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Introduction

The Stiefel-Whitney classes of a real vector bundle are determined by the
Thom isomorphism and the action of the Steenrod squares on the fundamental
class of the bundle. With an analogous procedure, we introduce secondary
characteristic classes using stable secondary cohomology operations acting on
this fundamental class. These secondary classes satisfy properties which are
similar to the well known properties of Stiefel-Whitney classes. They are in-
variants of the stable fibre homotopy type of the vector bundle, and, under
suitable hypotheses, they satisfy a Whitney type product formula. For the
tangent bundle of a differentiable manifold M, they satisfy a Wu type formula
which, in many cases, determines them by means of the action of cohomology
operations on a suitable class of H*(M X M).

We compute secondary characteristic classes for the tangent and normal
bundles of the complex and real projective spaces and use them to obtain some
non-immersion results. In particular, we show that the real projective space
RP" cannot be immersed in R™ *if n = 2" + 2° 4+ 3and r > s > 2.In this case,
according to Sanderson in [13], RP" can be immersed in R*"°. Also, combining
this non-immersion result with the results of James ([6]), it follows that RP"
cannot be immersed in R*" ™ for all n > 32.

1. Secondary characteristic classes™

Unless otherwise stated, throughout this paper we will use singular cohomology
with coefficients Z, , the cyclic group of order 2, and in general we will omit the
coefficient group; thus H*(B) will stand for HY(B; Z,).

Let ¢ = (E, B, ) be an n-vector bundle with base B, a paracompact and
connected space, projection w: E — B, and fibre R", an n-dimensional vector
space over the reals. Let Ey C E be the subspace of non-zero vectors of E. As in
[9; p. 34], we define the Thom isomorphism,

T: HYB) — H""(E, Ey),
by the composition,
HY(B) = HY(E) ~ H'"(E, Ey),

where U € H"(E, E,) is the fundamental class of ¢£. Explicitly, if « € HY(B),
T(z) = (z*z) < U.
* OQur secondary characteristic classes are different from the ones defined by Peterson

and Stein in “Secondary Characteristic Classes,” Ann. of Math., 76 (1962), 510-23.
53
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We denote by A the Steenrod algebra over Z.. For each n-vector bundle
£, we define a Z;-homomorphism, .

£ A — H*(B)

by £5(6) = T79(U), or equivalently 8(U) = [x*£%(6)] < U, forevery 6 € A.
This homomorphism is natural with respect to bundle maps.

In general £%(0) is a primary characteristic class of & and in particular,
£%(Sq’) = Wi(k) is the ¢th Stiefel-Whitney class. If Sq = >_:2 Sq°, £*(Sq) =
W (%) is the total Stiefel-Whitney class of £.

The characteristic ring of £ is the subring C¥(¢) < H™*(B) generated by

Wo(g), - -+, Wa(£). The Wu formulae imply that C*(¢) is an A-module and that
£*A < C*(&). Clearly, the subring of H*(B) generated by £*4 coincides with
C*(8).

In our notation, the Whitney product formula is given as follows. Let & 9
be two vector bundles over the same base and ¢ @ # their Whitney sum, then

(£ ® 7)*(84) = £°(8a) " (Sa).

The general considerations we have made on primary characteristic classes:
indicate clearly the way to introduce secondary characteristic classes. These
will be determined by the action of secondary cohomology operations in the
class U.

’Let/
(L.1) L af = D pliafe =0

be a homogeneous relation of degree »r + 1 in A, with s, = degree o, > 0 and
4 = degree 6, > 0. Following Adams ([1]), let ® be a stable secondary cohomol-
ogy operation associated with the relation (1.1). For every space X and every
g > 0, the operation ® is a homomorphism,

&: K(®; X) — H"(X)/Q""(8; X),

where ‘
(12) K% X) = (ki [Kex(, : H(X) — H™%(X))], and
(1.3) QY (®; X) = D ouly apHYH(X).
If ¢ = (E, B, =) is an n-vector bundle, suppose that £*(8,) = 0, or, equiva-
lently, 8:(U) = 0, for k = 1, ---, j. With these hypotheses, the secondary

operation ®(U) is defined and
®(U) € H™ (B, Eb)/Q""(®; E, E).

Using the inverse of the Thom isomorphism induced in the factor group, we
obtain a secondary characteristic class £*(®) defined by

(14) (@) = T"8(U),
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where
£(®) € H'(B)/Q (®; £),

with Q' (®; £) = T7'Q""(®; E, E,). The direct extension of the cup-product to
cosets allows us to express (1.4) in the following equivalent form:

(1.5) S(U) = [»"E5(@)] < U.

The indeterminacy Q'(®; £) can be given explicitly in terms of H*(B) as follows.
Let y: 4 — A ® A be the diagonal map, which turns 4 into a Hopf algebra.
The composition

A—¢—>A®A%A®H*(B)

defines ¢ = (1 @ £*)y. Let u: 4 ® H*(B) — H*(B) be the homomorphism
given by the standard action of 4 in H*(B), which makes H*(B) an A-module.
Let r: H*(B) ® H*(B) —» H*(B) ® H*(B) be the homomorphism that inter-
changes the factors, and, finally, let d*: H*(B) ® H*(B) — H*(B) be the
homomorphism induced by the diagonal map d: B — B X B. With these homo-
morphisms define \: A @ H*(B) — H*(B) to be the composition

=d*(r @ 1)(1 ® )¢ ® 1).

Prorosrrion 1.6. The following dragram is commutative:
A ® H*(B) > H*(B)
10T T

A ® H*E, E) > H*(E, E)
Proof. If 6 € A, suppose ¥(8) = > 0; ® 6;. With = € H*(B) we have:
TNO ® @) = T2 0:(x) < £°(8)) = 2 6u(x"2) < («"E"(6/) < U)
= 2.6:(r'®) < 6/(U) = 6(vc « U) = w(1®7T) (6 ® 2).
It follows from (1.6) that 6H™(E, Ey) = TA(6 ® H™(B)). Hence
(1.7) Q' (®;£) = Dpt’ Moz ® H*(B)).

The naturality of £* and that of ® imply the naturality of £*(®) with respect
to bundle maps. In particular, the secondary characteristic classes of a trivial

bundle are zero.
The operation ® associated with relation (1.1) in general is not unique. If

@' is another operation associated with (1.1), we have ([1; p. 70]):
(1.8) (U) — & (U) = 6(U)
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for some 6 € A. This implies that

(1.9) £5(@) — £1(®) = £°(0);

that is, two secondary characteristic classes determined by the same relation in
A, differ by a primary characteristic class.

2. Invariance under fibre homotopy type

Let (Ey, By, F1, m) and (E,, By, Fa, ) be two fibre bundles in the sense
of Steenrod, where the bases B:, B; are finite CW-complexes and the fibres
Fy, Fs are locally compact spaces. A map f: E; — E, is an F-map if f sends fibres
into fibres and f restricted to each fibre is a homotopy equivalence. Every
F-map f induces a map f: By — B; such that mof = fr; .

Let ¢ = (E:, B, F, ™) and 0 = (E:, B, F, m;) be two fibre bundles over the
same base B and with same fibre F. The bundles £, 5 are of the same fibre ho-
motopy type, in symbols £ ~ 7, if there exist maps f: By — FEs and f': E; — Ei
which preserve fibres and such that ff ~ identity and f'f ~ identity, under
homotopies which also preserve fibres. A theorem of Dold asserts that £ ~ g5
if and only if there exists an F-map ¢: E1 — E, such that § = identity ([5; p.
120)).

Now let ¢ = (E, B, R", =) be a vector bundle over B. Choosing a riemannian
metric on E, we determine E(1) as the subspace of E of vectors of length <1,
and E(1) as the subspace of vectors of length 1. The bundle E(1) — B is essen-
tially independent of the metric and is the orthogonal sphere bundle associated
to & we denote it by (&).

Following Atiyah ([4; p. 292]), we say that two orthogonal sphere bundles
(£), (n) over the same base B are of the same stable fibre homotopy type, in
symbols (£) < (n), if there exist trivial vector bundles 0, 0, over B, such that
(EB0)~ (& 0"). The equivalence class of (¢) under & is denoted by J(£).
The set of all classes forms the group J(B), introduced by Atiyah, where the
group structure is induced by the Whitney sum for vector bundles.

TueoreM 2.1. The primary and secondary characteristic classes are J-invariants.

The result for primary classes is well known, and is due originally to Thom
([18; p. 166]). However we will give another proof using only the concepts
Milnor introduces in his study of characteristic classes.

Let ¢ = (E, B,R™, =), n = (E', B, R", ') be two vector bundles over the
same base B and suppose J(£) = J(n). This is equivalent with (¢ @ 0) ~ (n & 0'),
where 0, 0" are trivial vector bundles over B. The proof of (2.1) is an immedi-
ate consequence of the following two lemmas.

LemMA 2.2. Theorem 2.1 holds for £ and n = ¢ & 0, where 0 4s a trivial vector
bundle over B.

LemmAa 2.3. Theorem 2.1 holds for £ and n such that (£) ~ (5).
Proof of 2.2. The Whitney product formula implies that:

(£ @ 0)"(8a) = £"(30)0*(Sq) = £*(Sq);
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and from this the result for primary characteristic classes follows readily. Also
we obtain that for any stable secondary operation ®, (¢ @ 0)*(®) is defined if
and only if £*(®) is defined.

Suppose that 0 has fibre R*. Clearly we may suppose that 0 is a product
bundle, and if E is the total space of £, we may consider B = E X R" as the
total space of £ @ 0. It then follows that (E, B, ) = (E, E,) X (R*, R* — 0).
U ¢ H"™E E)), Uc H"(E, Ey), and w € H*(R*, R* — 0) are the funda-
mental classes, we have U’ U X w, and this in turn implies that, for all
x € H(B), T'(z) = T(z) >< w, where 7", T are the Thom isomorphisms for
£ @ 0, and £ respectively. This, together with the Cartan product formula,
implies Q(®; £) = Q(®; ¢ ® 0). Finally, if £*(®) is defined, the stability of &
implies that ®(U X w) = ®(U) X w, and then it follows that £*(®) =
(£ @ 0)*(®).

Proof of 2.3. For every vector bundle, § = (E, B, R", 7) we have a natural
isomorphism

H*(E, Ey) —= H*(E(1), E(1))

induced by the ecomposition of the inclusions

(E(1), B(1)) —* (EQ1), Bo(1)) —L (B, Ey),

where Eo(1) = Ey ~ E(1). Since E(1) is & deformation retract of Eo(1), i
induces an isomorphism. Also j induces an isomorphism, since it is an excision.
Then, in the definition of characteristic classes we may replace the pair (E, E)
by the pair (E(1), E(1)) and the class U € H"(E, Ey) by its image
U, ¢ H"(E(l) E(l)) If F ~ R" is the fibre over the point b, F(1) = F ~ E(1)
and F(1) = F ~ E(l) are the corresponding fibres over b of the assocmted
bundles E(1) — B, E(1) — B. The inclusion ¢: (F(1), F(1)) — (E(1), E(1))
induces an isomorphism in dimension 7,

it H*(E(1), E(1)) — H*(F(1), F(1)),

such that ¢*U; is the generator of H™(F(1), F(1)). This property, for all b,
characterizes U1([9; p. 34]).

Now with £ and % consider the associated bundles r: E(1) — B and
7' : B (1) — B. The hypothesis (E) ~ (n) implies the existence of a fibre ho-
motopy equivalence f; : E(1) — E'(1). Let f: (E(1), E(1)) — (E'(1), E'(1))
be a radial extension of f; . The commutative diagram

m(E ), B (1) L BB, B1))

i/* l*

7 (F'(1), (1)) 255 5(F(1), F(1)),
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and the fact that f, = f| F(1) is a homotopy equivalence, implies fu/ = U,.
For every 6 € A, we have,

=0 « U = 6(U1) = fo(U) = f*(«"™*6) <« U') = «™"(6) « s

and hence £*(8) = 7*(6). Moreover £*(®) is defined if and only if *(®) is
defined, and, by (1.4), Q(®; £) = Q'(®; 1). Finally,

(@) o U = ®(Uy) = f'o(UY) = ™" (@) < Us;
therefore, £*(®) = n*(®). This ends the proof of (2.3), and hence that of (2.1).

CoROLLARY 2.4. The primary and secondary characteristic classes are natural
with respect to F-maps.

Proof. It follows from (2.1) and the fact that every F-map factorizes into a
fibre homotopy equivalence followed by a bundle map (see [5; p. 120]).

COROLLARY 2.5. Let M, N be two compact differentiable manifolds and f: M — N,
a homotopy equivalence. Then the primary and secondary tangent and normal classes
of M and N correspond under f*, the induced homomorphism in cohomology.

Proof. Let £, 7 be the tangent bundles to M, N respectively; then a result of
Atiyah ([4; Th. 3.6]) asserts that J(f*t) = J(4). By (2.1) and naturality the
result for the tangent bundles follows. Now if », p are the normal bundles to a
given immersion of M and N respectively, we clearly have J(f*o) = J(»), and
by the same argument the result also follows for the normal characteristic classes.

In particular (2.5) implies that the primary and secondary classes of the
tangent bundle are independent of the differentiable structure, and for the normal
bundle that they are also independent of the particular immersion.

3. Bundles with trivial characteristic ring

Let E(B) be the set of vector bundles with base B. E(B) is a commutative
monoid under the Whitney sum. Let Eo(B)C E(B) be the subset of vector
bundles with trivial characteristic ring. The Whitney product formula implies
that Eo(B) is a submonoid of E(B).

ProrosiTioN 3.1. If ® is a stable secondary operation associated with a relation of
type (1.1), then for every & € Eo(B), the secondary characteristic class £5(®) s
defined. In this case the relatton determines the class uniquely and

Q(2;8) = 2w’ xH"(B).

Proof. Since £ € Eo(B), C*(¢§) = 1; but this is equivalent to A(U) = U,
so ®(U) is defined and, by (1.8), it is unique. Now, the homomorphism A
of (1.7) coincides with the standard action of A in H *(B). Indeed, for z € H*(B),
and 6 € A withy(6) = > 6, ® 6, we have:

MO ® ) = 2 0i(x) wE(8) =0(x) <1 =06(z)
and this ends the proof of (3.1).
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The Whitney product formula for secondary characteristic classes is given by
the following:

TaEOREM 3.2. Lel ® be any stable cohomology operation of degree r. Then for
every £, 1 € Ey(B) we have

(@ n)*@) = £(®) + 1"(®)
n H'(B)/Q(®; B).

Proof. It follows by the argument given in [9; p. 36] for the Stiefel-Whitney
classes, except that instead of using squares and the Cartan formula, one uses
secondary operations and the produet formula of [3, (8.6)].

As a special case of (3.2) we obtain the following formulation of the Whitney
duality for secondary characteristic classes:

CoroLLARY 3.3. Let M be a differentiable n-manifold, such that all the positive
dimensional Stiefel-Whitney classes of M vanish. If T is the tangent bundle to M,
and v is the normal bundle to an vmmersion of M, then v, v € Eo( M), and

(@) = v (®)
wm H'(M)/Q (®; M), for every stable secondary operation ® of degree r.

4. Secondary characteristic classes of the tangent bundle

Let + = (E, M, =) be the tangent bundle of a differentiable n-manifold. The
classes 7¥(®) are the secondary characteristic classes of M. In analogy with the
Wu formulae for the Stiefel-Whitney classes of M, we will give a criterion to
compute 7" (®) using the action of ® in H*(M X M). This is our Theorem
(4.10). For this purpose, we will use the notation, definitions, and results given
by Milnor in [9; p. 45]. Let

v H*(E, B)) — H*(M X M,M X M — A)
be the natural isomorphism, where A C M X M is the diagonal. We denote by

U c H*(M X M) the class defined by U = *(U), where U ¢ H"(E, E,) is
the fundamental class of 7 and

CCHY M X M, M X M — A)— H*(M X M)
is the homomorphism induced by the inclusion.

TrrorEM 4.1. Let 6 € A be an element of the Steenrod algebra; then
(i) 6( Q) # 0 +f and only of §(U) # 0
(ii) 6(T) = (+*(8) X 1) < U.

Proof. If x € H*(M), the definition of ¥ implies that i*Y(z'z — U) =
(z X 1) < U. On the other hand, the computation, by Milnor, of the class U

in terms of the cohomology ring of M implies that (z X 1) < U # 0 if and
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only if z 5 0. Now 6(U) = (x*r*(8)) < U 5 0if and only if 7¥(8) 0, and
since
0(0) = i"(U) = i"p(x*r*(8) < U) = (+*(6) X 1) < T,

(1) and (ii) of (4.1) follow immediately.

In order to establish the analogue of (4.1) for secondary characteristic classes
we need to study the homomorphism
0 HY (M, MP — A)/QT(®; M, MP — A) — H'W(M?)/Q™(9; M),

where M* = M X M, and & is a stable secondary operation of degree r.
The cohomology exact sequence of the pair (M”, M* — A) breaks up into short
exact sequences,

0 — H (M, M* — &) -2 B(M?) 25 HY(M? — A) — 0.

This follows from the fact that ¢* is a monomorphism, as is shown in the proof
of (4.1). In turn, each of these short exact sequences splits under the homo-
morphism

(4.2) t: HY(M?) — HY(M?, M* — A),

defined by t(z X y) = (y, i)z X 1) < U’, where U' = @(U), & € H,(M)is the
generator, and (y, @) is the Kronecker index. Indeed every » € HY(M*, M* — A),

with ¢ > m, can be uniquely expressed as » = (¢ X 1) < U, for certain
@ € H""(M); and on the other hand
(4.3) ti*(v) = t((x X 1) < U) = (aX1) U =y,

since, according to [9; p. 48], U contains the term 1 X u, where (u, @) = 1.
Then we have

(4.4) H*(M?) ~ Im(:*) @ Ker(t),

with +*: H*(M%, M? — A) ~ Im(5*), j*: Ker(t) &~ H*(M® — A).

Let us consider the action of the Steenrod algebra A on the decomposition
(4.4). Clearly, Im(¢*) is an A-module, and we need only to analyze the behaviour
of Ker(¢). If V.= > ™ V. is the total Wu class of M defined in [9; p. 55],

then we have

TuEoREM 4.5. For every v € H*(M?), the equality
tSqv = Sqt((VX V) <)
holds, where V™" is the inverse of V in the sense of the cup-product.

Proof. Obviously it is sufficient to consider an element of the formv = = X y.
We have

tSqv =t(Sqz X Sqy) = (Sqy, WH(Sqz X 1) < U
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but, by the definition of V, (Sq y, ) = (V < v, &) and, therefore,
t8qv =(V oy, mBqz X 1) o U.

Using the antiautomorphism ¢: A — A determined by Sq ¢(Sq) = 1, the above
expression can be written as

(46) tSqv =(V vy, BSal(z X 1) «e(S)U].
Now, we will show that
(4.7) e(S8q)U = (V' x1) o U.
By definition of 7*(¢(8q)), we have
(4.8) e(SQ)U = 7**(c(8q)) « U;
and applying Sq to both members of (4.8), we obtain
U=7"8q7(c(8q)) «8q U = =¥ Sq 7*(c(8q)) < v*7*(Sq) < U;
but =* and the cup-product by U are isomorphisms, so
1 = 8q7%(e(Sa)) « 7*(8q),

and, since 7(Sq) = W = Sq V and Sq is an automorphism, it follows that
7 (¢(8q)) = V. Substitution of this expression in (4.8) and application of
¥ yields (4.7). With (4.7) in (4.8), we obtain :

t8q (v) =(V vy BSql(e X 1) « (V' X 1) o U,
and it is then easy to verify that
HVTX V) o @X )l =F cym@xl) o (VX1 oU.
This finishes the proof of (4.5).

TarorEM 4.9. The direct sum decomposition H*(M*) ~ Im(:*) @ Ker(t)
is a decomposttion as A-modules if and only if + € Eo(M ), where 7 .1s the tangent
bundle of M.

Proof. The sufficiency is an immediate consequence of (4.5), since the
hypothesis implies that V' = 1. For the necessity, if ¢ < n for every z € H*(M),
1 X z € Ker(¢) and, by the hypothesis,

£8q" (1 X 2) = t(1 X 89" %) = (1 X (Vacg w @) = (Vag vz, HU = 0.
Therefore, V,_, = 0 and, consequently, W = 1.

TuroreEM 4.10. Let M be a differentiable n-manifold; U € H"(E, E,), the
fundamental class of the tangent bundle v of M; and U € H"(M"), the image of
U under ©*y. Then, for every stable secondary operation ® of degree r, we have

(i) ®(U) s defined if and only if ®(U) is defined;
(ii) ®(T) = 0 implies ®(U) = 0;
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(iii) ®(U) = (+*(®) X 1) < Uin H""(M*)/Q""(®; M*); and
(iv) #f 7 € Eo(M), then, ®(U) 5 0 if and only if ®(U) = 0.

Proof. Statement (i) is a direct consequence of (4.1). The naturality of &
implies (ii), since ®(U) = *¢@(U). Again, (iii) is a consequence of the natu-
rality of ®, since, by (1.5), ®(U) = «*+*(®) — Uin H""(E, Eo)/Q""(®; E, Ev).
With respect to (iv), since € Eo(M), it follows from (4.5) that ¢ induces a
homomorphism

b HYT(M)/Q (25 MY) — H™(M', M” — A)/Q"7(&; MY, M* — A);

and we assert that 1®(U) = ®&(U’). In fact, using (iii), similarly to (4.3), we
have

(4.11) @®(U) = f(+*(®) X 1) U] = (+*(®) X 1) ~ U = &(U").
But (4.11) implies (iv) since ®(U’) = ¢y&(U).

5. Normal secondary characteristic classes

Suppose X is a finite CW-complex imbedded in a ¢-sphere S, and let DX
be a t-dual of X in the sense of Spanier-Whitehead ([16]). Under the Alexander-
Pontrjagin duality, for every operation 6: HY(X) — H*(X), with 6 € 4,
there corresponds its dual operation c(8): H™* " (D,X) — H"*(D.X),
where ¢: A — A is the canonical antiautomorphism of 4. The homomorphism
8 is non-trivial if and only if the homomorphism ¢(8) is non-trivial ([12], [16;
p- 271]). :

If ® is a stable secondary operation associated with the relation (1.1), there
exists a stable secondary operation c¢(®), associated with the relation
> i’ c(Br)c(ax) = 0, such that, under the Alexander-Pontrjagin duality, an
analogous result holds for ® and ¢(®), as the one we have above for primary
operations ([7], [11]). Clearly, all these results remain valid when DX is replaced
by an S-equivalent space Y, if the proper shift in dimension is taken into ac-
count. Applying these results to differentiable manifolds we obtain the following:

TuroreMm 5.1. Let v = (E, M, ) be the normal bundle to a compact differentiable
manifold M immersed in R'. Then for every 8 € A of degree v, 8: HY(E, Ey) —
HY(E, E,) is non-trivial, if and only if c¢(8): H™* (M) — H" (M) is non-
triveal. Similarly, for every stable secondary cohomology operation ® of degree r,

®: K(®; E, Eo) —» H™(E, E0)/Q""(®; E, E,)
1s non-trivial, if and only f,

c(@): K™ (e(®); M) — H™(M)/Q*(c(®); M)
8 non-trivial.

Proof. According to [9; p. 100] there is a natural isomorphism in positive
dimensions H*(T'(»)) ~ H*(E, Ey), where T(») is the Thom space of ». Now
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if », »" are normal bundles of M associated with two immersions, it follows from
[4; (2.6)] that T(») and T(+') are S-equivalent. In particular, if » is an im-
bedding from [10], we have that 7(+') is dual to the disjoint union of M and a
point. Therefore, for any immersion », the Thom space 7' (v) is an S-dual of
M o . Then (5.1) follows from the results mentioned at the beginning of this
section.

As an application of (5.1) we obtain the following generalization of a result
of Massey [8; Th. 1].

CoROLLARY 5.2. Let M and v be as in (5.1) and 6 € A, an element of degree
n — gq. Then v*(8) # 0 implies a(n) < ¢, where a(n) is the number of non-zero
terms 1in the dyadic expansion of n.

Proof. According to §1, »*(8) # 0 if and only if 6: H'(E, Ey) — H""™™ (B, Ey)
is non-trivial. By (5.1), 6 is non-trivial if and only if there exists u € H*(M)
such that ¢(8)u % 0. Now c¢(8)u # O implies that there exists an admissible
monomial Sq’ of degree n — ¢, with Sq’u # 0. But then formula (17.5) of Serre
([15; p. 212]) implies ¢ > a(n).

6. A family of secondary cohomology operations

In this section we construct and establish properties of a family of secondary
cohomology operations, which will enable us to make some applications of
secondary characteristic classes to the immersion problem of projective spaces.

Let &;;, with j > 2, be a family of stable secondary cohomology operations
associated, aceording to Adams ([1]), with the relations:

(6.1) (Sq2Sq1)Sq4’° + Sq4k+2Sq1 = (), if 2j = 4k + 2’
(6.2) (Sq®Sq)Sa*™* + 8q*8q" + Sa'Sq* = 0, if 27 = 4k.

Thus, $gu42 is an operation associated with (6.1), and is defined in the inter-
section of the kernels of Sq' and Sq*. Similarly &, is associated with (6.2).
Clearly the degree of ®,; is 2;.

We now give a criterion which shows when &.; vanishes for dimensional
reasons. In order to establish this ecriterion, we need to restrict the natural
domain of definition of ®,;, which rigorously means to consider another oper-
ation. However, for simplicity, this restricted operation will be identified with
By .

Let Ax C A be the vector subspace of homogeneous elements of 4 of degree £.

TrEOREM 6.3. Suppose ®z;(u) s defined for u € HY(X). If Asj(u) = 0 and
Sq’u = 0, then ®;(u) = 0 forq < 27 — 3.

Proof. The stability of ®; and the stability of the hypotheses imply that (6.3)
holds for all ¢ < 27 — 3 if it holds for ¢ = 25 — 3. Hence we will give the proof
for this particular dimension. Let f: X — K(Z,, 2/ — 3) be a map such that
f*v = u, where v is the fundamental class of K(Zs, 2j — 3). Using the second
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formula of Peterson-Stein, with the notation of [3; (5.2)], we have
oi(u) = aB8(7v)

in HY 3(X)/Q" (&, ; X) + ffH*(K(Zy, 2j — 3)), where a8 = 0 is the
relation (6.1) or (6.2) according to.the value of 2. The hypotheses on % imply
that f*HY (K (Z,, 2 — 3)) = 0, since all admissible monomials in A,; vanish
on v and the conditions Sq" » = 0 and Sq* » = 0 guarantee that all possible cup-
products in the image of f* vanish. Consequently, ®,;(u) = «;8(y), with the
natural indeterminacy of ®,;. Now, by inspection of the relations (6.1) and
(6.2), one easily verifies that the hypotheses of [3; (6.6)] hold with ¢ = 27 — 3.
Then o;8(y) = 0, and this finishes the proof of (6.3).

Let I; © A be the two-sided ideal generated by Sq'.
TaEOREM 6.4. Let u € H*(X), v € HY(X) be classes such that ®;(u), $o;(v)

are defined. Moreover, if Apx(u) = 0forall 1l <k < 25, Ayi(v) = 0,and 6(v) = 0
for all 0 € I, of degree < 27, then

Boi(u — ) = u < Po;(v) + Dpmd’ T Boiar(u) < Sq™,
modulo the total indeterminacy.

Proof. Accordingly with [1; p. 80], it is sufficient to establish (6.4) for a single
pair of dimensions (p, ¢) in the stable range. We will give here only a rough
indication of the proof. Let R be the free Steenrod ‘algebra with Sq” = 1 and R*
the ideal of positive dimensional elements. Let p; denote (6.1) or (6.2), ac-
cording to the value of 27, as an element of R. If I is the ideal of relations in R,
then py; € I. If y: R — R ® R is the diagonal map, one can verify by direct
computation that '

W(oo) = 1 @ poj + Dt prime ® Sq”,

modulo the subspace (I @ I, + R ® I)s; . Now, using the functional repre-
sentation of ®,; and the methods of [3], the proof of (6.4) follows from the above
formula.

COROLLARY 6.5. If Ap(u) = 0, Ax(v) = 0for 1 < &k < 2j then
Poj(u —v) = Pyi(u) w v + u o By(v)
CoroLrary 6.6. If Ax(u) = 0 for 1 < k < 24, then for h > 0,
Boi (1) = M O Boi(u).

7. Secondary classes of complex projective spaces

In this and the next section we will work with CP™, the complex projective
space of real dimension 2m, and with CP”, the infinite dimensional complex
projective space. In order to avoid confusion, let w € H*(CP™) and w € H*(CP®)
denote the generators. The total Stiefel-Whitney class of CP™ is given by
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W(CP™) = (1 4 w)™". With (4.10) we can compute the secondary tangential
classes 7*(®) by determining the action of ® in the class U € H*™(CP™ X CP™).
The class U is explicitly given by the Poincaré duality matrix ([9; Th. 15]).
For CP™ we have

(7.1) : U = Zi=om W' X wm—i,
where w’ is the jth power of the generator c.

In this section we will consider only CP™ with m = 2a — 1 where a = 2° and
s > 1. Then, for this case W(CP™) = 1 and the tangent bundle = of CP™ belongs
to BEo(CP™). If v = @ X 1 + 1 X w, the form of m allows us to express Uas a
power of v, explicitly

(7.2) U=+"

By (4.1), for 6 € A of positive degree, we have 6(U) = 0. Then @(U) is
defined for every stable secondary cohomology operation, and from (1.8) it
follows that ®(U) is idependent of the particular operation & associated with
a relation of type (1.1). The computation of ®(U) is reduced to the computation
of functional cohomology operations by means of the Peterson-Stein formula
([3; (5.2)]), as follows. Let

(7.3) f: CP™ X CP™ — CP”

be a map such that f*w = v. By (7.1) and (7.2), f'w” = 4" = U and f*8(w™) =
B(U) = 0. Therefore, . ,

(7.4) &(U) = aB(w™)

in ™7 (CP™ X CP™)/Q™(®; CP™ X CP™), since
(7.5) f*H™(CP®) = 0, for all » > 0.

This last statement follows from v™*" = 0. Thus, ®(U) admits a functional
representation preserving its natural indeterminacy.

Clearly, if the degree of ® is odd, ®#(U) = 0. Then it is sufficient to consider
only secondary operations of even degree. For this case, we may express oy 8(w™)
by means of the functional operations axs8:(w™), as indicated by the following

PropositioN 7.6. Let a8 = 0 be a relation of type (1.1), homogeneous of degree
r 4+ 11in A, where r is even. Then,

aB(w™) = Zlc_—_1jakf3k(wm)
n H2m+r(CPm X CPM)/Z akHZM—I—tk——l(CPm X CPm)

Proof. Each term oy B,(w™) is defined. In fact, *B.(w™) = 0 and, since the
degree of aB; is odd, axBr(w™) = 0. Using the definition of a functional oper-
ation, it is easily verified that a sum of representatives of the terms in the right
hand is a representative of a;8(w™). By (7.5), the common indeterminacy of the
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functional operations is the one indicated in the proposition, and this finishes the
proof.

It follows from (7.6) that it is sufficient to study simple functional operations
of the type 8;0(w™), where § and ¢ are homogeneous elements of A and 8o of
odd degree. Obviously, if the degree of ¢ is odd, then 6;0(w™) = 0. Therefore
we will suppose that the degree of ¢ is even. Consequently, 6 is of odd degree
and 8 € I, the two sided ideal generated by Sq.

ProrosiTioN 7.7. Let 8 € A be an element of odd degree and hence of the form
0 = 2. a:Sq" bs. Then, for every ¢ € A of positive degree, 6;0(w™) is defined, and
with zero indeterminacy we have

Br0(w™) = 2 a,(Sasbis(w™)).

The proof is omitted since it is similar to that of (7.6).

In conclusion, (7.4), (7.6) and (7.7) reduce the calculation of ®(U) to the
computation of Sq,". In general, Sq;' can be computed using the following well
known proposition, whose proof is also omitted.

ProposITION 7.8. Let f: X — Y be a map and f*: HY(Y; Z) — HYX; Z) the
tnduced homomorphism in cohomology with integer coefficients. For uy € H'(Y; Z)
suppose that f*u; = 2kvy where k is an integer and v; € HY(X; Z). I u € HYY),
v3€ HYX) are the reductions modulo 2 of u; and v, respectively, then Sq;u s
defined and has kv as a representative.

Specializing (7.8) to the situation of (7.3) we obtain the following:
Proposition 7.9. With zero indeterminacy, we have (¢ > 1),
Sqfl(wWH—Q) — ,Yq—l o (wa X wa,).

Proof. Let w, € H*(CP”; Z) and w; € H*(CP™; Z) be integral generators,
and set v1 = @ X 1 + 1 X w1 . Then ffw™ = 4™ = 4,7 _ 4™, but
™ = 2w* X @® mod 4. Therefore, ™ = 2y T O (in” X ") mod 4.
Now, by (7.5) the indeterminacy is zero and from (7.8) the proof of (7.9)

follows.

We are now in the position to compute any operation ® in the class U. In
particular for the operations ®.; of §6, we have

TaEoREM 7.10. If 25 % m + 1, then ®;(U) = 0. If 2j = m + 1, then the
indeterminacy s zero and

¢m+1(U) = (wa X 1) ~ U
Proof. Using (7.4), (7.6) and (7.7) we obtain

4—2  m

(7.11) ®4(U) = Sq,8q"w™ + Sq*(Sq,/Sq* ™),
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modulo Sq*H™(CP™ X CP™), if 2j = 4k, and
(7.12) Buo(U) = Sq’(Sq,Sq"w™),
modulo Sq* P H*"(CP™ X CP™), if 2j = 4k + 2.

By applying (7.9) to the last term in the right hand side of (7.11) we get
Sa*(Sq,8a™ " w™) = Sa*(Sq'w™™ ™) = 8¢’ (Y o (¢ X 7)) = 0.
Again, using (7.9), the relations (7.11) and (7.12) reduce to the single relation

(7.13) 2i(0) =+ < (& X o),
modulo Sq”H*™(CP™ X CP™). Now, using (4.11) in (7.13), we obtain
120;(U) = &,(U") = t(v" < (" X "),

modulo zero, since Sq”U’» = 0. On the other hand, ¢*®;(U’) = &;(U). There-
fore, except for the indeterminacy, it is sufficient to show that
. 0,if 2j #=m + 1
(714) O (@ X @) = .
("X 1) o U,if2/=m+1

The definition of ¢ gives
t(vj_l o (0" X wb)> = <‘Z:l : }) (wj X 1) o U'.

Ifj < a,then({l: i) =0.If5 > aand(ja: i) £ 0 mod 2,

then, since @ = 2°, we havej = (k + 1)a for some k > 1, and in this case o’ = 0.
The case j = a follows directly, and this establishes (7.14). Finally, we need
only to show that the indeterminacy of ®,.1(U) is zero, but this follows by a
straightforward calculation using the Cartan formula.

TueoreM 7.15. Let 7 be the tangent bundle of CP™ ™", where @ = 2° and s > 1.
Then, with zero indeterminacy, we have 7™ (Py;) = 0, if j #= a, and 7 (Ps,) = "

Proof. 1t is a direet consequence of (7.10) and (4.10).

THEOREM 7.16. Let v be the normal bundle to an immersion of CP™™", where

a = 28 and s > 1. Then, with zero indeterminacy, we have v*(®s;) = 0, if j # a.
and v (Py,) = .

Proof. 1t follows from (7.15) and (3.3).

8. Cohomology operations in complex projective spaces

In order to extend the preceding results on normal characteristic classes to
other projective spaces, we will compute the operations &,; in H*(CP”). As a
preliminary we establish the following:

Lemma 8.1. Suppose H*(X) is a polynomial algebra over Z on a single generator
z of dimension ¢ = 1 or 2. Let gn = 2% + -+ + 2% be the dyadic expansion of
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dim 2". Then A.(z") # 0 if and only if qn + r = 2 + ... + 2% where the
k; are not necessarily distinct and k; > t;, fori =1, -+, s.

Proof. Set J (%, 1) = quHk o Sq2t+lSq2t, fork > 0and ¢ > 0,andJ(— 1,8 =
Sq°, fort > 0. We will show that the condition is necessary by induction on a(gn),
the number of non-zero terms in the dyadic expansion of gn. If a(gn) = 1,
then gn = 2, for some ¢, and in this case the only admissible monomials that act
non-trivially on z” are of the formJ (k, t). Then, r + ng = dimJ(k, ¢)z" = 2%,
for some k. Now suppose it is true for a(gn) < sand all r, and consider a(qn) =s.
Write 2" = 2™ % _ 2* , where ¢2° is the last term of the dyadic expansion of ¢n.
If 9 € A4, 1s such that 6(95 ) #= 0and 1,0(0) 2 6; ® 6, under the diagonal map
then, for some %, §;(x" 2 ) # 0 and 6, (& ) # 0. Let r1, r2 be the degrees of ¢
and 6, respectively. Since r = r; + 75 , the induction hypotheses on r; + g(n — 2°)
and r, + ¢2° yield the result for » + gn.

To prove that the condition is sufficient, with the notation of the lemma, we
may clearly suppose that k; < ke < --+ < k. Then it is immediate to verify
that J(by — & — 1, 81) «- J (ks — s — 1, t)x" # 0, and that its dimension is
gn + r. This finighes the proof.

CororLLARY 8.2, If a(gn + r) > al(gn), then A,(z") = 0.

Returning to our objective, we will first compute the operations ®,; in some
elements of H*(CP~).

-TusorEM 8.3. Let w € Hz(CP‘”) be the generator, a = 2" withr > 1 and h > 0.
Then, for j < 2a — 1, ®,;(w™) is defined and, with zero indeterminacy, we have

2ha) — hw(2h+l)a

Poo(w , and

Bo(w™) = 0,4fj < 20 — land j # a.

Proof. Since a = 2, it follows that Sqw™ = 0fors = 1, ---, 40 — 1. Then,
ifj <22 — 1, by (6.1), (6.2) ®,;(w™) is defined and has zero indeterminacy.
Applying (6.6) we have ®;(w™) = hw™®* _ &;(w™). Therefore, for the
proof of (8.3) it is enough to consider the case » = 1. For this, choose an im-
bedding of CP* " in R** and let » = (E, CP*™", r) be the normal bundle of
this imbedding. The pair (E, Fo) behaves like a dual of CP* " (see proof of
(5.1)), and, if U € H* *(E, E) is the fundamental class of », we have Sq°U = 0
for all £ > 0. On the other hand the Atiyah-James duality for complex projective
spaces ([4; p. 307]) asserts that an S-dual of CP* ' is of the form X =
CP"/CP"™, for some value of mn which depends on a, and m =
n + 2a — 2. The identification map CP™ — X allows us to identify " with the
non-trivial element of H*"(X). Since the action of 4 in U is trivial, it is also
trivial in w” as an element of H™(X). Then Sq’»” = 0, fors = 1, - -+, 4a — 2.
This, and the action of Sq’ in H*(CP”), implies that the only possible values of
n are those of the form n = 2ga. On the other hand, from (7.16) we
have ®;(U) # 0 if and only if j = a. Consequently, in H*(X), ®;(w™) = 0 if
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and only if j = a. Naturality under the map CP™ — X gives the same statement
in H*(CP™). Here, applying (6.6), we obtain

(84) By;(0*) = g™ P L By;(™), forall j > 2.

From (8.4) with j = a, it follows that ¢ is odd and that ®,(«™) = ™. In the
same form, if § # 0, then, since ¢ is odd, we have ®;(«®) = 0. Now, under the
inclusion CP™ — CP®, these last statements translate into (8.3) for A = 1, and
this ends the proof.

TurEOREM 8.5. Let w € H2(CP™) be the generator, and let a = 27, b = 2°, and
c=2"withr > s>1>0,h> 0; then, with zero indeterminacy, we have

- —~b— —
¢2(a+b—c) (w(Z +1)a c) — hw2(ha.+a c).

Proof. The hypotheses of (6.4) hold for w = w™ and v = w* ", In fact,
since Sq'w™ = 0 for0 < ¢ < 4a, we have 4;(w™*) = 0for1 < i< 2(a+b —¢).
Trivially Ii(w® " °) = 0. To verify that As@is—o (W’ °) = 0, we apply (8.2),
showing easily that a(4a — 4¢) < a(2a — 2b — 2¢). The total indeterminacy is
zero. By (6.3) we have &y (w* " °) = 0. From (8.3),if k % b — ¢, we have
Boaip—o-2(W™*) = 0. Therefore, the product formula (6.4) reduces to

<I>2(a+b_c)(w(2h+1)a—b—c) = &n( W) o SqZ(b—c)wa—b—c,
and, by applying (8.3) again, we obtain (8.5).

TurorEM 8.6. Suppose a = 2, b = 2°, and ¢ = 2" with r > s- > t > 0, and
let v = (E, CP*™, ) be the normal bundle of an immersion of CP* " 4in R4“_2+k.
If U € H*(E, Ey) is the fundamental class of v then, with zero indeterminacy, we
have

* g—b— * 2(a—
Braipe (170”7 L U) = 7™ L U.

Proof. As in the proof of (8.3), it is clearly sufficient to compute the operation
in the corresponding dimension of an S-dual of CP* . This S-dual is of the
form X = CP**™ ™ /CP* with g an odd number. The fundamental class U
corresponds to ™ and the element 7*w* " ° _ U corresponds to o™,
The value of ®y45— in this class is given by (8.5), and since ¢ is odd, the result
of (8.6) follows.

As an application of (8.6) we compute the dual eperations ¢(®suip_r) ) On sSOmMeE
elements of H*(CP®). This may be regarded as a dual statement of (8.5). With
a, b, ¢ as above, we have the following.

THEOREM 8.7. If w € H*(CP™) is the generator, then with zero indeter MINACY we
have

1 ) — a+b+e—1 .

(Baatv—y ) (W™ w

Proof. Tt is a direct consequence of (5.1), (8.5) and naturality under ‘the
inclusion CP* ™ — CP>.
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Remarks. S , S
(1) If ¢ = 1, we obtain ¢(®s@s—y)(w) = w*™. This gives a family. of
stable secondary cohomology operations of arbitrarily high degree acting non-
trivially on a two dlmensmnal class. Fora = 2and b = 1, this formula spe(nahzes
to c(<I>4)(w) = w’, which is Theorem 4.4.1 of [1]. :
s (2)Ife = 2b and b = ¢, we have c(®x)(w*") = w™ ", This implies that
th’e iteration c(®oke) « -+ €(Psq)e(Pog) (W) = w**in H (CP ), forallk > 0.
Combining this with the action of the Steenrod algebra, it follows that any
element of H*(CP”) can be obtained, with zero indeterminacy, by means of-an
iteration of squares and the operations c¢(®,-) applied to the fundamental class w.

9. Non-immersion of complex projective spaces

_Using the results of the preceding section we obtaln the followmg generah-
’zatlon of (7. 16)

THEOREM 9.1. Let » be the normal bundle {0 an fmmersion of CP*+1 where
a=2b=2,andc =2 withr > s> 1> 0 Then, with zero: mdetermmacy, we
Tave v (Brapss) = . : :

Proof. It follows dlrectly from (5.1), (8.7) and naturahty

Similar to the use of normal Stiefel- Whltney classes, we will show how normal
secondary classes can be applied to establish non-immersion results.

. TaroreMm 9.2. The complex pro_yectwe space CP" cannot: be immersed in R*™° o
vn—-2"—|~2’¢mdr>s>0 BT T ‘

Proof Suppose CP" admits such an 1mmers1on and let » be the normal bundle.
Then, from (9.1) with ¢ = 1, we have »*(®s,_s) ¢ 0. This is equivalent with
B3 o(U) # 0, where U € H2"—5(E, Ey) is the fundamental class of ». On the
.other hand, U satisfies- the hypotheses of (6.3). In fact we need only to verify
for 6 € Asy-s that 6(U) =.0. But, by (5.1), this is equivalent with ¢(8)(») =0,
and this follows easily by (8.2). Consequently tI>2n_2(U) = 0; and the contra-
(diction establishes (9. 2)

Remarks. Usmg the associated sphere bundle we can improve (9.2) for s > 0,
in one more unit (see proof of (12.3)). However, as in the case of CP* and
Stiefel-Whitney classes, we cannot obtain directly the best possible non-immer-
-sion result. This has been obtained recently by Sanderson and Schwarzenberger
(m [14 ), who prove that CP*, withn = 2" + 2°and s > 0, cannot be immersed
in R For the case s = 0, Whether CP" can or cannot be immersed in R has
not been settled.

10. Multiple secondary cohomology operations

-In order to establish results for the real projective spaces RP" similar to
those obtained for CP", we need to consider stable secondary operations which
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act non-trivially in the cohomology of RP”. The operations ®; are not adequa,te
for this purpose because of their indeterminacy.

Adams in [2] has indicated how to construct double secondary operations
associated with a pair of relations and whose indeterminacy is the diagonal
indeterminacy. He has shown that these operations act non-trivially in RP®.
The construction of double operations extends automatically to n-tuple oper-
ations, which are associated with » relations. In our applications we will consider
only double and triple operations. .

To simplify the notation, we desciibe the general construction of these oper-
ations and the formula of Peterson-Stein only in the case of double operations.
The extension of these results to n-tuple operations is immediate. In the last
part of this section we construct for £ > 0 a family of double operations ¥, and -
another family of triple operations ‘®gy4 . For-the triple operations we ‘will use
the direct generallzatlon of the results Whlch we establish only for double oper-
ations.

We now descnbe the form of constructing such operatlons If @ is an abelian
group and G @ @ is the direct sum of two. copies of G, the diagonal subgroup
AG C G @ G is defined as the image of the homomorphism -

(10.1) |  AGoGeG,
where A(g) = (g, g), forallg € G. ‘

~ Let _ B o
(10.2) af = D% sy = 0 and
(10.3) 68 = Dl 0B =

be two homogeneous relations in A4 of degrees a + 1 b+ 1, respectlvely All the
ay, 0, Br, are of positive degree and, i general, some of the oy, 6; may be the zero
:operation. Set & = degree B; . Associated with the relations (10.2) and (10.3), a
stable-secondary cohomology operation ¥ ig defined. For a space X, its domain
of definition K?(¥; X) is the subgroup of H?(X).formed by all the elements u
such that g(u) = 0;1ie., Bx(u) = Ofork = 1, - -, m. The value ¥(u) is a coset
in the direct sum H***(X) @ H*"(X") modulo

(10.4) Q(¥; X) = D2 (o ® 6,)AHTT* (X)),
where A is defined by (10.1). Thus
(10.5) ¥: KY(¥; X) - H™(X) @ H™(X)/Q(¥; X)..

Briefly, the construction of ¥ is as follows. Let =: E — K(Z:, q) be a ﬁbre
space determined by 8 and which is a universal example for secondary operations
associated with relations of type (10.2), (10.3). It is sufficient to construct ¥
in the stable range. Then, with ¢ > max (a, b), as in [2], we choose elements
z € H™(E) and y € H"(E) associated with (10.2) and (10.3) respectively.
Now, given v € HY(X), let f: X — K(Zs, q) be a characteristic map for w. If
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B(u) = 0, there exists h: X — E such that #h = f. Define ¥(u) =
{h*(z) @ h*(y)}, where the parentheses indicate ‘the coset of the direct sum
modulo @(¥; X). One verifies that another choice of h does not alter the coset.

Let &, , ®, be the simple secondary operations determined by z, y respectively.
The indeterminacy of the direct sum [®;(u), ®2(u)] is in general larger than that
of ¥(u). :

In order to establish the second formula of Peterson-Stein, we need to conside
double functional cohomology operations. Consider the relations a8 = 0, 3 = 0
as the composition of operations of several variables (see [3; section 2]). Given
an inclusion f: X — Y, with the cohomology sequence of the pair (Y, X), we
form the following commutative diagram:

2 Al@H(Y, X)] 5 Al@ BT (V)] L Ale B (X)) 2

Ja@o la@@ 10&@0

2L 5y, X) e BHY(Y, X) LS mY) @ BHYY) I m(x) @ HY(X) =

wherec = ¢+ a + land d = g + b 4 1. The horizontal rows are exact sequences
and the direct sums in the upper row run over 1 < k < m. The vertical operations
are defined in the obvious way. Now, if v« € HYY), it follows that
B(u) € @ H™™(Y) and that (o @ 6)AB(u) = 0. Thus, if we suppose f*8(u) = 0,
in the usual form, using the above diagram, we define the functional operation.

(106) | (o @ 8):A8(u),
which is a coset of H"*(X) @ H*™(X) modulo the subgroup
(10.7) (a ® 0)A[® H™* N X)] + ffH™(Y) @ fH™(Y).

TrrEorREM 10.8. Let ¥ be a-double secondary operation associated with the pair. of
relations o8 = 0,08-= 0. If f: X — Yisamap and uw € HY(Y) ¢s such that f*8(u) =
0, then the operations ¥ (f*u) and (a @ 0);A8(u) are defined, and we have

() = (o @ 0):88(u),
modulo the total indeterminacy
Q(¥; X) + f*H™™(Y) ® f'H™(Y).

Proof. We give the proof in the universal example =: E — B, where B =
K(Z,, q) and g is in the stable range. Let F C E be the fibre over the point
2 € B,m :(E,F)— (B, z) themapinduced by = and j: E — (E, F) the inclusion.
We identify = = mj. If v € H%(B) is the fundamental class, then j*AB(m*y) =
r*AB(y) = 0and (a ® 0)AB(v) = 0. Using the naturality for functional coho-
mology operations ([17; 15.8]) we have

(10.9) (a ® 0);08(m™y) = (a ® 6).48(y),
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modulo the common indeterminacy, which reduces to .
(10.10) (e ® 0)A[® H™* (B)] + = H*"™(B) & «"H*™(B),
~ because in the stable range = is an isomorphism and we have ;*H*™(E, F) =

r*H**(B), with a similar result for ¢ + b. We now form the following commu-
tative diagram:

A[@ Hq+tk—1(E>] _i,

Al® HH YR > Al@ HY(B)] N Al® H™(E)]

™ \ J
N /
[@ H*"'*(E, F)]

where 7 is the transgression. The horizontal sequence is exact and the broken
sequence is that of the pair (E, F'). A representative of ¥(r*y) is constructed as
follows. Since =*AB(y) = 0, there exists Aw such that rAw = AB(y). Form
(e @ 6)Aw; then, since 7(a @ 0)Aw = (a @ 6)AB(y) = 0, there exists
¢ @y € HY(E) ® H™(E) such that
(10.12) iz ® 'y = (a @ 6)Aw.

The element z @ y is a representative of ¥(r*y). To show that this element is
also a representative of (a @ 8),A8(m:™y) we make the following observation;
every functionalization of a cohomology operation with respect to the inclusion
j: E — (E, F) can be constructed using the cohomology exact sequence of the
pair (E, F). Indeed, it can be verified that the sequence of [17; p. 978] constructed
with j is term by term isomorphic in a natural way with that of the pair (E, F').
Then, to compute (o @ 0);A8(w: "), we may use the broken sequence of (10.11).
From the commutativity of the diagram we have sAw = AB(mv). Then, by
(10.12), it follows that z @ y is a representative of (a @ 6);A8(m™y); but, by
(10.9), z @ y is also a representative of (o @ 6).A8(7). Since the indeterminacy
of ¥(r*y) is smaller than that of (a @ 6),A8(y), we obtain

Y(r™y) = (a ® 0):A8(7),

modulo the indeterminacy (10.10), and this finishes the proof.
Consider now the family of double secondary operations ¥y, with £ > 0,
introduced by Adams in [2], which are associated with the following relations:

(10.13) Sa'Sq™ + (Sq™Sq")Sq™? + 8¢¥*8q' = 0,
(10-14) SqQquk + Sq4sq8k—2 + SqSkSq2 + Sq8k+lsq1 — 0

Consider also a family of triple secondary operations ®g 4 with & > 0, associ-
ated with the following triple of relations:

(10.15) Sq1sq3k+4 + (SqQSql)qukH + Sq8k+4sq1 = 0,
(10,16) Sq5sq8k-|—2 + SqSk-i—Squ — 0’
(10.17) Sq'Sq™* + 8q%*%8q” + 8¢*'sq! = 0.

(10.11)
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The relations (10.13) and (10.15) are the relations (6.2) which were used to
construct the simple operations &4 . As an application of the Peterson-Stein
formula (10.8) for double and triple operations, we give a criterion for ¥g; and
Bs114 to vanish by dimensional reasons.

TeEOREM 10.18. Let u € H*(X) be such that Vg (u) 1s defined. If Ag.(u) = 0,
Agira(u) = 0, and Sq'u = 0, then ¥g,(u) = 0 for all ¢ < 8% — 3.
TarEoREM 10.19. Let u € HY(X) be such that Oy, 4(u) 1s defined. If Agya(u) = 0,
Asirs(u) = 0, Ageyr(u) = 0, and Sq°u = 0, then Ogis(u) = 0 for all ¢ < 8k + 1.
The proofs of (10.18) and (10.19) are entirely analogous to the proof of (6.3)
and for this reason are omitted.
11. Cohomology operations in real projective spaces

We will compute the operations Wy, and Ogyq in H*(RP?). If z € H'(RP™)
is the generator, the cases of interest are those in which Wy (2™) is-defined and its
indeterminacy,

Q(‘I’Sk ; RPDO) I Hm+8k(RPw) @ Hm+8k+1(RP°°),
determined by (10.4), is generated by the element [z™*, 2%
(11‘1) Q(‘I’sk ; RPOO) — {[xrr&sk’ xm+8k+1]}.

Similarly, we consider the cases in which ®g4(2™) is defined and its indetermi-
nacy, : ,

Q( ®E;l;+4 : RPw) I Hm+8k+4(RP°O) @ Hm+8k+6(RPoo) ® Hm+8k+7(RPw),
is generated by the elements [z”"* 2™ 0] and [z 0, 2"***"]. That is,

(112)  Q(Ogore; RP?) = ([a/1¥H grtthit g [pmisits o pmtskim

—in symbols

A direct verification establishes the following two propositions.

Prorosition 11.3. The operation ¥g,(x™) is defined and its indeterminacy is

(11.1) 2f and only +f m = 8n and <Z) = 0 modulo 2.

ProrositioN 11.4. The operation Ogu(x™) 1s defined and its indeterminacy

1s (11.2) if and only of m = 8n + 4 and (Z) = 0 modulo 2.

Following Adams ([2]), we compute ¥g(z™) and g, 4(z™), using (8.5) and
the naturality of the operations with respect to maps.

TaEoREM 11.5. Leta = 2',b = 2°, and ¢ = 2°, wherer > s >t > 2, orr > 2
and s = t = 1; then, with indeterminacy of the form (11.1), for all h > 0 we have

2h+1)2a—2b—2 4 —
Waarpo (V2T = pfpttatemd o]
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Proof. The possible values of a, b, ¢, assure that the conditions of (11.3) are
satisfied; then the indeterminacy is of the form (11.1).

Let f: RP® — CP” be a characteristic map for the generator of H*(RP*; Z).
Clearly, with Z. coefficients we have f*w = 2°, and f*: H(CP*) — H%(RP")
is an isomorphism for g even. Let w = w™™* " “andd = a 4+ b — ¢. In H*(CP”),
by (8.5), with zero indeterminacy, we have

‘I’zd(u) = [de(u), 0] = h[w2(ha+a“c), 0]
Applying f * and using the naturality of ¥y, the result follows.

TuroreM 11.6. Let a = 2, b = 2°, with v > s > 2; then, with indeterminacy
of the form (11.2), for all h > 0, we have

2h+1)20—2b—4 4 (h. —2
®2(a+b——2)(x( i4-1) 26—2 )) — h[x (ha+ta )’ 0, 0]

Proof. As before, using (11.4) we verify that the indeterminacy is as in (11.2).

Let ®siqq , Pargs, and Pg.r be simple secondary cohomology operations asso-
ciated with the relations (10.15), (10.16), and (10.17) respectively. Let u =
w7 and d = a + b — 2. In H*(CP”), with zero indeterminacy, we
have

Oo(u) = [Pa(u), ‘1>2d+2l(u), Boars(u)].

The third component is zero, since ®$4,5 is of odd degree. For the second com-
ponent, let &5 be a simple secondary operation associated with the relation
Sq*Sg™** 4+ 8q*™8¢* = 0. Using the method of [1; p. 75), it follows that ®gs =
Sq' g5, modulo primary operations. With (8.2) we check easily that
Asayn(u) = 0. Then ®yg1s (u) = Sq' $oga(u) = 0. Therefore, by (8.5),

®2d(u) = [q)%(u), 07 O] = h[w2(ha+a*2), 07 0]
With f* as above, the result follows from the naturality of ©,; .

12. Non-immersion of real projective spaces

We now give some applications of the previous results to the immersion
problem of RP". We may introduce double and triple characteristic classes asso-
ciated with the operations Vg, , Ogiqa; however, for simplicity, we proceed
directly, using the Atiyah-James duality for RP".

TaroreM 12.1 Let v = (E, RP", ©) be the normal bundle to an immersion of
RP" in R™* wheren = 2" 4 7 and r > 3. If U € H*(E, Ey) is the fundamental
class of v, then Ay(U) = 0, Ayra(U) = 0, 8q* U = 0, and ¥or (U) = 0.

Proof. If X is an S-dual of RP", as in the proof of (8.3), it is sufficient to show
that the conclusions of the theorem hold for the first non-vanishing class of
X. The result of Atiyah ([4; p. 307]) allows us to take X as a reduced projective
space. Explicitly, X = RPzN—Z/RP2N_"_2, where N is a conveniently large
integer, depending on n. The first non-trivial element of H™(X) appears in
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dimension 2¥ — 20 — 8 = (2" — 1)2° — 8 = (2h + 1)2" — 8, with
h = 27" — 1. Then, under the natural projection RP™ 5 X , this element
may be identified with z®**"* %, Applying the criterion (8.2) to this class, we
obtain the part of the theorem concerning the action of the Steenrod algebra
on the class U. Using (11.5) with ¢ = 27", b= 2, and ¢ = 2, we obtain
Wor (™% 78) 52 0, Therefore, ¥ (U) 5 0, and this ends the proof.

TuEOREM 12.2. Let v = (E, RP", w) be the normal bundle to an tmmersion of
RP" in R"™ wheren = 2" + 2° + 3 and v > s > 3. If U € H*(E, E,) s the
fundamental class of v, then An_(U) = 0, Ans(U) = 0, Ans(U) = 0,8q°U = 0,
and Oy p0_s(U) = 0.

Proof. As in the proof of (12.1), if X is an S-dual of RP”, it is sufficient to
verify the conclusions in the first non-vanishing class of X. In this case, X =
RP™™/RP™ "7 and the first non-vanishing class of H*(X) is of dimension
(2h 4+ 1)2° — 2° — 4, where h = 2" — 1. We identify this element with
gHDFED A g hefore, applying (8.2) to this class, we obtain the conclusion of
the theorem regarding the action of the Steenrod algebra on the class U. From
(11.6), with @ = 27" and b = 2, we obtain Oy pee_s(z™™*2"*) = 0, and
this ends the proof.

The conclusions of (12.1) and (12.2) together with (10.18) and (10.19) im-
mediately give us non-immersion results. However, by considering the asso-
ciated sphere bundle, we can improve these results in one more unit.

" THEOREM 12.3. RP" cannot be smmersed in R™™™° if n = 4k + 3, where k =
o+ 2andr >s > 0.

Proof. Suppose that RP" admits an immersion in R**°, and let » = (E, RP", =)
be the normal bundle to this immersion. If U € H" °(E, E,) is the fundamental
class of », then, by (12.1) and (12.2), we have

(12.4) V,(U) #0, if s=0,
(12.5) O, (U) %0, if s>0.

Now from v*(Sql) = 0 it follows that the bundle » is orientable. The Euler
class X(») € H"°(RP"; Z), if different from zero, is of order 2. Tts reduction
modulo 2 is »*(8q"°) = 0. Consequently, X(») = 0. Therefore, the integral
and the modulo 2 cohomology exact sequences of the pair (E, E,) break into
short exact sequences (see [9; p. 60]):

(126) 0 — HYE; Z) -2 HY(Bo; Z) —— H"™(E, E, ; Z) —— 0,

(127) 0 — HYE) 2, H(B) —>— H"(E, E,) —— 0.

If ¢ = n — 10, then H(E; Z) = 0, and from (12.6) there exists us € H" °(E, ; Z)
such that 6u; = Ui, where U; € H**(E, Ey; Z), is the integral fundamental
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class of ». Then, if u, U are the reductions modulo 2 of u; , U, respectively, we
have éu = U.

We will verify that « fulfills the conditions of (10.18) if s = 0 and thosé of
(10.19) if s > 0. By (12.1) and (12.2) we already know that the conditions
regarding the action of A are automatically satisfied by U.

In both cases we have Sq" v = 0 and Sq®*w = 0. The first statement follows
from the fact that u is the modulo 2 reduction of an integral class. For the
second statement, if we suppose Sq* u = 0, since  Sq’ v = Sq° U = 0, by (12.7)
we have 72" ® = Sq¢’ u; and the application of Sq’ to this last equality gives
Fr' " = 8q’Sq” u = Sq°Sq" u = 0, which is a contradiction. Also Sq*" u = 0
and Sq"" = 0, since the dimension of « is n ~ 10. Therefore, ¥, _;(u) is defined
for s = 0, and ®, s(u) is defined for s > 0.

To verify the remaining conditions we consider the two cases separa,tely.
If s = 0, we need to show that Sq4u = 0, A,,_7(u) = 0, and 4, ¢(u) =
Suppose Sq*u ¥ 0; then, since 6Sq u = Sq'U = 0, by (12.7) we have
" = 8q' U, and, applylng Sq' to this equality, we obtain ¢*z*z""
Sq®u = Sq'Sq'u + Sq°Sq*w = 0, which is a contradiction. The verlﬁcatlon
of the other two conditions uses different arguments for » = 15 and for n > 15.
If n = 15, we have dim » = 5 and, since Sq' v = 0 and Sq* » = 0, this implies
that 4s(u) = 0 and Ay(u) = 0. If n > 15, we have H*(E)~ H'(RP") = 0 for
g = 2n — 16, 2n — 17, and, since 4,¢(U) = 0 and 4, 7(U) = 0, from (12.7)
it follows that 4, ¢(u) = 0and 4,_;(u) = 0.

Now from 6¥, (u) = ¥, 7(U) and (12.4) it follows that \Ifn_7(u) ;é 0,
but this contradicts (10.18) and establishes the theorem for the case s = 0.

If s > 0, we need to show that Sq°u = 0, 4,_4(u) = 0, 4,s(u) = 0, and
An(u) = 0. Suppose Sq° u # 0; then, since §Sq° v = Sq° U = 0, by (12.7)
we have i*7*2" ™ = 8q°u, and the application of Sq® to this equality gives
¥ = 8q°Sq°w = S8q'Sq'w = 0, which is a contradiction. Now, since
HYE) ~ HY(RP") = O0forq = 2n — 14, 2n — 15, 2n — 17, A, 4(u) = 0,
Ans(u) = 0,and 4, 7(u) = 0 follow from (12.7) and the corresponding results
for U, as in the case s = 0.

Finally, from 80, 7(u) = 0,-(U) and (12.5) it follows that O, ;(u) = 0;
but this contradicts (10.19) and establishes the theorem for the case s >. 0,
and this ends the proof.

Remark. Accordingly with recent results of Sanderson ([13]), if n = 4k + 3
and £ is not a power of 2, then RP" can be immersed in R™*. Consequntly, this
result combined with (12.3) settles the immersion problem for the case k =
242 r>s52>0.

TeEOREM 12.8. RP" cannot be immersed in R™™™? for all n > 32.

Proof. The result is established by showing that it holds for all » with
2 < n< 2™ — 1 andall r > 5. Clearly, if RP™ cannot be immersed in
R™*, then RP"™ cannot be immersed in R™™ foralln > m. If 2" < n < 2" + 6,



78 J. ADEM AND S. GITLER

the result follows using Stiefel-Whitney classes. If 27 + 7 < n < 2% — 2
the result follows by the application of (12.3) to the cases 2" + 2° + 3 < n <
4+ 2" L 3withs =2, ---,r—2andto2 + 2"+ 3<n< 2 — 2

Finally, the case n = 2" — 1 follows from the results of James (]6]).
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