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Beside• the ~usual two-valued truth-tables for the 

pro positional calculus, it is known that there are many eharae

ter i at101*lystems of truth-tables (characteristic matrices 1 ) 

in whioh there are more than two truth-values. 

In particular, since the two-valued truth-tables 

oon1titute a two-element Boolean algebra 8
, any 1ustom of truth

ta bl es having the two~elem5nt Boo~ean algebra as a homomorphic._ 

1•age 1 will be a characteriatio system if the designated truth

val ues are taken to be those which have the unit of the Boolean 

11,e bra as their .image. In this way characteristic 1y1t~,1 of 

tr uth-table• aay be obtained with any numb~r of truth-values 

(not le11 than two) 4 • Charaoteriati .e systems of truth-table • 

~ thi1 kind we shall call ~or • AL i n the s,ns, of CArnA~, Ud 

'

t_oibido para el Congreso Cient!fico Mexicano, Septie • bre 1161 • 
• V6an• e todas las notaa al final del articulo. 

' 
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all others will be called ftOft-ftor • ol •a tic scftcc of Corao~•. 

or wcoily fton-ftor • ol • 

. A characteristic syste • of truth-tables • ay also be 

obtained from an arbitrary Boolean algebra by taking __ the unit, 

I, of the algebra as the s!ngle designated value•. If the 

Boolean algebra has more than two elements, the resulting 

characteristic system of truth-tables is wuakly non-normal. 

And we may obtain additional naklJ non-normal characteristic 

systems by means of homoaorph!•••• as before, taking any sys

tem of truth-tables to which the Boolean alfebra h ho• omorphic, 

and taking the designated truth-nluea to . be those which have 
the unit of the Boolean algebra as image. 

Characteristic systems of truth-tables obtained in thia 

way are necessarily retulor 7 , in the sense that p::> q never 

has a designated truth-value when p has a designated truth

value and q a non-designated truth-value. 

An example of such a characteristic syste • of truth

tables is provided in Tables I, at ihe end of this paper. 

Indeed, Tables I exhibit a four-element Boolean algebra, with 

the unit, I, of the Boolean · algebra aa the deaignaied truth- · 

value. Thus they are the aimple • t example of a weakly non

normal characteristic . system of truth-tables for the propoa

itional calculus (or, as we shall aay bri~fly, of weakly non

normal truth-tables for the propoai tional caloulu • J. 

Tables II and Ill provide ~za• plea of weakly non-normal 

truth-tables for the propositional calculus which are of a d1f

fereni kind 8 , since they are non-regular. 
However, all three ezamplea, Table • I, II, and III, are 
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in a certain sense trivial, since they become normal .in the 

• ense of Carnap if (without other change) the designated truth

values are taken to be b and I, instead of . I alone. In 

fact, in each case, a simple proof that the tables ar.e charac

t~ristics can be obtained by first • howing that the tautologies 

are the same whether b and or I alone are taken as the · 

designated truth-values, and then observing that, when b and 

are taken as designated, the tables are normal in the senae 

of Carnap. 

Thus ~very ezamp:e so far found of a charac}eri • tic 

1y1tem of truth-tables for the propositional calculus either is 
a Boolean algebra or reduces to such under a homomorphism. It 

11 morover well known that the propositional calculus is for••l

l y a Boolean algebra, in tne sen • e that every identic ·ally true 
Boolean equation becom~s a theorea of the propositional calcuius 

1f the varlables 1n the Boolean equation are replaced by (or _ 

reconstrued as) propositional variables, the signs for the 

Boolean complement, the Booleen product, and the Boolean sum 

are replaceQ respectively by ~he signs of negation, conjunction, 

and disjunction, the signs, O and I, for the Boolean sero 

and unit are replaced by (e.g.) p "' p and p v"' p reapectin

ly, and the sign of equality, =, is replaced by the sign of _ 

aaterial equivalence, =· Likewise every statement or inclusion 

which is identically true for - Boolean algebras become• -~ 
theorem of the propositional calculus if the same replaeementa 

are made as just described and at the same time the aign of 

inclusion, c, is replaced by the sig~ of material implic

ation, ::::, • 
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i'or this reasa;n it might be natural to suppose that 

every characteristic system of t~uth-tables for the propos-

' itional calculus either is a Boolean algebra (of two or more 

elements) or reduces to such under a homomorphism. 

And indeed this does follow if we assume that the truth

table of::> is regular (in the sense already explained). for 

since 

[p • q] ::> [q • p] 

and 
[ p • q] :::> [ [ q • r J ::> [ p s r] ] 

are theorems of the propositionRl calculus and therefore 
I 

tautologies according to the given system of truth-tables, it 

follows from the regularity of the truth-table of ::> that the 

truth-table of = is symmetric and transitive. I.e., if, for 

particular truth-values of p and q, p = q has a designat

ed va.lue, then q = p must have a designated value; and if, 

for particular trqth-values of p, q, and r, both p • q and 

q • r have designated values,then p • r must have a 

d,csignated value. The truth-values are thus divided into 

e~uivalence-classes, two truth-values x and y belonging to 

the same equivalence-class if and only if p • q has a 

designated truth-value for the values x, y of p, q. More

over the ~qui valence-class to which the value of an expression 

P belongs will remain unchanged if the value x of one of 

tha variables, say p, is altered in such a way as to leave 

· unchanged tne equivalence-class to which x belongs as follow • 
from the regularity of the tr~th-~able of::>, together with 

the fact that 
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[p 3E q] ::> [p = Q) 

is a theorem of the propositional calculus if Q is obtained 

from P oy substituting q for p. Hence a homoaorphiaa 

• uch that two truth-values have t4e saae image if and only if 

they belong to the same equivalence-class will be a hoaoaorphi• 

of the given system of truth-table • into a Boolean algebra•. 

If, however, regularity fails in the truth-table of ::> , 

\here is the possibility of obtaining a cnaracteristic system 

of truth-tables for ~he proposi~ional calculus of sucn a sort · 

that no Boolean algebra is homomorphic to it. Suoh a character

istic system of truth-tables we shall call strontly non-nor • ol. 

Tables IV are a rather obvious example of strongly non

normal truth-tables for the propo • itional calculus, being ao 

constructed that . they follow the U'Bual tro-valued truth-table • 
with regard to the values O and I, and that the value of an 

expression is always h for any system of values of the propo

sitional variables that includes the value h for any a.y• tea 

of values of the propositional variables that includes the 
I 

value h for one of the variable •, A large variety of more 

•laborate variations on this theme are evidently possible. 
Perhaps more Jnteresting as an example of .strongly non-

normal truth-tables for the propositional calculus are Tables 

V, due to Z.P. Dienes 10
• 

In order to see that Tables V are characteristic ,,f the 

propositional calculus, notice first that the usual two-valued 

truth-tables are followed in the case of th~ value • O and I~ 

and hence that no non-theorem caa be a tautology. Now for an 

expression P, consider a system S of values of it• variable• 
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that includes the value h for one or • ore of the •• it each 

occurence of a variable having the value h, replace the h 

by O or I, taking tbe various occurrences independently, and 

abandoning the requirement (as regards these variables) that 

the sa • e value be assigned - to different occurrences of the s1111e 

variable. If on doing this in all possible ways the value of 
p is always 0 or always 1·, then the value of p is 0 or 
I , respect! vely, for the systea s of values of its variable~; 

but otherwise the value of p is h for the system s of 

values of its variables. I.e., !ables V are so constructed that 

this will be tne case, as may readily be verified. Since h 

is a de.signated value, it follGws that e:very tautology in the 

truth-values O and - I remaiaa a tautology when thtt additional 

truth-value h is admitted. Hence every theorem of the 

propositional calculus is a tautology (in the three truth

values, O, h, I). 
These examples are brought together here in order to 

raise the question whether exi•t othe~ strongly non-normal 

truth~tables for the propositional calculus, beyond those cited 

(together witli direct products and other obvious elabo.rations); 

or more generally, to raise the question of a survey or 

characterization in some sense of the possible strongly non

normal truth-tables for the propositional calculus. 

Another motive is the suggestion, which was made to me 

by Paco Lagerstrom ten years or • ore ago, that use may be 

made of non-normal truth-ta;bles for the propositional calculus 

in order to extend to the functional calculi of first and 

higher orders, and other related ayatems, the method of proving 
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independence of axioms which is familiar in the case of the 

propositional calculus. 

In question at that time were only Boolean algebras, in 

the role of weakly non-normal truth-tables, And the remark 

was made in particular by Lagerstrom 11 that in my Foraulation 
, 12 h of the Sim'f)Le Theory of Ty'f)es t e independence of the axioms 

9 • ~ d 10•~ can be "!:rom axioms 1-8 an established by means of a 

comple~e non-atomic Boolean algebra. For this purpose, ax!oms 

9• are to be rewritten in the weaker form 

since the question of independence would otherwise be trivial, 

The range of the variables of type o is to be tne Boolean 

algebra in questior.; the range of the variables of type , is 

to be the natural numbers; and the range of tne variables.of 

type a~ is to be the functions from B to A, where A and 

B are the ranges of tne variables of types a and ~ 

respectively. The universal quantifier is to correspond to 

the infinite Boolean product, so that tne value of, say, (x,)M 
for _a given system of values of the free variables is 

"' n 
l•O 

t {i) ' 

where t(i) is the value of M for the value i of x,. 
In a similar fashion, the independence of the ax:Jms 

6' can be established by means of a four-element Boolean 

algebra (Tables I). The value of (x.)M is to be taken as 

in case the value of M is 

O in all other cases. 

for all values of x,, and as 
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I 

Footnotes. 

In any particular system of propositional calculus (we shall 

here, however, be concerne~ with only one such system, the 

classical propositional calculus), an expression of the 

c~lculus is called a tGutol•tY according to a particular 

system of truth-tables if, for every system of truth-values 

of its variables, the truth-value of the expression, as obtain

ed from the truth-tables, belongs to the olau of desituted 

truth-values. And a system of truth-tables is called charGcter

istic of a particular system of propositional calculus if the 

theorems of the propositional calculus are the same as the 
tautologies according to the tTuth-tables. 

2 For a system of truth-tables, the term "matrix" is becoming 

usual, in spite of the awkward c~nflict between tnis use of 

the •word "matrix" and the quite different use of the same word 

which was introduced in PrinciPiG NGthe • GticG. (The long

established use of this word in algebra is of course still a 

third use.) 

3In this paper, whenever a Boolean algebra is spoken of as being 

a system of truth-tables for the propositional calculus or as 

being homomorphic to such a system of truth-tables, it is to 

be understood that negation, conjunction, and disjunction are 

represented respectively by the Boolean complement, the Boolean 

product, and the Boolean sum. The Boolean representatives of 

(material) implication and equivalence are then obtained ~y 

rewri tting . P => Cl and P = Cl as ._.p v Cl and PQ. v ~P~Cl 

respectively. 
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4 Some examples of this kind are given, .e.g., by K.Schr5ter in 

Ztntralblatt fur Kathe • atii und ihre Grenzftbiete, vol. 37 

( 1951), p. 4. 

8
This is a minor modification of the terminology of Carnap, 

who (in his For • aliaation of Lofic, Ca~bridge, Mass., 1943) 

speaks rather of normal and non-normal true interpre~ations 

where any system of truth-tables will provide an interpretation 
of the propositional calculus :, which irill be a true inbrpre-

tation if only every theorem is a tautology. 

1This was perhaps first pointed out explicitly by B.A.Bernstein 

tin a different terminology) in Bulletin of th• A• erican 

Kathe • aticaL Society, vol. 38 (1932), pp. 390 and 592. 

7We adopt this term from McKinsey and Tarski - see The Journal 

of Sy • bolic Lotic, vol. 13 (1948), p.11. 

1 Tables III are a simplified version of tables given in exercise 

19. I I of the forthcoming revised edition of the writer's 

Introduction to llathe • atical Lotic, Pad I. (The latter 

tables, unlike Tales III, are • so arranged that symmetry fails 

in the truth-table of= •) 

9 Here we make use of the fact that a Boolean algebra can be 

characterized by conditions which have exclusively the form 

of identically true equations of the algebra, together with 

the conditions that the complement, sum, and product exist 

and that there are at least two elements. (Some ofHunti: 6ton's 

systems of postulates for Boolean algebras are, for example, 

substantiallJ in this form.) Also uss is made of the fact 

that the propositional calculus is formally a Boolean algebra, 
in the sense explained above. 



50 

'
0 rn The Journal of Sylllbolic Lotic, vol. 14 (1949), pp. 95-97. 

The remark that these truth-tables are characteristic for 

the ~ropositional calculus, and that no Boolean algebra is 

homomorphic to them, was made by Church and Rescher, ibid., 

vol. 15 ( 1940), pp. 69-70. 

1 'rt has never been published. 

12 The Journal of Sy•bolic Lotic, vol. 5 (1940), pp. 56-68. See 

errata, ibid, vol. 8, p. iv , 

p q p :::) q pq p V q p !I! q "'P 

0 0 0 0 

0 a 0 a b 

0 b 0 b a 

0 0 I 0 
a 0 b o, a b b 

a a I a a I 
a b b 0 0 
a I a a. 

b 0 a 0 b a a 
b a a 0 I 0 

b b b b 

b b b 

·o 0 0 0 0 
a a a a 
b b b b 

I 

Table I. Designated value I. 
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p q p ::> q pq p y q p !I q "'P 

0 0 0 0 I 

0 b 0 0 

0 I 0 0 

b 0 0 0 0 0 

b b 

b 

C 0 0 0 0 
b 

I I 
Tables II. Designated value I • 

p q p ::> q pq p y q p • q "'P 

0 0 I 0 0 I I 
0 a I 0 0 I 
0 b I 0 I 0 
0 I I 0 I 0 

a 0 I 0 0 I b 

a a I a a I 

a b b 0 I 0 
a I I 0 I 0 

b 0 0 0 I 0 a . 
b a 8 0 I 0 

b b I b b I 

b I I I I I 

I 0 0 0 I 0 o· 
I 8 0 0 I 0 

f b I I I I 

I I I I I I 

Tables III. Designated value I. 



52 

p q p ::::>q pq pyq p sq "'P 

0 0 0 0 

0 h h h h h 

0 0 I 0 

h 0 h h h h h 

h h h h h h 

h I ~ h h h 

0 0 0 0 0 
h h h h h 

Tables IV. Desig~ated values h and I 

p q p ::::>q pq p V q p = q "'P 

0 0 0 0 

0 h 0 h h 

0 0 0 

h 0 h 0 h h h 

h h h h h h 

h I I h I h 

0 0 0 0 0 

h h h I h 

Tables V. Designated values h and I. 




