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The formulas of the proposiiional calculus, or the logic 

of truth functions, are built up of statement letters 'p', 'q', 

'r', ••• by applying the notations 1!'hich express the various 

truth functions: 'ii' for negation, 'pq' for conjunction, 'p v q' 

for alternation, 'p :::> q' for the conditional, 'p • q' for the 

biconditional. These various notaiions can be reduced by 

expressing some of them in terms of the others in faailiar ways. 

1 formula is called valid if it comes out true under all 

asB1gnments of truth values to tne letters, and conaiah11t if 

it comes out true under some assitnments. One formula is said 

to i •PL y another if the conditional formed fro • the two 

formulas in that order is valid: or, equivalently, if every 

aaaign • ent of truth values to letters which makes the first 

formula come out true makes the second oome out true. Two 

*Recirbido para el Coniireso Cient~flco ll~xicano, Septiembre ISmt. 
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formulas are called equi~alent if they imply each other. 

Statement letters and negations of them are oalled 

literals. ! literal or conjunction of two or more literals is 

called a funda • ental formula, provided that it contains no 

letter twice. It will be convenient simply to disregar~ order 

in a conjunction, thus treating the fundamental formulas 'pqr', 

'prq ', 'rqp ', etc. not merely as equi val en ts but as one and 

the same formula. From t .his point of .view the fundamental 

formulas which contain all and only n given statement letter• 

are just 2n in number. Given any n statment letters, listed 

in an arbitrary order a., .a.2, ••• ,-a.n, th& 2n fundamental 
formulas containing those le .tters can be liste.d exhaustively 

in a convenient standard order as follows: 

( I) 

r - , r _ , r_ _ _, 
a.1a.2. • . :a.n.-2C1n.-1an , CZ.ICL2•••"-n.•sa.n.-2a.n-1a.n , ••• , a.1a.2 ••• a.n. • 

l fundamental formula ¢ will be said to •ubsu • e a 

fundamental formula ~ (of same or less length) if ~ is 

identical (disregarding permutations, as usual) with part or 

all of ¢; hence if all the 11 terals which are conjoined to 

form ~ are among tne literals which are conjoined to form •• 

Clearly if ¢ subsumes ~ then ¢ implies ~-

Fundamental formulas and alternations of diBtinct fun­

damental formulas (distinct in the above sense which igu .res 

permutations in .conJunctions) are called nor • al formulas. There 

is a familiar routine for transforming any consistent formula 
( I ) 

into an equivalent which i .s normal • The fundamental 
( 1 lSee e.g. my lcUod• of Lotic (New York, 1950), pp. 53-58. 
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formulas where of a normal formula is an alternation will be 

called its clauses, (A normal formula which is not an altern­

ation, but rather simply a fundamental formula, counts as its 

own clause.) It is not required that all the clauses of a 

normal formula contain the same letters, nor that they all be 

of the same length. 

Order in an alternation, as in a conjunction, will be 

disregarded. Thus normal formulas will be treated not merely 

as equi~alents but as one and the same formula when they have 

the same clauses. 

There is a quick ir.plication criterion for any two 

normal formulas t and W such that f lacks negation signs: 

viz., t implies t if and only if each clause of t sub-
• 

sumes a clause of f. That such Rubsumption is sufficient in 

order that t •imply W is seen as follows. Suppose each 

clause of t subsumes, and therefore implies, a clause of W· ' 
then, sirice each clause of J implies i, each clause of t 

implies W; and accordingly t implies W. That the sub­

sumption condition is also necessary is seen as follows. Sup-
r - - - ~ pose some clause a1a2,,,a.~1~2.,,~h (m ~ O, n ~ 0) of t 

subsumes no clause of W. This is the same as suppo•ing (since 
W lacks negation signs) that every clause ~ 1 of f contains 

a letter 7 1 other than a~, ••• ,a •• If we assign truth to 

a 1 , ••• ,a. and falsity to all other letters, then 
r - - - , 

a1a2,,,a.~1~2.,.~n comes out true, (Note that the ~•s 

repeat no a's, by the definition of "fundamental formula",) 

Therefore t comes out true. On the other hand ~1 for each 

i comes out false under the described assignment of truth values, 

on account of 7 1 (for remember that W lacks negations signs); 
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so f comes out false. Therefore t does not i~ply f. 

By the lenith of a normal formula let us underatand 

simply the riumber of occurrences of letters and alternation 

signs. A formula can have several shorhst normal equivalent,, 

all equally shor~. For example, the normal formulas 

'pq v pq v pr' and 'pq v pq v qr' aro equivalent and equally 

short, and they have no shorter normal equivalent. 

An obvious expedient for shortening normal formula• 11 

that of simply deleting clauses whi~h subsume other olau1e1 

(thus exploiting the familiar equivalence of 'pq vp' to 'p'). 

Now it can be proved that this e:z:pedient always eventuate • in 

a shortest normal equivalent if the normal formula with whioh 

we begin lacks negation. Such is the content .. of tne follotrinll 

theorem, which· is one of the two from which this paper aet1 

its title. 
Theorem I. If a foravla is nor • al and lacis netat,011 

and none of its clauses svbsv • es any other~, its clav•••• tA•" 

it has no shorter normal equivalent. 

Proof. Suppose (l) that J is a normal formula laok ­

ing negation, - (ii) that no clause of ~ subsumes another 

clause of f, and (iii) that t is normal and equivalent to 

J; to prove that t is no shorter than ,. By (i) and (111) 

and the above implication criterion, ea.ch clause of t •ub­
sumes a clause of ,. Let the thus subsumed clause • of ! bt 

yi 1,.,.,Yln• Since to subsume is to imply, each clau1e of t 

implies one of 

(iii), then, 

r ., 
yi 1, ••• ,yin• hence t implies '#IV•••VY'a, 

J implies '"'Yl•V•••VYI~. Then, since 

rYI I v ••• v yi~ lacks negation {by ( i)), we can conclude fro • 

By 

the implication criterion that every clause of J sub1ume1 a 
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. r , 
clause of "11 v ••• V'Pn • By (ii), then, ' has DO clauses 

but Y,,, ••• ,'Pn• Now as!!ign truth to all letters of .,,1' for 
some i, and falsity to . all other letters. By (i), "'i lacks 
negation and hence comes out true. Therefore J comes out 

true (since truth of y,1 a11aures truth of ry,, v ... v -,,: ) • 

Therefore, by (iii), t comea out true. Hence some ciauae ¢ 
of t comes out true. On the other handscach of y,1, ••• ,y,n 

other than y,1 contains a letter otpr than those of t/,1 , by 

(ii), and hence comes out false under the given asa1gnaent. 

Therefore ¢, which comes out true, subsu•es none of y,1, ·•·•"'• 

other than y,1 , So, since every clause of. t subsume• one or 

another of y,1, ••• , Y'n• we auet oonclude that ¢ subsumes y,1 

and none of the others. !pplying this reasoning to each choice 

of i, we see that each of "11, ••• , .J,._ is subsumed by a clause 

of t which subsumes no others of t/1,, ••• ,y,._. Therefore t ,. ., 
is no shorter than y, 1v ••• v 'Pa , q. e. d. 

Preparatory to the other theorem which it is the busi-

ness of this paper to prove, Ti•. Theorem 2 below_. 'let us look 

back to the 2'11 fundamental formulas listed in (I) • The 

alternation of the first i of those formulas will be called 

(11. Clearly [2'11) is valid, and hence has 'pvp' as short-

est normal equivaient. On the other hand 

Theorem 2A If m < 2• tA,a [ml Aas as a shortest 

nor • al equivalent a f~r•ula wAicA lacls ••tation. 

Proof. For each h up to n, the first 2n-h formulas 

of (1) exhaust the ways of distributing negation signs over 

4h+r•••••4n while keeping 4 1, ••• ,4h affirmative. Clearly, 

therefore, 

(2) 
n-h ~ ~ 

(2 ] is equivalent to 4
1

,.,4h 
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After the 2n-hth formula, the series (1) repsata as fro~ the 

beginning but 1l'i th ah negated .. Thus, where I ~ i , 2•-h 

(3) [2n-h + i) is [2n-h) in alternation with [i) whh 

ah negated. 

Now let h 1, ••• , hk be, in ,,_scending order, the inte .gera such 

that 

(4) 

(They are all positive, since • < 2•; and theyare distinct. 

To find them, write m in binary notation and count the places 

to the right of each occurrence of 'l'. le.ch of h,, ••• ,hk 

is n minus one of those counts). By (4) 
[2n,h 1) in alternation with [2••h• + ••• + 

negated. But, by (3) again, c2••h• + ••• + 

[2•-h 2 ] i~ alternation with c2•-h· + ••• + 

and (3j, 
2•-hic) 

2n-hk] 

2a-hk] 

CmJ is 

with m 
hi . 

in turn h 

negated; so [ml is the 
wi~h ah 

alternation of r2•-hq, [2D-htt) tt 

[2n•h1 + ••• + 2•-hk] with and with _~h, negated, and mh, 

a.h
2 

negated. Continuing thus, we finally find that [ml h 

the alternation of [2n-h•]~ c2••h•) with a.h nefated, 

cz•-ha] with a.h, and a.h negated, ••• , anA [2~-h l with 
2 a•h 

Cih I• • • • • a.hk- I 

to ,-a. I • • ·•a.ii, • 

negated. But, by (2), [2 1
) is equivalent 

Also, by (2), c2• .. h•J is equh'alent t,-
,. , I d h · a.1 ••• ah , an ence, 

2 ' n-h equivalence, [2 2 ) 

since subatitu~ion for letter • praerves 

with a.h negated .1 a equivalent to 
I 

Continuing thus, we find Cm) r - , a, ••. a.h _,ah ah +1•·••a.h 
I I I 2 

equivalent to 
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(5) 

1 -
••• a.h - ·1cih cih + ·1•••a11. V••• ·V 4 l••• 0 11. - 1cih cih +1 

· 2 2 2 9 I I I 

Now the last two of the k clau •es of (6) are related in the 

• anner of 'pq' and 'pqr', with cih in tho role . of 'q'; 
- k- I 

and 'pq vpqr' is equivalent . by truth tabl~s to 'pq v pr•. 

Hence the occurrence of r-a:hk~ ,, in (6) can be dropped. !gain 

the last three clauses of the thus amended (6) are related in 

the manner of 'pq' ·, 'pqr', arid 'pqs', with a.h in the 
k-2 

role of 'q'; and 'pqvpqrypqs' is equivalent to 'pqvprvps'• 

Hence the .,.,two occurrences of ,-ih ., can be dropped. Contin1r 
·"' Ir•• 

ing thus, wo delete all nefative- literals fro • (6) and are 

left with 

,. 
4 h 111h .

1
+1••• 0 h._ k- I- . k- • 

But thus lacks negation. lloreover, none of its clauses aub­

aume,s any other of its clauaea; ao, by Theorem I, there is no 

aborter normal equivalent. 
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