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The object of this paper ii to 1tudy certain intetro

differential invariants of a cloaed orientable 1urfac, dif

ferintiably i • bedded in the ordinary Euclidean space. So • , 

id1ntities b1tw11n th•• will•• 11tabli1hed. As application, 

w• shall five new proofs of so•• th1or~•s of Li1b • ann 

charact,riaint th• 1ph1re as the only clos1d · conv,s 1urf•ce 
-
with constant • can curvat•r• and constant Gaussian c•rv•t•r• 

I. Fupdamental Formulas 

To write down the basic formulas in the theory of ' . 

surfaces we follow the classical treatment of G.Darboux and 
*Recibido para el Congreso Cient!fico Mexicano, Septiembre 1951. 
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( I ) 
I.Cartan by employing the method of • oving trihedral• • l 

rl.bt-handed trihedral Pe1e2ea in the Euclidean apaoe I 

oon• i • ts of a point P · and three mutually perpendicular wait 

,eotors e 1 ,e 2 ,es, whioh form a right-handed ay• te •• litb ,be 
ohoice of a f"i:z:ed origin O in K, P. deter • insa and 11 

determined by a position vector which W'ill also be denoted b7 

P. When a family of such trihedral • is given, dependlni dif• 

ferentiably on certain parameter •, we can write 

( I ) i,k = 1,3,S, 

de = l: e ·1 . k c.>u: k 

where w 1 , <.&111< are linear cUfferential for •• (in th••• para

• etera) satisfying the relation • 

(2) <.&lik + GIIJri = 0 • 

Since the exterior derivati18 of an exterior derivative 11 
1ero, we have 

d(dP) = 0 

(3) 

Applying these relations to (1), •• get 

I I) 
l modern version of this • ethod oan be found in I.Bluobke, 
lleaentare Differentialgeometrie, Berlin 1950. 
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dr.11 = I wk I\ wk1 k 
, 

(4) i, j, k = I, 2, 3, 

dw 1 j = I w1k I\ wkj k 
, 

where the "wedge product; is the product in the sense of 

exterior multiplication of Grassmann. lquations (4) are call 

the equations of structure of the group of proper motions in I:. 

Now suppose a closed orientable surface S be given in 

E. It determines a family of (right-handed) triehedrals 

Pe 1e2 e3 such that PE S and es is the unit vector in the 

direction of the outwarc normal of S at P. For this family 

of trihedrals we have 

(5) G&13 = 0 • 

The first equation of (4) then gives 

W 1 11 W I 3 + r.12 11 r.12 8 = 0 

Since w1 ,w 2 are linearly independent, this implies the 

relations 

(6) 

The coa-fficients a, b, c in these linear combinations are not 

invariants of S. But it is aasy to construct invariants from 

them. In particular, the mean curvature H and the Gaussian 
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our• ature K are given by the formula.a 

2H - a+ c 

(7) 

K = ac '"'. b1 

Tho so-called first and second fundamental forms are 

I= dP2 = 

(8) 

Their ratio II/I is the normal curvature. le also obser•e 

that the element of area is give~ by the exterior quadratio 

form 

(9) 

2. Some Identities 

We consider the scalar produotc 

( I 0) Y1 = Pe1 

Geometrically, Y1 is the oriented distance from the ur1&1n 

t.o the plane Pe3elt, J • k I I, 2, 3. In particular, la, wbiob 

we shall also write as p, is the oriented di$tance from 0 

the tangent plane w{P) to S at P. The purpose of thi1 

paper is to study the integrals 

0 

to 
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(II) 

where the integrations are over S. Moreover, let P' be the 

foot of perpendicular from O to "(P), and let dp be the 

distance PP' and p~ the normal curvature in the direction 

PP'. We introduce also the integrals 

D = f pD p d2 dI D p p 

(12) 

where the integrations are again extended over S. The main 

result of this paper consists in the identities 

2A + 2B - (n-1) D = O n-1 n n-2 

(13) 

Before proceeding to the proof let us notice that the 

integrals introduced in {I I) and (12) are independent of the 

choice of the point O and are therefore invariants of the 

surface s. At least for small values of n, they have simple 

geometrical meanings. For instance, A0 is the area A of 

S, B0 is the integral of aean curvature -M first considered 

by Winkowski in the c~se of convex surfaces~ while C0 is 

2" times the Euler characteristic X of S, by the Ga~••-
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Bonnet formula. 

To prove the formulas (13) we derive first from (10) and 
( I ) : 

( 14) 

dys = 

From (14) and (4) we then find 

y 2 Cd I ) = 2 ( I + pH) Cd I " "'2 

It fo llows that 

( 16) 

On the other hand, we have 

( 16) 
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Since the linear differential forms and 
11.- I ( P Y1~2a-y2ru1a) remain invariant under a rotation of the 

vectors e1,e2, they are defined on s. Applying Stokes's 

Theorem to (15), we find therefore that the integrals over S 

of the right-hand sides of ( 15) are zero. These give precisely 

the identities (13). 
For n = I formulas (13) give 

A0 + B1 = 0 

B0 + C 1 = 0 , 

or 

J pHd! +A= 0 

( 17) 

J pKd! - M = 0 

The second formula in ( 17) is a well-known formula of Minkowski, 

which he established for convex surfaces. According to our 

derivati~n it is valid for a closed surface of arbitrary genus. 

The quadratic polynomials in x defined by 

( 18) 
b 

c-x 
I d! = C -2xB +x2 i 

D. D. II. 

seem to deserve some interest. For n = O, l we have 

( 19) 

If S is convex, A1 is clearly 3 times the volume V bound-
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ed by S. Since X = 2, the conditions that the discrim i nant • 
or A0 (x) , A1(x) are non-negative can be written 

(20) 

A 2 
- 3MV ). O • 

These are precisely the well-known •isoperimetric inequalitle • '. 
I t see ms therefore reasonable to conjecture that 

but a proof appears to be difficult. Thi s conjecture 11 

• uppor ~ed moreover by the fact thet the discriminant of th e 
i ntegr and i n ( 18) is 

which is everywhere ~ o. 

3. Applications 

We shall apply the above results to tne cases that H 

and K are respectively constant. Suppose H be constant . 

Then 

and we have 
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From (17) we get 

It follows that 

low we have 

Ao+ HA1 = 0, HA0 + Ci = 0. 

I p I 

a-H 

b 

a-H 

b 

b 

c-H 

b .j d~ = 6,(H) = c,-a2 1, = o. 
c-H 

I = - ¼ (a-c)
2 

- b2 ~ O. 

If, therefore, there is a point O 

points P of S, the integrand in 

sign and the relation 6 1 (H) = O 

such that p < O for all 

61(H) will keep the same 

is possible only when 

a= c, b = 0 

that is, only when every point of S is an umbilic. This 

leads to the theorem: 

A closed surface of constnat • ean curvat • re ii a sphere. 

if there is a point lyin1 on the · ne1ativ• side, of aLl tantcnt 

Planes of S. In Particular, a closed convc% surface of 

constant • ean cvrvatvre is a sjherc. 

Consider next the case that ~ is constant. froe which 

we shall derive the theorem of Liebmann that S is a sphere. 

In fact. we have 



Si nce K has to be positive, we choose 

R=+/"T >O. 

from (18) we get, be app~yint the formulas (17), 

Ii follows that 

(21) A0 (R) = RA1 (R) 

Sino e S is convex, O can be chosen to be an interior point 

of S, so that p < o. On the other hand, we know that 

a-R 
b 

b I ~ .0 • 
c-R 

and that the equality sign holds only when R =a= c, b = O. 

It follows that 

A0 (R) " 0 , A1 (R) ~ 0 • 

Henoe the equation (21) is possible onlr when 

A0 (R) = A1(R) = 0, 

that 11, only when 
R = a = c , b = 0 • 

Thia proves that S is a sphere. 



!dded. !ugust 14, 1952. 

On p.34 line 14, immediatly after formula (13), read: 

"Before proceeding to the proof let us notice that the 

int~grals introduced in ( 1 I j and ( 12) a-re, for some values of 
n, independent of the choice of the poin 't 0 and are there-

fore invariants of the surface s. This is true for n = O, I, 

and the cor .respo11-ding invariants have simple geometrical meanings. 

ror instance~ 10 is the area 1 of S, B0 is the ·integral 

of mean cu~vature -M first considered by Minkowski in tne 

case of convex surfaces, while ~o is 2w times the Euler 

characteristic X of S, by the Gauss-Bonnet formula. 

University of Chicago. 


