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I. Most theorems on Riemann spaces of a predominantly geo­

metric nature prove to be independent of the Riemannian character 

of the metric in the sense that after some rewording of the 

hypotheses t"hey are seen to become special cases of theorems on 

Finsler spaces, Of special sifnificanc• for the understandinf 

of both types of spaces are therefore those theorems where a 

si•Ple e%tension form the Riemannian to the FinsLer case is 

i•Possible. The outstanding example in this direction is 

Beltrami's Theorem which characterizes the Riemann spaces with 

the straight lines as geodesics as the spaces with constant 

curvature, whereas the characterization of th~ Finsler spaces 

with this property is one of Hilbert's problems, 
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hence 

(I) For any T(m,n) ;i 

;eodesic, if and 

Theorem (6. I) l. 

a a T = min pp T 
pEP 

I the Points qT(11m,11n) 

only if q q T min p p 
pEP 

= qTV L i e on a 

T, see (2, 

It follows that the points aT" lie on a geodesic L which, 

because of II, goes into itself under all T", hence the points 

qT" lie on L and qqT = aaT. Moreover for any arbitrary 

T' = T (m', n ') and a' = aT 

a'a'T aT'a T'T = a T'a TT' = a a T 

s o t ha t the points a'Tv lie also on a ge odesic L' which is 

of course the line LT'. 

Since L and L' cannot intersect more than once they are 

either identical or do not intersect at all. If q is a point 

o f the plane which does not lie on any LT(m',n') then m' 

and n' can be chosen such that q lies between L and 

LT(m',n'). If S(a,b) denotes the segment of the geodesic 

through a and b with endpoints a and b, then 

V S(qTv, qT"+ 1
) is by [I, p.119 (c)l a curve which bounds 

v=-m 

a convex region both together with L and together with L'. 

Hence the points qTv lie on~ geodesic and it follows from 

(I) that qqT = aaT. This proves IV. 

The implications of this result for the torus are sufficient 

ly interesting to state them explicitly. 

THEOREM 2. In a metrization of a torus without conju;ate 
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The rational line containing the point • (0, f(O))T(l'll,~n) 

would then intersect L more than onoe, without ooinoidina 

with L. 
The definition (2) of the slope implies 

(3) Lines with different slop,, ,nt,r,ect. 

(4) There is a line with a 1iv,n ,i.;, µ. I 0, 00 tlirou1h a 

fiven point p = (xo,Yo) 
n 

If µ, = iii then the line ~ontaining the points 

satisfies (4). If µ, is irrational 1
, choose a sequence of 

rational numbers P.,, v = I, 2, ••• , whioh increase and tend to 

µ, and a rational number Po '> µ,. Denote by L1 a rational 

line through p with slope p 1. Then L1•, lies between L1 
and Lo, hence L1 tends to a limit line L through p. If 

y = f 1 (x) and y = f(x) represent 11 and L respectively, 

then f o lX) > f(x) > f 1(x) for l[ > Xo and i ~ I ; hence the 

slope of L is at least µ,, and at most Po, Since Po > µ, 

was arbitrary L has slope µ,, 

Statements (3) and (4) show that the parallel axiom follows 

from: 

(5) There is at most one line with a 1iven slope throu1h a 

fiven point p. 

For rational µ, this follows from the fact that the parallel 

axiom holds for rational lines. For if µ. = n/m and if the line 

L containing the points 

then any other line L' through 

y = f' (x) with f' (x) > f(x) for 

has the equation y = f(x) 

p = (x 0 ,yo) has an equation 

X > Xo say, Because L 

2 The following argument applies also to v = O or oo, 
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4. We turn now to the ucond t,ort of Theorem I, 3 Conditions 

I and II alone guarantee that the ourves in S have all the 

usual continuity .and interaeotion properties, compare [!,Chapter 

III, § 31. We may therefore ai•in aaaume that the curves 

x = const, and y = const. repreaent curves of S, be~aus ·e 

of the parallel axiom all other eurvea again have repre ·sentations 

of the form y = f(x) with f(x) atrictly monotone and 

lf(x)I • CX> for lxl • CX>. 

Take any pair m,n with m > 0 and denote by LP the 

curve in S containing the points pT(vm,vn). For any p,q 

the curves LP and Lq are either parallel or identical. Let 

y = fP(x) represent LP (since n = 0 is admitted, fp(x) 

may be constant). · That T(m,n) carries LP into itself 

implies fP(x+m) = fP(x) + n for all x, therefore f P(x)-fq(x) 

is periodic with period m and the area 

Zo • a 

d., 11 (p,q) = J lfp(x) - fq,(x)I dx 

Xo 

of the "parallelogram" Q. bounded by Lp,Lq, and X: Xo, 

, x = Xo+m is independent of Xo, An arbitrary translation 

T' = T(m',n') carries Q. into a parallelogram which has the 

same relation to pT' and qT' as Q. has to p and q. 

But T' leaves area invariant, hence 

(9) 

3 The idea of the following proof is taken from a similar proof 
in [I, Chapter III, § ~]. There the reader will find details 
which he might miss in the present discussion. 
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That the Theorem of De•argues do9s not hold is seen as in 

the other well known examples of non-Desarguesian systems: 

Two triangles which are in the Desarguesian relation in 

the ordinary sense are placed ao that all but one of the line • 
entering the theorem have slope less than and hence are al10 

curves of S. The last line L has slope > I. The curve 

y .. g ! (x) through two of the three points of the Desargueaian 

configuration on L will in general not contain the third 

point. 

The system S goes into itself not only under the T(m,n) 

but under all translations x' = x+m, y' = y+b where m 1• 

an integer, but b is an arbitrary real number. It is easily 

verified that the metric constructed in section 4 is invariant 

under all these translation~ Thus: 

THEOREM 3. There are metriaations of the torus without 

conjueate Points which have a one-parameter group of motion, 

and for which the 1eodesics are not the strai1ht Lines, 

The system S is so constructed that it also exhibit • 
another phenomenon, which is surprising at first sight, The 
curves y = g~(x) of S approach for n .. a> the curve x • 0, 

but there is an e > 0 independent of n and a circular di • k 
with radius e (whose center depends on n) such that i:(1) 
does not enter this disk. 

University of Southern California, 
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