A SAMELSON PRODUCT IN SO(2n)*

By Marx MazowALD

Consider the sequence
3(0(2n)) = 7;(0(2n + 1)) B 7,(8™) 25 7,4 (0(20)).

The main result of {1] can be thought of as the following: the homomorphism
dx is just 74:m;(8™) — m;(Vin.2n) followed by a monomorphism onto a direct
summand dzx:7;( Vin,2n) — mi1(8™) for allj < 4n — 1. The main result of this
note is concerned with what happens if 7 = 4n — 1.

Let P(tw,) be the Whitehead product of w, with itself, where v, represents a
generator of m,(S*). Then 84P (1) is called the Samelson product, and we are
interested in the order of this element. In particular, we will prove

TaEorEM A, If n 5 1, 2, or 4, then the order of 04P(w,) is a,(2n — 1)1/8,
where a, = 1if n s even and 2 ¢f n 1s odd.

For comparison with the result of [1] we have

TuEoREM B. If 1:8™ — Vi 98 a generator of wen(Vinpronia) and if
n # 1, 2, or 4, then 1P (1) s infinite cyclic and generates a direct summand.

Consider the sequence
S2n

i

S0(2n) 4, S0(4n + 1) B Vit 2041 -

TuroreM C. Let oy, generate man—1(S0(4n + 1)),n % 1,2, 0r 4. Then
Pxlon) = (@a/4)(2n — 1)14:P (120).

Lundell announced results [6] related to these (in particular to Theorem A),
but these sharpen his.

The proof of Theorem A uses the strong form of James’ result [5] which gives
the commutative diagram, exact on the two components for all 7,

— m;(80(2n)) — m;(80(2n + 1)) — =;(§") —
s ’ E
— Ti12a(8™) — Tir1an(87) — mpa (87 -

In addition we need the sharpened form of the Barratt-Mahowald result [1]
(due to Barratt [2]), which asserts that, for n = 1, 2, 0r4, if a, generates

* This work was supported by the U. 8. Army Research Office (Durham).
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4

Tan1(SO(4n + 1)), then there is an element a,’ in me-1(8*") such that =",
= Ja,. ' '
. The above result of Barratt implies, using the diagram

m(BSO(4n + 1))

(2]

7n(BSO(2n)) — miu(BSO(2n + 1))
b
77'67;—'1(82") E TGn—l(Szn+1); ’
that. there is an element a € 7, (BSO(2n -+ 1)) such that <. generates
7:(BSO(4n + 1)) and J(a) € mZ. Consider the bundle §** — ¥ — §*
induced over 8 by a. In the homotopy sequence of this bundle, 9xus, is the
attaching map by which, in ¥, the cell in dimension 4n is attached to the cell
in dimension 2n. Using James’ result, we have 20w, = 0. Hence 0xtn = AP (wy),
where ) is some integer. Clearly the order of the Samelson produet is just A.
To compute N we consider the diagram

BSO(2n) -2 BSO(2n + 1)

Ve
Szﬂ & o
AN
%2\
v oo &
2.

Tt is clear that 4; is the classifying map for the tangent bundle of >, and hence
Q%X = 2Kz , Where k, generates H"(S™; Z), and x is the Euler class. Let y;:
generate H(Y; Z) fori = 2n, 4n, or 6n. Let p, € H*(BSO(2n +14)),¢=0or1,
be the nth Pontryagin class. Then o™p, = @,(2n — 1)! ks, Where ks, generates
H™(8"; Z) and a, = 1if n is even and 2 if n is odd ([7], p. 131). Putting these
facts together, we have @*x = 2y and a*p, = a,(2n— 1)!ys . But, in
H+(BSO(2n)), x* = pa ([7], p. 84). Hence 495" = ,(2n — 1)!Ysn . Finally,
in any complex 8™ Ups(.,,) €', the cup product square of the cell in dimension
2n is 2\ times the cell in dimension 4n. Hence N = a,(2n — 1)!/8. '

To prove Theorem B we first recall some facts about the ecohomology of Stiefel
manifolds. According to Borel [8l, H¥(Viimm ; Z2) is an algebra in primative
generators hi € H' (Vigmm ; Z2), k = © < k 4+ m. The Steenrod algebra acts

according to Sq’ b = (;.)h.-ﬂ- . If k = 0 mod 2, then H *(Vismm ; Z) = Z, while
HY¥(Vigmm ; Z) = Zoifk £ 2% <k +m — 1. o '
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Let Y’ be the space in the Postnikov tower of V1241 for which all the
homotopy groups up through dimension 4% — 2 have been added. That is, there
isa map f: V4k+1,2k+1 - Y, such that f*:ﬂ'j( V4k+1,2k+1) - 1r,-( Y,) isan isomorphism
forj < 4k — 2and x;(Y’) = 0forj = 4k — 1. Then f*is an isomorphism through
dimension 45 — 2. Define classes .’ in H*(Y") by f*y;" = hs.

LEMMA 1. Suppose 271 < 9k < 27 and 2k = 2°(21 — 1). Then in H¥(Y'; Z,),
Sq™ yu' = Sq" 8q* gy’ .

Proof. +Usmg the Adenla relation a,}fld Borel’s formula we see quky%’ =
Sq 2 Sq21 zy% and Sq* e = 8q” Thak-27 41, Yyoi_y1 . Finally

2% 2t +1 4 9k—2741 7 4k—27+1
Sq” Sq Yoiy = Sq

Let \: 8" — BSO(4n + 1) be a generator of 74,(BSO(4n + 1)) = Z. We then
have this diagram:

._1’ — Sq Sq4k 2iy2i._1'.

s
2/

V ant1,2n11 M A

2N
BSO(2n) 2 BSO(4n + 1).

Let xy, generate H “*(8%, Z).If j < 4k, then 4% is an isomorphism and we define
classes y; € H'(Y) such that #;%y: = h; .

Levma 2. Ifn 5 1,2,0r 4, then H*™(Y; Z) = Z + Z, and the sequence H*"(S*")
— H*™(Y) — H*"(Vinpr,2041) splits.

Proof. Let p, be the nth Pontryagin class. Now \*p, = a,(2n — 1)! k4, .
But, in H*x(BSO(2n); Z), x* = p» , where x is the Euler class. Also \kx = 2¥a, .
Combining these results, we see that x1%p, = @.(2n — 1)! pr*xs, and that it
also equals 4ys,”. Since ¢1%ys," = 0 (even mod 2), ¥, cannot be divided by 2;
yet 4y,," must be divided by a,(2n — 1)!, which is 84 for some d if n = 1, 2.
This can only happen if H**(Y; Z) = Z + Z.

Assume now that n = 3. Let @ = pi*x4 5 and let b generate the finite part.
Let §* be the stage of the Postnikov tower of §* in which all the homotopy up
through dimension 4n — 2 has been added. Note also that Y is the correspond-
ing stage for Y, as it is for V1,061 - Since H*(Y; Z) = Z + Z, , H™(Y'; Z) =
Z + Z, also. Let a’ and b’ be the generators of the infinite and the finite parts,
respectively (a’ is not unique).

LevMA 3. Ifn # 1,2, or 4 then, in Hx(Y'; Z), ys” = 2d’ 4 b'.

Proof. If n 5 2°, then Lemma 1 asserts that (s, ) mod 2 isin Sq' H*" ™Y ’Y'; Zs).
Hence 42, = 2da’ + b’, where d is some integer. Consider the map f:8* — ¥’
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which induces an isomorphism in homotopy in dimension 2n. Then f*(yz.”>)
is twice a generator. This implies that d = 1.

Now suppose that n = 2°. According to Brown and Peterson [4], the unstable
secondary cohomology operation s, based on Sq* Sq** = 0, which is a relation
on integer classes of dimension 2n, is non-zero in the two-cell complex
8™ Up(, €™ Since S¢™ ' = Sq' Sq™ ™ and H*(Y’; Z) = 0, the operation
is defined on y»'. Mod 2 we have fxp(yen’) 5 0, with zero indeterminacy.
Hence, mod 2, f+ is non-trivial. But if 3., = o’ -+ b’, then f*(a’) = 0 mod 2
(since with integers for coefficients it is twice a generator). This completes the
proof of the lemmma.

Proof of Theorem B. Clearly the k-invariant for the infinite part of
wi1(Varr2e01) is o and fxa' is the k-invariant for [im , lon].

Theorem C now is just a restatement of a portion of what was proved to get
Theorems A and B.
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