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THE BLOCH SPACE OF A HOMOGENEOUS TREE
By JOEL M. COHEN AND F1AVIA COLONNA

Dedicated to the Memory of Professor José Adem*
1.Introduction and basic definitions

The classical theory of Bloch functions in the open unit disk A and the in-
teresting connections between the Bloch space 8(A) and other function spaces
has led to many new areas of research in the past two decades. An analytic
function on A is called Bloch [10] if the growth of the modulus of its derivative
is controlled by the density of the hyperbolic metric of the disk (the Bloch con-
dition). There are several equivalent characterizations of Bloch functions. As
a consequence, Bloch functions arise in many different contexts. For a com-
prehensive treatise on Bloch functions cf. [3].

For complex-valued harmonic functions on A, analogous definitions yield a
Bloch space which is essentially the product of two copies of 8(A), since every
harmonic function can be written uniquely up to additive constants as the
sum of an analytic function and the conjugate of an analytic function. [8]

In this work we consider a class of complex-valued harmonic functionson a
homogeneous tree characterized by the property that the difference between
the values of such functions at neighboring vertices (the analogue of deriva-
tive divided by density in the classical case) remains bounded throughout the
tree. We shall show that this class is a complex Banach space which we shall
call the Bloch space, in analogy with the classical case of analytic and har-
monic functions on the open unit disk. Subsequently we shall study its prop-
erties in relation to a proper subspace, the little Bloch space. Both of these
spaces are very rich. For example, fixing a vertex and a positive integer n, we
can preassign any values on the sphere of radius n and get an extention which
is in the little Bloch space.

By a tree we mean a connected and simply-connected graph which is locally
finite and contains more than two vertices. The vertices v and w are called
neighbors if they are connected by an edge. We use the notation v ~ w for
neighboring vertices v and w.

A tree is called homogeneous if each vertex has the same number of neigh-
bors. This number is called the degree of the tree.

A path |..., vg, vg4q,.. ] is a finite, infinite or doubly infinite sequence of
vertices vi such that vy ~ vgy g and vg_y # vgy,, for each k. We define the
length of a finite path [vg, ..., vi] to be k.

For v and w vertices we define the free distance d(v,w) between v and w
to be the length of the path connecting v to w. An automorphism of a tree

* The pioneering results of Prof. Adem in algebraic topology were very influential on the first

author’s work on stable homotopy.
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T is an isometry of T, that is, a bijective function from T onto itself which
sends edges to edges. When we consider T as a point set, we refer only to the
vertices of T

Let ~ be the equivalence relation generated by the unit shift: If [vg, v1,.. ]
is an infinite path in a tree T, then [vg,v1,...] = [v1,v2,...]. An equivalence
class of infinite paths under ~ is called an end of T. Letting Q2 denote the
set of ends, there is a topology on T = T U 1 under which T is a compact
Hausdorff space with T' an open, discrete, and dense subset. We may think
of Q1 as the boundary of T. The main idea of the construction is to endow the
set of vertices of T with a metric m defined as follows: fix one vertex vg, and
then define the length of an edge [v1, v3] as n™%, where n = max;—1 3 d(v;, vo).
For any vertices u and v define m(u, v) as the sum of the lengths of the edges
joining u to v. It is easy to see that the completion of the resulting bounded
metric space is exactly T, that it is totally bounded, and hence compact. (Cf.
[5].) We use this topology to observe that any sequence of edges has a subse-
quence which lies along a single path, a result which shall be used to prove
Theorem (1).

The authors wish to thank John Horvath for many useful discussions.

2. Bounded harmonic functions

In this section we recall the definition of a harmonic function on a homo-
geneous tree as a complex-valued function whose value at any vertex is the
average of its values at all its neighboring vertices. We shall then define Bloch
functions and, noting that bounded harmonic functions are Bloch, show that
the maximum value of their Bloch constants can be expressed in terms of the
degree of homogeneity of the tree. We shall then analyze the extremal func-
tions.

Definition. Let T be a homogeneous tree of degree s + 1, with s € N, s > 2

1) A function f : T — C is harmonic if for every vertex v of T, f (vj

1
1 EWNU f(w)'

8+
2) A function f : T — Cis Bloch if B = supy,., |f(w) — f(v)| < .

The number f§y, called the Bloch constant of the function f, measures its
maximum “stretch”. We use this terminology because in the classical case it is
related to the universal Bloch constant g (cf. [13], p. 133). Itis the same as the
Lipschitz number of f, where the function is thought of as a map between the
metric spaces (T,d) and the Euclidean complex plane. Bloch functions have
been studied in a variety of contexts, generally as analytic or harmonic func-
tions on some complex manifold satisfying a growth condition on the deriva-
tive. This Bloch condition in the case of a bounded homogeneous domain in
C™ is analogous to the Lipschitz condition with respect to the Bergman metric
on the domain and the Euclidean metric on C (cf. e.g. [7,8,4]).

In the case of the open unit disk A, if f is analytic on A, then f is a Bloch
function if By = sup,ea (1 — |2|?)|f'(2)| is finite. Let B(A) be the Bloch space
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defined as the set of all Bloch functions on A. Then B(A) is a complex Banach
space under the norm ||f|| = |f(0)| + 8y (cf. [1]) and is the double dual of its
closed subspace Bo(A), the little Bloch space, which is the set of all f € 8(A)
such that lim,|_,;(1 - |2|2)|£'(2)| = 0 (cf. [11] or [14]).

In [8] it is shown that a bounded harmonic function on the open unit disk
has a maximum Bloch constant of 4/x times its supremum norm. In [4] there
are corresponding results for bounded holomorphic functions on bounded
symmetric domains. These provide the impetus for the study of the Bloch
constant of bounded harmonic functions on a homogeneous tree.

Before stating the main result of this section, we introduce some notation
and definitions.

Let T be a homogeneous tree of degree s + 1. For neighboring vertices vg
and v; and for a positive integer n define the set

Vi(vo,v1) = {v € T|d(v,v) = n, d(v,v1) = n—1}.

Note that the collection {V, (vg, v1), Vn(v1,v0) }5% is a partition of T', and that
Vi (vo, v1) has cardinality s 1.

We now give an example of a bounded harmonic function on T' which will
be used frequently throughout the paper.

Example (1). Fix an edge [vg, v1]. Define F : T — C as follows.

2
“ ey Prvetalov)nen
F(v) = 2
~1+m, forvEVn(Ul,UO)x"'EN'

Clearly F has image contained in (—1,1) C A. It is straightforward to verify
that F is a harmonic function on T. Observe that if v € Vy(vp,v1) and u €
Vn+1(v0,v1) (or v € V,,,(vl,vo) and u € Vn+1(vl,vo)), then IF(U) - F(u)[ =
M. Furthermore fp = 2—1) and this value is attained inside T
s"(s+1) s+1

2 —_
Indeed |F(v1) — F(v)| = (:+ 11).
Our main result, Theorem (1), is a direct analogue of the classical case for

the unit disk.

THEOREM (1). Let T be a homogeneous tree of degree s+1andlet f : T — C
be a bounded harmonic function with supremum norm || f||co. Then f is Bloch

2(s—1 2(s —1
and By < E!8+ 1 ) | fllco. Furthermore, if 85 = (8+ T ) || flloos then this value

is attained inside the tree (i.e. By = maxy~w |f(v) — f(w)]) if and only if there
exist A € C of modulus one and an edge [vo, v1] such that f = A||f||eo F, where
F is the function in Example (1) for this edge.

2(s —1
for any edge |vg, v1] there exist an automorphism S of T, a sequence {ny} of

| flloo and this value is not attained inside the tree, then
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positive integers, and X € C with |\| = 1, such that
lim £ o 8™ = |,
k—oo

where the limit is pointwise in T. (Here S7 is the j-fold composition product
of S.)

By normalizing the function f, we may assume that || f||oo = 1, so through-
out this proof, we assume that the image of f is in the unit disk.

To prove Theorem (1) we introduce several lemmas.

If f is a function from T to C, and X is a finite subset of T', denote by u(f, X)
the mean value of f on X, that is,

LX Z.f")’

vEX
where | X| denotes the cardinality of X.

LEMMA (1). Let T be a homogeneous tree of degree s+ 1and let f : T — Cbe
a harmonic function. Then for any neighboring vertices vg,v1 of T and n € N
we have

W, Voo, 00)) = So0) + (1(01) = Flon) e
s l1

= f(v1) + (f(v1) — f(v0)) G

Proof . Let V,, denote Vy,(vg, v1). For any n > 2, a vertex v € Vj, has exactly
s neighbors in V,,;; and one neighbor in V,,_;. So by the harmonicity of f,
(8+1)f(v) is the sum of the values of f on a set of s elements in V}, 1, together
with one element of V,,_1. The elements of V,,41 are uniquely determined by
v, while each element of V,,_; corresponds to s different values of v. So when
we add all these up we get the equality

(s+1)> f(v) = Zf(v)-}-az:f ), for n > 2.
Vn Vn+l
For n = 1, instead, we get that (s + 1) f(v1) = Dy, f(v) + f(vo).
Let us deﬁne an = )y, f(v), and ap = f(vo). Then we obtain the relations

ag = f(vo), a1 = f(v1), ag = (s + 1)a; — ay,
ant+1 = (8 + 1)an — sap_1, forn > 2.
~ First let us consider the case f(vo) = 0 and f(v;) = 1. Using induction, it
n
. -1 4. .
is easy to show that ay,, = -‘;1—. Since there are s"~! elements in the set Vn,
5 —

an s"—1

it follows that u(f, V) = 1 e ig_1)
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Now let f be any harmonic function on T such that f(vg) # f(v1). We may

normalize f by setting g(v) = }{((vv)_)—fT((v%, for all v € T. We see that g is
1) — 0
harmonic, g(vg) = 0 and g(v;) = 1. From the preceding case it follows that
n
-1 . .

B9, Vn) = a"lel)' Since f = f(vo)+ (f(v1) — f(v0))g, it then follows that
(£, Vn) = f(vo) + (f(v1) — f(vo))r(g, Vn), which yields the conclusion of the
lemma.

Next, in the case that f(vg) = f(v1), we need only show that for each n € N,
ap = 8" 1f(vp). This follows by an easy inductive proof from the relations
among the a, given above. This proves that u(f,V,) = f(v) for all n € N.

u]

LEMMA (2). Let f : T — A be a harmonic function. If vy and vy are
neighboring vertices, then

<

a Floo) + (7(41) = £ (v0)) =

@ 1o0) = (n) = fo0)) 2| < 1.

Proof . Since the image of f is contained in the unit disk, the mean value
of f on any finite subset of T' must also be inside the unit disk. From Lemma
(1) we obtain

n sn—l_
£(v0) + (f (v1) - f(”O))Wi \f(vl+(f(vl)—f("°))——an—1(s-11) <t

Since this must hold for all n, passing to the limit we obtain inequality (1).
The second inequality can be derived from the first by interchanging the roles
of v; and Q- o

In keeping with the notation established previously for mean values of
functions defined on finite sets, we use the following notation when there is
no danger of confusion: if 6 is a function with a domain of finite cardinality,
then p(6) is the mean value of § on that domain.

LEMMA (3). Let8: {1,...,N} — C have image in the closure of the disk
of radius 1 centered at 1, where N € N, Then for all k = 1,..., N, we have
6(k)] < VZNTu(0)].

Proof . Since |(k) —1| < 1forall k=1,..., N, we have Re() > 0 and thus

|6(k)|? < 2Ref(k) < 221?39 = 2NRep(8) < 2N|u(8)],
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proving the assertion. o

LEMMA (4). Let n be a positive integer, and let f : T — A be a harmonic
function satisfying the inequality

(on) — fo0)) - 20D

for some vo,v; € T with vop ~ vi. Assume that 0 < € < 4. Then for all
v E Vn(vo, '01) U Vn(vl, vo) we have

|£(v) = F(v)] < 108"~ 1/2f,
where F is the extremal function of Example (1) for the edge [vo, v1].

Proof. By symmetry, it suffices to prove the inequality for v € V,, =

2 —_
Vn(vo,v1). Set z = f(v1) — f(vo) — (a+ 11), so that |z| < e. Then from (1)
and (2), respectively, we get the inequalities '

’(ﬂm)+%£%)+l+zs_
l— (f(vo) +i)+1+z

is in the intersection of the closed disks of radius 1 centered

<1,
i<

! <1
-1

s—1
SO.f(vo)'*"g_q_1

. 1 . .
at the points —1 — z I and 1+ z I Hence, by easy geometric consider-
8 — 8 —
ations, we obtain
s—1 8
3 I < <2 < 4de.
@ ‘f(vo)+a+1‘_ Iz'a—l 68—1" ¢

2(s — -1
Now f(v1) = f(v) + (:+ 11) + z, so letting ¢; = f(v1) — ‘:ﬁ’ we obtain

< 5e < 10/e.

) 61| = ‘f(vo) + j% +2

Notice that |f(v1) — F(v1)| = [¢1] < 10\/€, so the lemma is true for n = 1.
Let us assume inductively that for all w € V), we have |f(w) — F(w)| <

1067 \/— €. First from Lemma (1) we see that for any positive integer n

1(f,Vn) — (1— ;;_—1—(28_*_—1))
_ 2(s — 1) " —1 2
—f(vo)+( s+1 +z) a”_l(a—l)_1+a—":—1—(—;+—1)

s—1 s"—1
= (f(”o)-f- 8+1) +za"”1(a—1)'
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So, using (3) we obtain

" —1

wlf, V) — (I_Wi‘i"l)ﬂ Cdetet gy <te

Nowlet a1 € kVH_l and ag € V}, be neighbors. Define ¢; and ¢x.; by

(5)

2
gk=f(ao)-1+mandfm:ﬂ‘”)_Hm'

2(s—1)
sk(s + 1)

BktL_fk| < 1. Thus ~ 2k is in the closed disk
of radius 1 centered at 1. Now observe that for n = k + j we have ¢, =

Then f(a1) — f(ag) = + ¢k+1 — $k- Applying (1) to the vertices

ag, a1 we get {1 +

2 .
fla;) — (1 - m where 5 =0, 1. Thqs by (5), the mean values of ¢

and ¢4 over the sets Vj and V4, respectively, have modulus less than 6e.

1
s 1 < 18¢. So applying
Lemma (3), and noting that Vi, has cardinality s, we get

V2s¥18¢ = 6s*/2,/c and so

k 1
l¢k+1] < 88F/2 /e + S ISkl

Therefore for 6 = agk“—:gk we obtain |u(f)| < 8¢
8 — 8
8Sk+1 — Sk

—1 <

k—
By our inductive assumption, we have ¢ < 108'31\/2. We then get
k/2 1., k=t k/2 5 _3/2 -k
[¢p+1] < 88/ %\/e + =108 7 /e =85/ %\/fe 1+3s < 1087/
8

This completes the proof. o

LEMMA (5). Let {fn},cN be a sequence of harmonic functions from T to A

such that 2 1
i, (o)~ o) = 220

where vg and vy areneighboring vertices of T. Then, for some A € C of modulus
one, there exists a subsequence {fn,} converging pointwise to AF, where F is
the harmonic function of Example (1) for the edge |vo, v1].

Proof . For sufficiently large integers n we may choose a complex number
An of modulus one such that An(fn(v1) — fr(vo)) is positive. Let {An, } be a
convergent subsequence with limit A. Thus

_ 2(s—1)

kl_iI’T;o—X(fnk (v1) = fry (UO)) s+1
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By Lemma (4), for all v € T' we obtain
lim A fn, (v) = F(v),
k—o0
and so { fn, } converges pointwise to A\F. o

We are now ready to prove Theorem (1).

Proof . Let us assume that f : T — A is a harmonic function. Choose any
neighboring vertices vg,v; € T. Putting together relations (1) and (2) yields
the inequality

(£(1) = F(w0)) 2 + (F(o1) = f(w0) 2 < 2.
Thus : “_L i|f(v1) — f(vo)| < 2 yielding By < 2(:;11) .

Next suppose that gy = 2(8_:11) and that this value is attained in the tree.
That is, there exist neighboring vertices vg,v; such that |f(v1) — f(vo)| = .
2(e _11). Hence f(v1) — f(vo) = ,\2(8 —11 , for some complex number A of
mZlei-ulus one. Letting g = \f we see t‘;l-;._t g : T — A is harmonic and g(v;) —
9(vo) = 2(s— 1) . We are going to show that g = F..

s+1
Given n € N we prove that g(v) = F(v) for all v € Vy(vg, v1) U V(v1, v0):

Letting e be any positive constant with ¢ < 4, and applying Lemma (4) to the
function g, we obtain |g(v) — F(v)| < 105("“'1)/2\/2, for all v € Vp(vg,v1) U
Vn(v1,vg). Taking the limit as e goes to 0, we obtain g(v) = F(v), completing
the proof in the attainment case.

Now assume that for each n € N there exist neighboring vertices w,, and
2(:+ 11). Without loss of generality
we may assume that d(wn, vg) = d(un,v) + 1. Since T = T U Q1 is compact,
there exists a subsequence {w,, } converging to some end w. Similarly corre-
sponding to {u,, } there exists a subsequence { “"kx} converging to some end
w'. But if these ends were distinct, then for all I sufficiently large, the vertices
Wy, and Uy, could not be neighbors. So w must equal w'.

There are two cases to consider. First assume that the path p from vg repre-
senting w contains v;: p = [vg,v1,v2,...]. Then there exists a sequence {m;}
of positive integers such that [vm;, vm,+1] = ["Vk,-’ w,,kj]. Thus

up, such that limp—eo |f(wn) — f(un)| =

2(s — 1)
s+1

jl_ifgo |f(”m,-+1) - f(”m,')l =

Let S be any automorphism of T that moves right on the path p, that is, such
that S(vp—1) = vn, n € N. Thus the preceding limit can be written as

. m; foQmi _2(s—1)
Jim 170 ™(ur) — 0 5™ (on)| = 221,
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Thus by Lemma (5) there is a constant A of modulus one and a subsequence
{ mj( k)} ke Such that the sequence {f o §™#(*) } converges pointwise to AF.
In the case that the path p representing w is of the form [vy, vo, v2, ...] we
may apply the same argument and get a sequence {f o S™i(*)} converging
pointwise to —AF. Letting ng = ™Mj(k)> We obtain the assertion. o
2(s — 1)

There is an alternate approach leading to the inequality 85 < “eF L 1 flloo

in Theorem (1), which was pointed out to us by Mitchell Taibleson. It is a
more elegant point of view which uses the Poisson integral representation of
bounded harmonic functions on a homogeneous tree. Here is a sketch of his
basic idea: For any vertex v, there is a measure du, on the boundary 2 of the
tree which may be thought of as the hitting measure, that is, the probability
that an infinite path beginning at v ends in a subset A of {1 is the integral
[4 dpy(w). Fixing a vertex vg, let du be dpuy,. All the measures du, are abso-
lutely continuous with respect to one another, so for each vertex v,there exist
functions K (v,w) defined for w € 2, such that dp, (w) = K(v,w)dp. This is the
Poisson kernel, and K (v, w)du(w) is the harmonic measure on (1 relative to the
point v. The value of K (v, w) is gotten as follows: let u be the vertex where the
paths from v to w and vp to w cross. Then K (v,w)dp(w) = sd(ve:t)=d(vu) [n
particular, every bounded harmonic function f gives rise to a bounded mea-
surable function f on {1 such that for each vertex v

f(v) = /n (@) K (v, ) du(w).
Then for vertices u,v € T we have
flu) = fv) = /(;f(w)[K(u,w) - K(v,w)]dp(w),

hence |f(u) — f(v)| < ”ﬂ|°°||K(u, —) — K(v,—)||1(q)- But for u, v neighbors,
2(s — 1)

i s 1 »#(0) and
[flloc = #(R)||f]lo. (Different authors use different scaling factors for the
total measure of 1.) Thus we get

a direct calculation shows that ||K(u,~) — K(v,-)|L1(q) =

2(s —1
8 =supl7() ~ 1)) < 2.

3. The Bloch space

Let B be the space of all Bloch harmonic functions on a homogeneous tree
T of degree s + 1. We first show that, in analogy with the classical case of the
Bloch analytic functions on the hyperbolic disk, 8 is a complex Banach space,
called the Bloch space. Fix a vertex vy € T. For f € B, define

I£1l = 17 (vo)| + B;-
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THEOREM (2). B is a complex Banach space under the norm || |.

Proof. Write a; = |f(vo)|. Notice that || || is the sum of two semi-norms
a and 8. So || || is automatically a semi-norm which is actually a norm on B,
because f; = 0 implies that f is a constant and |f(vg)| = 0 means that this
constant is zero. Thus to prove the theorem we need only show the complete-
ness property.

Let { fn},cn be a Cauchy sequence in 8. This implies that { f»} is a Cauchy
sequence with respect to a (which means that { fn(vo)} is a Cauchy sequence
in C) and is also a Cauchy sequence with respect to 8. We must prove that
the sequence {f,} converges in norm to a function f € 8. First we are going
to show that the sequence is pointwise convergent. We use induction on the
distance d(v, vg) to show that {f,(v)} is a convergent sequence for any vertex
v € T. To begin the induction, we observe that since the sequence {f,(v)} is
Cauchy, it converges to some complex number which we denote as f(v).

Fix a non-negative integer k and assume that {f,(w)} is convergent for all
w € T with d(w,v) < k. Let v be a vertex with d(v,v) = k + 1 and w the
neighbor of v closer to vg. By the inductive hypothesis, {fn(w)} is convergent.
Then

/() = fm(v)| < [(£a(¥) = fm(v)) = (fn(w) = fn(w))]
+Hfn(w) = fm(w)] < Bpa—sm + 1fn(w) — frn(w)]-

The first term of this last sum converges to zero because {f,} is a Cauchy
sequence with respect to 8, and the second approaches zero by the inductive
hypothesis. Thus the sequence {fn(v)} is Cauchy in C and hence has a limit,
f(v).

We now show that the limit function f is in B. To see that it is Bloch,
observe that if v and w are neighbors and n € N, then

®  |f(v) = F(w)[ < |f(2) = Fa(0)] + |fn(v) = fn(w)] + |fn(w) — f(w)].

The first and third terms go to zero and the second term is bounded above by
Bj,., which is Cauchy. We now show that the sequence {fy, } is bounded. Since
{fn} is Cauchy with respect to 8, there exists N € N such that 8y _; <1,
for all m > N. In particular, |(fm(u) — fn (%)) = (fm(v) — fa(v))| < 1, for any
pair of neighboring vertices u and v, so that

|fm(v) — fm(v)] S 1+ [fn(u) — I (v)| < 1+ By

Since u, v were arbitrary neighbors, it follows that 8y, < 1+ 8 fN Thus the
sequence {fy, } is bounded.

From (6) we then obtain that |f(v) — f(w)| < liminfy,_,o By, . Hence f is
Bloch and 8y < liminfp—.o0 Ay, -

Next we show that limp—co ||fn — f|| = 0. We recall that ||f, — f|| =
|fn(v0) — f(v0)| + Bf,—y- Since fn(vo) — f(vo), we only need to prove that
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By, s approaches 0. Arguing by contradiction, assume that there exist ¢ > 0
and a subsequence {fp, } 1y such that Bfo—1 > € for k € N.

For notational convenience we pass to the subsequence and assume that
Bfa—f > € for n € N. Then for each n € N we may choose v, € T and a
neighbor u,, of v, such that

[(fn(vn) — f(vn)) — (fr(un) — f(un))| > €

Since {fn} is Cauchy with respect to 3, there exists N € N such that

|(fn(v) = frtp(v)) = (fa(2) = frtp(¥))| < Bfefurp < €/2,

foraln > N, peN, v,u € T withv ~ u.
From the pointwise convergence of f, to f we have that

|(FN+p(on) = F(on)) = (FN+p(un) = F(un))| <e/2,
for all p sufficiently large. Therefore

I(fn(vn) — f(vw)) — (fn(un) — flun))] <
|(fn(vn) = fn+p(ow)) = (Fn (un) — fNp(un)) |+
|(fn+p(vw) = F(vn)) — (FN4p(un) — f(un))| <,
contradicting our choice of vy and uy. Thus 85 _; — 0.

Furthermore observe that |8y, — 87| < By,— 7, hence By = limp o0 By, -
Finally for any vertex v, note that

- . 1 1
f(v) = nlllrgo 'fn(v) - nll{noo s+1 wz’\,:vfn(w) = s+1 wZN:"f(w)’

since this is a finite sum. Thus the limit function is harmonic. The complete-
ness is thus established. o

The following result is a precise analogue of the classical case of Bloch ana-
lytic functions on the open unit disk which shows how they can be character-
ized in terms of normal families. We recall that a family of functions between
metric spaces is called normal if every sequence in the family has a subse-
quence which converges uniformly on compact subsets — which in the tree
case means that it converges pointwise — to a function not necessarily in the
family. Let us denote by A the group of all automorphisms of the tree.

THEOREM (3). Let vy € T be a fixed vertex. A function f : T — C is Bloch
if and only if the family {f o S — f(S(vo)) : S € A} is normal.

Proof . Assume first that f is Bloch, and let {S,} be a sequence of automor-
phisms of T. Let gn = f 0Sp — f(Sn(vo)). We shall define g : T — C at a vertex
v by induction on d(v, vp) in such a way that g is the limit of a subsequence of
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{gn}. Since gn(vp) = 0 for all n € N, we set g(vg) = 0. Given a non-negative
integer m, assume that we have constructed a subsequence {gn, } such that
for all v € T with d(v,vg) < m, the sequence {gn, (v)} converges to the limit
g(v). Let w be a vertex with d(w, v9) = m + 1. Let v be the neighbor of w such
that d(v, v9) = m. Notice that Sp(v) ~ Sp(w) for all n € N. Since f is Bloch,
we have |gn(v) — gn(w)| = [f(Sn(v)) — f(Sn(w))| < By. From this inequal-
ity and the convergence of {gn, (v)} it follows that the sequence {gn, (w)} is
bounded, hence some subsequence of it is convergent. Set the corresponding
limit equal to g(w). Using a standard diagonalization procedure, we find a
subsequence of the original sequence which converges pointwise to g. Thus
the family {f o S — f(S(vo)) : S € A} is normal. '

Conversely assume that f is not Bloch. Then there exists a sequence of
pairs of neighboring vertices {(uy,, v,)} such that limy, oo | f(un) — f(vn)| = co.
Let u be any neighbor of vg. For each n let S, be any automorphism mapping
vg to v, and u to up. Let gn = foSn— f(Sn(vo)). Since |gn(u)| = |f(un)— f(vn)|,
which diverges to infinity, no subsequence of {gn(x)} can converge. Thus the
family {f oS — f(S(vo)) : S € A} isnot normal. o

In analogy with the classical case of the unit disk, we now define the little
Bloch space on a homogeneous tree.

Definition. Let By be the subspace of B consisting of those functions f such
that the set M(f,e) = {v e T : |f(v) — f(u)| > € for some u ~ v} is finite for
every positive number e. The set By is called the little Bloch space.

First notice that f € By if and only if, for any sequence of pairs of neighbor-
ing vertices {(un,vn)},cy approaching the boundary €, we have
limp o0 |f(vn) — f(un)| = 0. Observe that this limit condition is the precise
analogue of that used to define the little Bloch space of the unit disk.

Next we see that Bg is a closed subspace of 8. Given u and v neighboring
vertices and f and g Bloch functions, note that |f(u) — f(v)| < By_4 + |g(u) —
g(v)|, yielding the inclusion M(f,e) C M(g,e — B5_,) for any € > 0. Now if f
is in the closure of By and € > 0, there exists g € Bg such that g¢s_, < e. Then
the set M(g,¢ — f_,) is finite, hence M(f,¢) is finite. Thus f € By.

We will prove that, just as in the classical case of the Rubel-Shields Theorem
for the unit disk (cf. [11]), the double dual of By is isomorphic to 8.

We now give an example of a Bloch function which is not in the little Bloch
space that will be used in the proof of Theorem (5).

Example (2). Let p = [...,v_1,vp, v1,...| be a doubly infinite path. For all
v € T'define f(v) = k € Z, where vy, is the closest vertex of p to v. Observe that
for v ¢ p the value of f at v and all its neighbors is the same, so f satisfies the
mean value property at v. If k € Z, the value of f at v; and all its neighbors
except vip_; and vg, g is k. At vg_j, vy it is k — 1, k + 1, respectively, so the
mean value is equal to k. Thus f is harmonic. Clearly 8¢ = 1, but M(f,1) =
{vx}%,- Hence f € B\ By.

Notice that the function in Example (2) is unbounded. In fact there exist
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bounded functions not in the little Bloch space. We give an example of such a
function below. The construction is more complicated than that of Example
(2) but is in the same spirit.
Example (3). Let p = [...,v_1,vg,v1,...] be a doubly infinite path. Given
v € T, assume that v is the closest vertex of p to v and let n = d(vj, v). Define
f:T—Chby
—(af—’i)z (1-s"")  ifkiseven

f(v) = 2s
[T R
1+ _—(3—1)2 (1-s") ifkisodd
Observe that for v ¢ p, the function f satisfies the mean value property at v
because locally it has the form 4 + Bs™" where n is the distance from some
fixed vertex. We need only check harmonicity at each v;. If k is even so that
f(vk) = 0, then f(vg_1) = f(vk+1) = 1, whereas the value of f at the other

neighbors of v, is — I Thus the mean value of [ at the neighbors of v, is
P
= f(vk). If k is odd so that f(v;) = 1, then f(vk—1) = f(vk+1) = 0, whereas
the value of f at the other neighbors of v is : i_
[ at the neighbors of v is 1 = f(v;). So f is harmonic. Now for all v € T we
have |f(v)| < 1+ ﬁ, so f is bounded, hence Bloch. On the other hand,
5 —
for all k € Z we note that |f(vg) — f(vk+1)| = 1, so f is not in the little Bloch
space.

For the remainder of this section, we fix an end wg € 2. This allows us
to define an ordering between neighboring vertices as follows: if u and v are
neighbors, then we write v < u, » > v, or v = »7, and say that v is the pre-
decessor of u, or u is the successor of v, in the case that the path representing
wg and beginning with u contains v. Clearly, if ¥ ~ v, then either u < v or
u > v. In a homogeneous tree of degree s + 1, every vertex has exactly one
predecessor and s successors, which constitute its s + 1 neighbors.

Let C[T] be the space of all complex-valued functions on T. We now define
two operators on C[T]. If f € C[T) define its derivative f' : T — Cby f'(v) =
f(v) — f(v7)and of : T — Cby pf(v) = f(v) — > ,s, f(u). Notice that f is
harmonic if and only if p f' is identically 0, and a harmonic function f is Bloch
if and only f' is bounded.

The first observation follows since

of (v) = f'(v) = D_ f'(u) = (F(v) = £(v7)) = D_(f(x) — f(v))

u>v ) u>v

=(s+1)f(v) = > f(u).

u~Y

T Thus the mean value of

The second observation is an immediate consequence of the definition of
Bloch function, noting that 85 = || f'|jco-
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We can also define the definite integral over a finite path of any f € C[T] as

follows: v £(o) "
. v Mu<v
(1)Ifu~Avdeﬁne/ f={_f(u) ifus v

u
(ii) If [u = vg,v1,...,vp = v] is the path from u to v, then define / f=
u

Z/ f. (Of course, [} f =0.)

It follows immediately that the Fundamental Theorem of Calculus holds,
and in particular, fixing a vertex vg € T, we have

, |
=f f'+ f(w), forallveT.
vo

Thus the function ¢ : C[T] — C[T] @ C defined by £(f) = (f', f(vo)) is
a vector space isomorphism. Furthermore, by the above remarks, if we let
}(T) denote the set of all harmonic functions on T, the map £ induces an
isomorphism ¥ (T') — ker ¢ @ C. In addition, let £°(T) be the set of bounded
functions on T and € = ker ¢ (1£°(T). Then £ also induces an isomorphism
B — £ ®C. Since for f € B the norm of f is given by || f|| = || ' [lec + | f(v0) |, if
we define ||(g, A)|| = ||gllco +|A], for (g, A) € £%°(T) @C, this latter isomorphism
is an isometry of Banach spaces.

Let & C € be the subset consisting of all functions f which vanish at in-
finity, that is, for which the set {v € T : |f(v)| > €} is finite for all e > 0. Then
¢ also induces an isometry By — & @ C.

We can now prove the Rubel-Shields Theorem on trees:

THEOREM (4). The double dual B3* of Bg is B.

Proof . Using the isometries induced by ¢, it is sufficient to prove that £;*
is isomorphic to €. Let co(T) be the subspace of C[T| of functions vanishing
at infinity. Then & is a closed subspace of ¢o(T) and € is a closed subspace
of £%°(T), in fact in each case they are the intersections of the larger spaces
with ker . There is a natural isometry between (co(T))** and £%°(T), because
(co(T))* is isometrically equivalent to the space £1(T) of absolutely summable
functions on T, and (£1(T))* is isometri'cally equivalent to £°(T) (cf. [9, pp.
55-57]).

For convenience, we shall use g to represent ¢ considered as a map from
co(T) to itself, and po to represent ¢ considered as a map from £%°(T) to
itself. Thus €y = ker pg and £ = ker po. We shall prove the result in two
steps. First we shall use the following lemma to show that £5* = ker(pg*),
and then we shall verify directly that p3* = peo.

LEMMA (6). If f : A — B isa continuous linear operator of Banach spaces,
then (ker f)** = ker(f**).
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Proof . An easy application of the Closed Graph Theorem says that f factors
as

p P 1
A— A/ker f —Imf — B,

where p is the projection, 9 is an isomorphism of Banach spaces, and 1 is the
inclusion map. Applying the transpose operator, we obtain that f* factors as

i * *

¥ p
B* — (Imf)* — (A/ ker f)* — A*.

Note that p* is an injection, and by the Hahn-Banach Theorem, 1* is a sur-
jection. Thus the image of f* is exactly &A/ ker f)*, which is equal to (ker f)+
by Theorem (4.9(b)) of [12]. So (ker f)J- (Im(f* ))J- = ker(f**), where the
latter equality follows from [12], Theorem (4.12).

Finally we show that (ker f)1+ = (ker f)**. Nowa € (ker f)+ ifand only if
o € A** and a((ker f)1) = 0. But this is equivalent to saying that there exists
a linear functional f : ker f* = A*/(ker f)1 — C such thati**(8) = foi* = a,
ie. a € t**(ker f)**. Since +** is just the inclusion of (ker f)** in A**, this
proves (ker f)11 = (ker f)**. ©

We are now ready to show that p3* is exactly .

For any vertex v, let é, : T — C be the evaluation at v. Given any f € ¢o(T),
we have pof(v) = f(v) — X, f(u). Nowlet g € co(T)* = £}(T). By this
identification, (pgg)(v) is the same as g applied to the evaluation &§,. But
Po3(60) = 0(08) = 24 9(w) (6 (W) — 30y 60(u) = g(0) — g(v7). Now let
h € £°(T). Then

(0 h)g = h(pg9) = Zh w)(g(w) — g(w™)) Zh(w)g w) — Zh w)g(w™)
=2 kw)alw) =3 3 H(u)glw Z[h =3 h(w)g(w)

w u>rw urw

= Z‘Pooh (Paoh)

This shows that ©o"h = pooh, as promised. o

In the classical case of the open unit disk, every analytic function f on A can
be expressed as the uniform limit on compact subsets of bounded functions in
Bo(A). The construction is quite simple: for 0 < r < 1, define f,(z) = f(rz).
Since each f, can be extended to a neighborhood of the disk, it is analytic
at the boundary and is thus in By(A) N L*°(A). This construction is very
useful for proving results in complex analysis. We observe here that a similar
construction exists for harmonic functions on a homogeneous tree.
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PROPOSITION (1). Fix vg € T. There is a sequence of transformations
Xn : X(T) — Bo N £>°(T) such that forall v € T and f € X(T),

xnf(v) = f(v) for each n € N, with n > d(vg,v).

In particuiar, the sequence {x,, f} converges to f pointwise.

Proof. Let n € N. Given f € ¥(T) and v € T, define

f(v) _p ifd(vg,v) < n
XIO =\ g0+ o)~ 10) 2 itdlso,0) =ntp p2 1

where vy, v3 are the vertices on the path from vy to v such that d(vg, v1) = n—1
and d(vp, v2) = n.

Notice that the second formula for x,f(v) agrees with the first also for
p = —1, where v = vy, and for p = 0, where v = vs.

By the construction x f satisfies the mean value property at v if d(vp, v) <
n — 1. Now for d(vg,v) = n + p, p > 0, we note that v has s neighbors at
distance n+ p- 1 from vg and one neighbor at distance n+p— 1 from vg. Thus
to complete the proof that x, f is harmonic we need only observe that

8—1
s — g~ (p1+1)
s—1
8 —8~(p*'1)
s§—1 !

8 — 8P
(6+) [ 100) + (£(02) = 7 () ]

—+

=3 [f(vl) + (f(v2) = f(u1))
[f(vl) + (f(v2) = f(v1))

or equivalently, that (s + 1)s™? = s .4~ (P*1) 4 s~(»~1) which is obvious.
So xnf € H(T). For any neighbors u and v such that d(vo,v) = n + p and
f(v1) — f(v2)

o so that
8

d(vo,u) = n + p+ 1, we see that xnf(v) — xnf(u) =
xnf € Bo.
Finally notice that for each fixed n, there are only finitely many choices for

v1 and vy. Thusit is easy to see from the definition that |x. f(v)| is bounded.
Therefore xnf € £°(T). o v

We can construct a rich family of elements of By as follows. Fixing a vertex
vp and a positive integer n, we let A, = {v € T|d(v,v9) =n}. Letg: A, = C
be any function. By solving the Dirichlet problem (cf. [2], Lemma (4.3)) we
extend g to a function h harmonic on B, = {v € T|d(v,v) < n}. Observing
that the definition of x, f depends only on f|By, we can extend k to xnh.

As an application of this construction, we obtain the following result which
is an analogue of Theorem (2.1) of [1]:
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THEOREM (5). For f € B we have f € By if and only if xnf — f in B.
Furthermore By is a separable nowhere dense subspace of B.

Proof . Fix vg € T and let f € B. Since By is closed in 8, if xynf — fin 8B,
then f € By.

Conversely, assume that f € By. Given ¢ > 0 choose N € N so that v ¢
M(f,e/2) whenever d(vg,v) > N — 1. Let n € N, n > N. By definition of y,,,
the functions xnf and f agree at all vertices v within distance n of vg. In
particular, setting f, = xnf — f we have || f»|| = By, . So to calculate the Bloch
norm of xnf — f it is sufficient to estimate the difference of the values of f,
at neighboring vertices whose distance from vp is at least n. Let v and u be
neighboring vertices such that d(vp,v) = n+ p, d(vo,u) =n+p+ 1, withpa
non-negative integer. Let v1, vg be as in the proof of Proposition (1). Then

[xnf(0) = xXnf ()| = ‘ﬂﬂl:ﬂ

gptl
Since v; and v are not in M(f,e/2), we have |f(v1) — f(v2)| < €¢/2 and

|f(v) — f(v)] < e/2.50
|fa(v) = fa(w)] < [xnf(v) — xnf(u)| + [f(v) — fu)| < E;S—-FT + % <e.

Thus ||xnf — f|| <€, forn > N. Hence xpf — f in B.

For each n € N the set 5.0 = {xnf|f € X(T), f(v) e Q+iQforv € T}
is countable since xn, f is determined by its values on the finite set B, = {v €
T|d(vo,v) < n}. Furthermore 5,0 isdense in {xnf|f € X(T)}: let g = xnf,
with f € X(T). For all v € B,,_1, let u, be a neighbor of v further away from
vg,and let B}, = {u,|v € B,_1}, a subset of B,,. Define h : B,, — C as follows.
Given € > 0, let h be an arbitrary e-approximation to g on the set B, — B!,
with values in Q + Q. There is a unique definition of h on B}, which extends
h|By, — B!, harmonically, so that h € S,,Q- A simple combinatorial argument
shows that k is an ase-approximation to g, where a is the (n + 1)st Fibonacci
number.

Thus U, N Sn,Q is a countable dense subset of {xnf|f € ¥(T), n € N},
which is dense in By by the first part. Hence By is separable.

Next let f be the function in Example (2) and let g € By be arbitrary. Then
for any € > 0 we have gc = g+ ¢f ¢ Bo but ||g — ge|| = €. Thus By is nowhere
dense in B. This completes the proof. o

We wish to observe that By is not contained in £°(T), so the intersection of
these spaces in not all of 8. We show this as follows:

Example (4). Fix an infinite path [v;, vq,...]. If v € T'issuch that the closest
vertex on this path to v is v, and d(v,v,) = p > 0, we let

— g~ P 2
log n + s(1—s )log " forn > 2
_ (8 — 1)2 n?—1
f(2) = 1—-57P
— log 2 forn=1

s —1
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By the similarity with the construction of Proposition (1) it is easy to see that
f is harmonic.

Now if u and v are neighbors and the nearest vertex to v on the path is v,
with n > 2 and p = d(v, v,), then

n2
10 = 1)1 < (tor 5 ) 5

For n = 1 the upper bound is s7Plog 2. Since these upper bounds approach
0 as either n or p approaches infinity, f € Bg. Since f(vn) = logn, we obtain
that f ¢ £°(T).

4. The non-homogeneous case

Many of the results of this paper can be extended to non-homogeneous trees
with a few modifications. Let T be an arbitrary tree with only the condition
that each vertex has at least two neighbors. In addition, let P: T x T — [0, 1]
be a nearest neighbor Markou operator (or stochastic operator); that is, for all
v e T, theset {u € T : P(v,u) # 0} coincides with the set of neighbors of v,
and ), P(v,u) = 1. For example, if T is homogeneous of degree s + 1, then

1 if
P(v,u): s+1 tu~v
0 otherwise

defines a Markov operator on T'.

Notice that a Markov operator P induces a convolution operator on C[T
as follows: If f : T — C is any function, then define Px f : T — C by
Px f(v) = 3>, P(v,u)f(u). We say that a function f on T is harmonic if
P+ f = f, thatis, the value of f at any vertex is the weighted mean of its values
at the neighboring vertices. Notice that in the homogeneous case, using the
above Markov operator, this definition agrees with the earlier one.

In this more general context, it is also necessary to generalize the definition
of automorphism of a tree given in §1. An automorphism of T is a bijection
S : T — T such that P(Su, Sv) = P(u,v) for all u,v € T. Automorphisms of
T necessarily carry edges to edges.

Theorem (2) still holds in this generality. Let B’ be the space of all func-
tions, not necessarily harmonic, satisfying the Bloch condition. Observe that
the proof of Theorem (2) first shows that 8’ is a Banach space, and then that
the subspace of harmonic functions in 8’ is closed. In the general case, har-
monicity is also preserved under limits, since it is again a local condition re-
garding a finite sum at each vertex.

In regard to Theorem (8), it is true also in the non-homogeneous case that
f Bloch implies that the family {f o S — f(S(v)) : § € A} is normal, where A
is the group of automorphisms of T. But the converse is not true in general,
because the group £ may be too small to give any information. For example, it
would not be hard to construct a tree with A trivial. It is easy to see, however,
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that the following weaker version of homogeneity is sufficient to prove the
converse. ‘

Definition. A tree T is semi-homogeneous if there exists a finite set of pairs
of neighbors {(uj,vj)}f:l such that given any pair of neighboring vertices
(u, v) there exist an integer n and an automorphism S of T such that §(u) =
Un, S(v) =vn.

Now Theorem (3) holds if T is any semi-homogeneous tree.

In order to extend Theorem (4) to the non-homogeneous case, we need to
modify some more definitions. First define a function induced by the Markov
operator: For v € T let P'(v) = P(v™,v). The modifications are now gotten
by taking P' into account in several definitions. In this context we define the
function ¢ : C[T]| — C[T] by of(v) = f(v) — X uso(f(2) + f(v)). Notice that
if we apply this formula to the homogeneous case, we get the earlier value
of p divided by the degree of homogeneity. Further we let £ be the space of
functions g € C[T] such that Pg is bounded and pg = 0. A function f € C[T]
is harmonic if and only if o f' = 0, and we let By = ||P'f'||. This slightly
changes the Bloch condition for harmonic functions to

sup P'(v)|f'(¢)] < co.

The proof of Theorem (4) proceeds in the non-homogeneous case exactly as
before.

Finally, the construction in Proposition (1) can be carried out easily, but it
would be very complicated to write down an explicit general formula for the
sequence {xn}. Theorem (5) ought to hold in this generality.

We now turn to possible generalizations of Theorem (1). First note that
if T' is homogeneous of degree s + 1, then our new definition of 3¢ yields the
old definition divided by s + 1. Except for this scaling factor there are no
further changes in Theorem (1) for the homogeneous case. Even in the non-
homogeneous case a bounded harmonic function is always Bloch (clearly, if
f: T — A, then gy < 2). The first interesting question, therefore, is how
to calculate from tree data the uniform upper bound on the Bloch norms of
functions with image in A. This will be a very difficult calculation in the most
general case. Another question is: can this least upper bound be attained by
some bounded harmonic function? We suspect that the answer to this ques-
tion is yes, but it will be very difficult to classify these extremal functions.
Finally, assuming that extremal functions exist, do there necessarily exist ex-
tremal functions which realize this maximum value inside the tree? That is,
given 8 = sup fs taken over all harmonic functions f : T — A, does there
exist a harmonic function F : T — A, and neighboring vertices vp, v1 in T
such that # = P(vg, v1)|F (vo) — F(v1)|? We leave these as open questions.
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