underlying
map is an h-equivalence. So URX and hence QX are homotopy equivalent to
UXin Mby(6.9). o

Appendix: CW-approximations

Let R : Top — Top be the composite of the singular functor and the topo-
logical realization functor, and let r : R — Id denote the associated adjunction
counit. Let © be a theory or a topological index category C and X : WO — Top
a W6-space. Since R preserves products we obtain a RW©-space RX defined
by the adjoints of

RWO(n, k) x (RX)" = R(WO(n, k) x X™) — R(X*) = (RX)F,

if © is a theory and correspondingly for C. Note that RW®© is an A, resp.
E o monoid or ring theory if © is one and that rg : RW© — WO is a theory
functor. Moreover, r induces a homomorphism

rx : RX — rg X = Xorg
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of RW 8-spaces whose underlying map is a weak h-equivalence in Top. If © is
one of the universal theories Oy of Section 5, there is a theory functor

F.We — RWeO,

unique up to homotopy through functors, such that rgoF = Id through func-
tors. If mor C has the homotopy type of a CW-complex the same holds for
6 = (. In particular, we have a homomorphism of W 8-spaces

rx: F*'RX — F'rgX

whose underlying map is a weak h-equivalence.

By [1, (6.23)] (in the ring cases this result also holds by application of
[9, (2.17)]) the homotopy rgoF ~ Id provides an h-morphism § : F*rg X — X
with idx as underlying map. Consequently, we have an h-morphism
ax : F*RX — X of W ©-spaces, whose underlying map is rx.

UNIVERSITAT OSNABRUCK
D-49069 OsNABROCK
GERMANY

REFERENCES

[1] J. M. BoarpMaN AND R. M. VogT, Homotopy invariant structures on topological spaces,
Springer Lecture Notes in Mathematics 347 (1973).

[2] M. BOKSTEDT, Topological Hochschild homology, Preprint Universitéit Bielefeld.

[3] W.G.DwyER aND D. M. KaN, Function complexes in homotopical algebra, Topology 19 (1980),
427-440.

, Singular functors and realization functors, Proc. Kon. Ned. Akad. van Wetensch.
A86 = Ind. Math. 46 (1984), 147-153.

[5] , Calculating simplicial localizations, d. Pure Appl. Algebra 18 (1980), 17-35.

[6] J. P May, Multiplicative infinite loop space theory, J. Pure Appl. Algebra 26 (1982), 1-69.

[7] D.G. QUILLEN, Homotopical algebra, Springer Lecture Notes in Mathematics 43 (1967)

[8] A.ROBINSON, Spectra of derived module homomorphisms, Math. Proc. Camb. Phil. Soc. 101
(1987), 249-257. i

[9] R. ScHwWANZL AND R. M. VogT, Homotopy invariance of Aco and E ring spaces, Proc. Conf.
Alg. Topology, Aarhus 1982, Springer Lecture Notes in Mathematics 1061 (1984), 442-
481.

[10] , Coherence in homotopy group actions, Transformation Groups Poznan 1985,
Springer Lecture Notes in Mathematics 1217 (1986), 364-390.

, The categories of Aco and Eo monoids and ring spaces as closed simplicial and
topological model categories, Arch. Math. 56 (1991), 405-411.

[12] , Basic constructions in the K -theory of homotopy ring spaces, to appear in Trans.
Amer. Math. Soc.

[131 G. SEGAL, Categories and cohomology theories, Topology 13 (1974), 293-312.

[14] R. STEINER, A canonical operad pair, Math. Proc. Camb. Phil. Soc. 86 (1979), 443-449

[15] , Infinite loop structures on the algebraic K-theory of spaces, Math. Proc. Camb. Phil.
Soc. 90 (1981), 85-111.

[161 R. M. Vocr, Convenient categories of topological spaces for homotopy theory, Arch. Math.
22 (1971), 545-555. :

[17] F. WALDHAUSEN, Algebraic K-theory of spaces, Springer Lecture Notes in Mathematics 1126
(1985), 318-419.

(4]

(11]






