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ON THE CONSTRUCTION OF LINEAR
" HOMOGENEOUS CONTINUA

" By Richard Arens. *

A linear homogeneous.continﬁum (LHC) has been defined by G. D.
Birkhoff as any set of elements which |
1. is simply ordered
2. provides a limit for any monotonely increasing (or decreasing)
sequence
3. is isomorphic to any closed sub interval of itself, the endpoints
of the subinterval being distitnct.
A very interesting example of such a continuum has been constructed
by Vizquez and Zubieta. ! '
Tt is seen at once that any closed interval of real numbers is an LHC."
. The following result is useful in constructing additional examples of
LHC sets.
Theorem If L i$ an LHC, then L*is again an LHC.2 L* has a cardi-
nal number. equal to that of L. -Moreover,  a family of ‘disjoint open
intervals of L can be found which has the cardinal of L

* Recibido para su publicacién en septiembre de 1944.

_ (1) R, Vizquez y F. Zubieta: “Los continuos lineales homogéneos de George
D. Birkhotf", este Boletin, Vol, I, Ndm. 2, pp. 1-14.

_ ’7(2) If L is an ordered set, and \ is an ordinal ﬁumber, LA shall mean the class
8f all sequenses in L of order type A, these sequences being ordered lexicographically.
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Proof:
1. If x = (x1,X2,%3,...) and y = (y1, ya, Yay -+ .) belong to L“ where
x1, y1 & L then x <y if x; < y1, or if, for some n, x; = y1, Xs=1ya,.
Xn—1 = Yn—1 and Xp < yu. This clearly orders L.
2. Suppose that z!, z2, 283, ... is an increasing sequence of elements of L".
Suppose z' = (z,,2!, z,,...) where z;eL. Furthermore let n be the
least integer for which z| Z},z},... represents a strictly increasing se-
quence of elements of L. If no such integer exists, set

n = . Now define
zp= lim z;, k<n,
)
and if ns% o0, let
zn__. lim z z,.+1__z,,+2_...=0,
1-)0.)

(0 will be used to denote the least element of L. 1 will denote the highest
element. Their existence follows from hypothesis 3 for L).

It is then easily seen that

im 2! = (24, 20, 23, ...) € L%
i=>oc0

The case of a decreasing sequence is similar.

3. Finally, suppose
X = (X1, X3, X3, ...) < (Y1, ¥2, Y8y - -.) ==y &L

We shall exhibit on isomorphism @ transforming the closed interval [x, y]
in an order preserving manner, onto L°.
Let m be the first integer for wich

Xm < Yu-

Define an increasing subsequence of the integers fi, fs, f3, ... $0 that

y:,,:yi,, Ytgo ot .
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mre (in order) those y; that are not. equal to 0. Evidently f; = m. If the

jequence terminates, let f, be the last element; if not, set v= 0
Similarly, define g1, g2, gs, - - -

pnd 1, such that

Xe, 741 . 1=i<p, and, if po o0,
Xg, 75 1 \
Now we can suppdé;:"théﬁ there is a set of distinct elements Ay As, .
By, Bs, ... in L such that
fii Ay 0, lim By =1

o0 i i i

and
e < A <AL KA KB <Bo < Bur < e
Now take an isomorphism ; mapping [Xm, ym] onto [Ay, B1]. Also take qq
mapping '[xgn, 1] onto I'An, Apa]n=23,...<p
If po oo, let @, map [xg,, 1] onto [0, A L]

Define W, to map [0, ye,lonto [By 4, By],n=23,...< W
If v#4o, let Wy map [0, yt,] onto [By—1, 1].

We next define @. Suppose x <z =<7y. Then let ¢ "('z")_ = (%, %2, Z3,
+v.). Then, either, for some n: '
Case A
a=x_ (i=mm+1m+2,..<g)
Xg, < igll =1, or
_ Case B
Zi=y (i=mm41,m42,...<f)

0=z, <y, of
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Last case
X < Zm < ytm

In the last case, let Z; = ©@1(zw), Zo = @2 (Zm+1), Zs = ©3 (Zm+2), -
In case A, let 2, = @, (zgn), Zy == zg 41,23 = Zg 42 . o
In case B, let z; = W, (22), 22 = 2z¢ 41, Z3 = Ze 42, - ..
also, let @ (x) =(0,0,...), o (y) = (1, 1,...).
It is easily seen that @ is order preserving. Furthermore, any element
(%, Za, Zs, . ..) € L* is the image of some one element in [x, y], which can
be easily found by first observing where z; is in the covering ‘
ce<An< L <AIKBI <L < Bl < S
Now, for any xel., let Wy be then open interval [(x,0,0,...), (x,1,
L..91 v i ‘
The W are disjoint, and their cardinal is that of L.
Now the cardinal of any LHC is at least C, the cardinal of the con-
tinuum, 1 Hence that of L” is che = C,
g. e. d.
" This theorem raises some interesting questions:
. If we let L = R, where R, is a closed interval of real numbers (distinct
endpoints), and set Ra=R_ " ,we obtain va‘-rsr,'eque‘nce of LHC:

Ro: Rl; R2y RS; "' .

of which the first is certainly distinct from all the ‘others.

“Could it be that the othels are all 1som01phlc? If this'is not so, they
are p1 obably all distinct,

~Mrs. G. D. Mostow has observed that if R, be a real mtelval then
for example, if & = 0?4 o, R7~ is not an LHC.
Is it possible to find a A such ®that R} is an LHC while X is not an or-
dinal of the type w"? (It is easily seen that Rom'= R,). :

" The theorem shows that there is no linear homogeneous continuum L

such that R, = L“.

Finally, one might ask whether any LHC exist whose cardinal is not C.,

Ricaarp ARENS
Harvard University

(1) F. Hausdorff, Mengenlehre, 3rd edition-{1935), p. 54.





