
THE FINITE PLANES OF OSTROM 

BY A. A. ALBERT 

1. Introduction 

In 1961, T. G. Ostrom communicated a discovery on the construction of finite 
planes to Daniel R. Hughes. That construction is very interesting since it pro
vides new information about known planes as well as new planes. However, it 
was not clear then what the algebraic significance of the construction was, and 
this paper is the result of an attempt by the author to provide a clear exposition 
of the construction as well as the algebraic background for further applications 
of it. It was written in October 1961 without any intention of later publication, 
but has already been referred to in [1] and [2] by Ostrom as important background 
material for those two papers. Thus its publication now seems desirable. 

2. Affine planes 

Our study is simplified by a presentation in the realm of affine rather than 
projective planes and so we shall begin with a review of Bruck's exposition in 
[3]. The review will also serve to introduce the notations we shall use. 

An affine plane is a set mi of elements P, Q, · • • ( called points) and subsets £ 
( called lines), subject to the following axioms of incidence. 

I. If P and Q are distinct points of mi, there is one and only one £ = [P: Q] 
containing both P and Q. 

II. If £ 1 and £ 2 are distinct lines of mi, there is at most one point P of mi on 
both £1 and £2 . 

III. If a point P of mi is not on a line £ of mi, there is exactly one line £ 1 

of mi containing P and not containing any point of £. We say that .e' is parallel 
to£. 

IV. There are at least four distinct points of mi no three of which are on a 
line of mi. 

By III, every line of mi containing P, except the line £ 1 parallel to £, must 
intersect £. There is then an induced one-to-one correspondence between the 
lines £i through P not parallel to£ and the points Pi of£, where£,; = [P:P;]. 
It is then easy to show that, if one line of mi has n points, every line of mi has 
n points, that there are n2 points in mi, and that every point of mi is on n + l 
lines. We call n the order of mi. 

The relation of parallelism can be shown to be an equivalence relation. The 
parallel class of a line £, in a plane mi of order n, has exactly n lines in it. 

3. Coordinates 

Coordinates can be introduced in an affine plane mi as follows. We select an 
arbitrary point E of mi ( called the origin) and three distinct lines through E 
called the x-axis, the y-axis, and the unit line), as in fig. 1. Select any point U 
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( the unit point) on the unit line distinct from E. We now select a set CR of ele
ments subject to the following two restrictions: 

(a) there are two distinct elements among the elements of CR ( we call them 
zero and one and designate them by 0 and I); 

(b) there is a one-to-one correspondence between the points P of the unit 
line and the elements a = ap of CR such that aE = 0, and au = 1. 

We introduce the labels E = (O, 0), U = (I, 1), and P = (ap, ap) for the 
points P of the unit line. Suppose now that Q is any point of mi:. The line through 
Q in the parallel class of the y-axis meets (E: U] in a unique point ( a, a), and the 
line through Q in the parallel class of the x-axis meets EU in a unique point 
( b, b). We shall then write 

Q = (a, b), 

and have assigned the unique coordinate pair ( a, b) to Q where a and b are in CR. 
The points of the x-axis have coordinates (x, O), and we say that the equation 

of the x-axis is y = 0. The points of the y-axis have coordinates ( 0, y), and we 
say that the equation o± the y-axis is x = 0. The line through ( a, b) in the parallel 
class of the y-axis consists of all points ( a, y), and we say that the equation of 
this line is x = a. Similarly, we say that the equation of the line through ( a, b) 
in the parallel class of the x-axis is y = b. We shall also describe the unit line 
as the line whose equation is y = x. 

We now consider any line£. There is a unique line £ 1 in the parallel class of£ 
which passes through the origin E. If £ 1 is the y-axis, we shall assign no slope to£. 
Its equation is then x = a. Otherwise £ 1 meets the slope line x = 1 in a unique 
point ( 1, m), where m is the slope of every line in the parallel class of £. In par
ticular, the lines y = b all have zero slope, and every line in the parallel class of 
the unit line has slope 1. 

Assume finally that £ is a line intersecting the y-axis in a point ( 0, b). We call 
b the y-intercept of £ and ( 0, b) the intercept point of £. If £ has slope m, its 
points are all points ( x, y) where 

(2) y = F(x, m, b) 

is uniquely determined for every x, m, b of_CR. On the line (E: U] we have y = x; 



that is, 

(3) 
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F(x, 1, O) = x. 

Indeed, we have defined a system 

(4) ( CR, F) 
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consisting of the set CR and the ternary operation F(x, m, b) having a set of 
properties which are indeed equivalent to the axioms I, II, and III. We shall 
now state these properties and shall introduce two binary operations deter
mined by F(x, m, b). 

Observe first that a quasigroup is a system (g, <f>) consisting of a set g of ele
ments a, b, c, • • • and a function</>( a, b) with arguments a, b and values</>( a, b) 
in g such that if any two of the ele1nents a, b, c = </>( a, b) are given the third 
element is a uniquely existing element of g. A quasigroup is a loop if g contains 
an element e called its identity element such that</>( e, a) = </>( a, e) = a for every 
a of g. 

We now define a binary operation called addition by 

(5) a+b=F(a,I,b) 

and a binary operation called multiplication by 

(6) ab = F(a, b, 0). 

Then the axioms I, II, and III may be seen to be equivalent to the following 
properties. 

V. The system ( CR, +) is a loop with O as identity element. 
VI. Let CR* be the set obtained by omitting O from CR. Then the system 

consisting of CR and the product operation is a loop ( CR, o) with 1 as identity 
element. 

VII. The pair of equations 

(7) 

has a unique solution m, b for any two ordered pairs (x1, y1) and (x2, y2) with 
X1 ,,S X2. 

VIII. The equation 

(8) 

has a unique solution x if m1 ,,e m2 . 
Every affine plane can now be coordinatized by a system ( CR, F), where the 

ternary function F = F(x, m, b) is subject to the axioms V, VI, VII, and VIII 
above. Conversely, every system ( CR, F) satisfying our axioms determines an 
affine plane whose points are the pairs (x, y) with x and yin CR and whose lines 
are the lines x = candy = F(x, m, b). It will be convenient to use the nota
tion 

(9) {m, b} 
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for the line consisting of the points ( x, y) with y = F ( x, m, b). We shall call the 
system ( CR, F) the ternary ring of the plane ;m; and the system ( CR, +, o) the 
binary ring of ;ill. 

4. The Ostrom planes 

We shall restrict our attention to finite affine planes of order q2. Then we shall 
say that ;m; is derivable if there exists a planar ternary ring ( CR, F) of ;m; such that 
the following are true. 

IX. The loop ( CR, +) is an abelian group. 
X. The system ( CR, F) contains a subsystem ( X, F) of order q. 
XI. The function F(x, a, y) = xa + y for every x and y of CR and a of X. 
XII. The properties (xa)/3 = x(a/3), (x + y)a = xa + ya, x(a + {3) 

= xa + x{3 hold for every x and y of CR and a and {3 of X. 
Our properties imply that the system ( X, +, o) is an associative division 

ring. Since CR is finite, so is X; and hence X is a field of q elements. Evidently 
( CR, +) is a vector space of dimension two over X relative to the product xa as scalar 
product. Let t be any element of CR not in X. Then every element of CR is uniquely 
expressible in the form 

(10) a = a+ t{3, 

for a and {3 in X. 
We are now ready to define the planes of Ostrom. Define ax, for every nonzero 

a of CR, to be the set of all aA for A in X. Then the set ax + b consists of all 
al\ + b, for A in X. We shall now define what will be called a derived plane ;m;' 
of ;ill. It depends on the coordinate system for ;m; ( that is, on the ternary ring 
( CR, F) and the subring ( X, F)) and may not be unique. Its points will be the 
points ( x, y) of ;ill. The lines 

(11) {m, c} (m not in X) 

of ;m; are also to be lines of ;m;'. Its remaining lines are defined to be the sets 

(12) {ax+ b, ax+ c} 

defined for every a ¢- 0, b, and c of CR. Each such line consists of all points 

(13) (aA + b, aµ+ c), 

where a ¢- 0, b, and c are fixed, and A and µ range over all elements of X. There 
remains the necessity of seeing that the incidence axioms are satisfied. Our proof 
stems from considerations due to Hughes. 

We have already selected an element t in CR and not in X. Then every point 
of ;m; may be regarded as being a pair 

(14) (x, y) = (ti+ t~2, 111 + t112), 

where h , ~2 , 111 , and 112 are unique elements of X. We define a transformation rr 
of our set ;ill of points (x, y) by 

(15) (x, y)" = (h + t111, b + t112). 
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Then a is nonsingular, and 

(16) 2 
u = € 

is the identity transformation. 
Assume first that 

(17) a= ta, b=f3+tf3o, c = 'Y + i'Yo (a ;;= 0, {3, f3o , 'Y, 'Yo in X) • 

Then aX + b = (ta)X + b = tX + {3 + tf3o = tX + f3, and so every 

(18) {taX + b, taX + c} = {tX + {3, tX + 'Y}, 

Each such set consists of all points (/3 + tA., 'Y + tµ) and 

(19) (/3 + fA, 'Y + tµ)" = (/3 + t'Y, A + tp.). 

We have proved the following result. 

LEMMA 1. The transformation u maps each set {tX + {3, tX + 'Y} onto the line 
X = {3 + t"'( of mi. 

Assume next that a = a1 + ta2 , where a1 ;;= 0 and a2 are in X. Then we can 
define a unique element 

(20) 

of X, and we know that ax = aaX, where 

(21) a.,= l + ta, 

for every a of X. But then {ax+ b, ax+ c} = {aaX + b, a.,X + cl, ( 1 + ta)A + 
{3 + tf3o = A+ /3 + t(aA. + f3o), and so (a.,A. + /3, a"µ+ c)" = (X + tµ + {3 + fA, 
Aa + tµa + /3o + ho), from which 

(22) (aaA. + b, aaµ + c)" = (x, xa + d), 

where x and d are given by 

(23) X = (X + /3) + t(µ + 'Y), d = (/3o - f3a) + t( 'Yo - 'Yct), 

We have now shown that u maps every set { ax + b, ax + c} onto either a line 
x = /3 + t,y or a line { a, d} of mi. Moreover, every such line of mi is the image 
£" of a set £ 1 = { ax + b, ax + c}. Since these are precisely the lines of mi 
omitted from our set of lines of mi', there are exactly as many lines in mi' as in 
mi. If £/ = { a1X + b1 , a1X + c1} and £/ = { ll2X + b2 , a2X + c2} are two dis
tinct lines of mi', they have a point of intersection if and only if (£/)" and 
( £ 2

1 )" have a point of intersection. Since two lines1 { m, b} and { m1 , b1} of mi inter
sect as lines of mi' if and only if they intersect as lines of mi', it suffices to show 
that every line { m, d}, form not in X, intersects with every line { ax + b, ax + c} 
in a unique point. We consider the parallel system of all { m, k} . This is a set of 
q2 lines, each having q2 points and no two distinct lines of the system having a 
point in common. Thus every point in mi' is on one and only one line of the 
parallel system. If the set { ax + b, ax + c} contained two distinct points on a 
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single line { m, k} of this parallel system, the line joining these two points would 
be that line y = F(x, m, k) of the system. Let the two points be ( aa + b, a(3 + c) 
and ( a'Y + b, ao + c). If a = 'Y, the line in question is the line x = aa + b and 
is not the line y = F(x, m, k). If a~ 'Y, the equations a(3 + c = (aa + b)A + 
hand ao + c = (a"Y + b)A +hare satisfied if and only if a(3 - (aa + b)t.. = 

ao - (a'Y + b)t.., a(f3 - o) = [a(a - 'Y)]t.., (3 - o = (a - 'Y)t.., A= (a - -y)-1 • 

(/3 - o) is in J<'.. Thus there is no line {m, k} with two of its points in {ax + b, 
ax + c}. Since there are q2 such lines and q2 points in { ax + b, ax + c}, there is 
exactly one point of { ax + b, ax + c) on each line of the parallel system of all 
{m, kl. Thus there is exactly one point of {ax + b, ax + c} on our given line 
{ m, d}. 

We have now shown that if P and Q are distinct points they are either on a 
line { m, b} for m not in X, on a line x = h, or on a line y = xa + b. In the first 
case the line {m, b} of ;}fl, is also a line of ;TT'1,1

• In the second case the points are 
(b, y) and (b, Y2), where Y1 ~ Y2, and these are points on the unique 
line { (y2 - Y1)X + b, (y2 - Y1)X + Y1} of m-c'. In the final case the points are 
P = ( x1 , y) and Q = ( X2 , Y2), where x1 7"-X2 , Y1 = x1a + d and Y2 = X2a + d. 
These are points on the line { ax + b, ax + c}, where b = X1 , c = Yi , x2 - x1 = 

a, Y2 - Y1 = (x2 - x1)a = aa, P = (b, c) and Q = (a + b, aa + c). This 
completes our proof of the existence of a line .r/ = [P: Q] in ;}fl,1 for every pair of 
distinct points P and Q. We have already shown that Axiom II holds in ;}fl,1, and 
so .r/ is unique. 

Axiom IV holds trivially. The parallel Axiom III is also trivial for mi', since it 
evidently holds for lines of slope m not in X and holds for the remaining lines 
of ;}fl,1 ( since it holds for their images under the transformation <r). This com
pletes our proof that ;}fl,1 is an affine plane. 

5. Coordinates for ;}fl,' 

We are now ready to introduce a set of coordinates in ;}fl,1 and to indicate some 
properties of the corresponding ternary ring ( <R, <I>). Note that the coordinate 
ring will depend upon our mapping <r and therefore on our selection of an ele-
ment t such that <R = X + tX. • 

We shall take as our x-axis the line 

(24) 

whose image £/ is the x-axis of ;}fl, relative to ( <R, F). We select the line 

(25) 

as the y-axis of ;}fl,1 and have £/ as the y-axis of ;}fl,, The origin of ;}fl,1 will be 
taken to be the origin 

(26) 

of ;}fl,, Select the line 

(27) 

E = (O, O) = g 

£u = (ax, ax), a = 1 + t, 
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as the unit line of mi', so that Luu is the unit line y = x of mi. Finally, let 

(28) u' = ( 1 + t, o), ( U't = (1, 1), 

so that the image under a of the unit point U' of mi' is the unit point U of mi. 
We now consider an arbitrary point 

(29) 

of mi relative to ( <R, F). The line of mi' through P parallel to £y is a line ( tX + (3, 
tX + 'Y), where, necessarily, 

(30) f3=h, y=711. 

The intersection of the line { tX + ~1 , tX + 711} with the unit line £u = { ( 1 + t) X, 
(1 + t)X} is a point with (1 + t)\ = tp + 711 and (1 + t)µ = tr+ hand is a 
point P x , where 

(31) 

We similarly consider a line through P parallel to £x . This has been seen to be a 
line { X + t(3, X + to} ; and so (3 = 6 , 'Y = 7/2 , and our line is { X + tt2 , X + t712} . 
Its intersection with the unit line { ax, ax} is a point Py = ( l2 + tt2 , 7/2 + t712), 
and P/ = (h + t712, l2 + t712). It follows that the coordinate pair for our point 
P = (h + th, 7/1 + t712), in the coordinate system proposed for mi', is (h + t7/1, 
l2 + t712) = Pu. We state this result as follows. 

THEOREM 1. Let mi' be a derived plane of a derivable plane mi coordinatized by 
( CR, F), where the binary ring ( CR, +, o) has the properties IX, X, XI, XII rela
tive to a kernel X such that <R = X + tX. Select E as origin, U' = ( 1 + t, 0) as 
unit point, {X, X} as x-axis, {tX, tX} as y-axis, and { (1 + t)X, (1 + t)X} as 
unit line, and map the element ~ + t11 of CR onto the point ( t + tt, 7/ + t71) of the 
derived plane mi'. Then the points P = (h + tl2, 7/1 + t712) of the set mi have 
as coordinate pairs the image pairs Pu = ( h + t7/l , l2 + t712) in this coordinate 
system of ;)Tl'. 

We already know that the lines { tx + (3, tX + y} of mi' are the lines x = (3 + ty 
in our new coordinate system. The coordinates of the points on the line 

(32) {(1 + t)X + /3 + t(3o, (1 + t)X + 'Y + ho} 

satisfy the equation 

(33) 

where 

(34) 

y = X + k, 

X = X + tµ + (3 + t'Y, 

k = f3o - (3 + t('Yo - 'Y), 

and the indicated operations are those of the binary ring ( CR, +, o) of mi. This 
line intersects the slope line x = 1 of ;)Tl' in a point where x = 1 and y = 1 + k. 
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Thus the line has slope 1. It follows that the ternary operation <I>(x, m, k) has 
the property 

(35) <I>(x, 1, k) = x + k; 

that is, addition is the same for <I> as for F. We also see that the equation of the 
line 

(36) { (1 + ta)X, (1 + ta)X} 

in mi' is y = xa, where the indicated product is that of ( <R, +, o). This is the 
line whose intersection with the x-axis of mi' is the origin ( 0, 0). Thus 

(37) 

But the line 

(38) 

<I>(x, a, 0) = xa. 

{(1 + ta)X + {3 + t/3o, (1 + ta)X + 'Y + t-yo} 

satisfies the condition that y = xa + k in the coordinate system for ~n:', where 
the indicated operations are those of the binary ring of ml and 

(39) X =A+ /3 + t(µ + 'Y), k = (/3o - (3.,) + t('Yo - 'Ya), 

Let us designate the binary ring of mi' as 

(40) 

where 

(41) 

<R' = ( CR, +, o), 

x o y = <I>(x, y, 0). 

Then X is a binary subring of CR1 , CR' is a vector space over X, CR1 must have 
dimension 2 over X, and x o a = xa for every x in CR and a of X. Also 

(42) <I>(x, a, k) = xa + k = F(x, a, k). 

It is now clear that the axioms IX, X, XI, XII hold for mi' relative to <I>(x, m, k). 

Let us now examine the facts more closely. We have begun with a plane ml 
with a coordinate system depending on a choice of coordinatizing elements lead
ing to a ternary ring defined by a function F(x, m, k). We are now able to select a 
field X such that the derivability axioms are satisfied. We construct the plane mi' 
and select a basis of the binary ring ( CR, +, o) over X which consists of 1 and t, 
where t is in CR and is not in X. This yields the mapping u of points of ml onto 
points of ml, and we have the property that if P = (x, y) is the coordinate 
representation of a point of ml relative to (CR, +, o) then P" = (x, y)" is the 
coordinate representation of the points of mi' relative to its binary ring ( CR, +, o). 
We may thus regard u as being a nonsingular mapping of the points of ml re
garded as being coordinate pairs ( x, y) onto the points of mi' regarded as being 
these same pairs. This mapping has period two. It does not map all of the lines 
of ml onto the lines of mi'. It does map the lines { m, k) of ml onto lines { m', k'} = 
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{m, k}" of mi' in a (I - I) fashion defined by the fact that if (x, y) is on a line 
{m, k} of mi, then (x, y) is on the line {m, k}.-= {m', k'} of mi'. 

We now apply our derivation process to mi' and call the new plane mi". The 
points of mt" are obtained from points (x', y') of mt' as the images (x', y'r with 
exactly the same CT. Then, if (x', y') = (x, Yr, it follows that (x', y't = 

(x, yr = (x, y). If {ax + b, aX + c} is a line of mi", it consists of points 
(x', y') = (x, yt, where x' = aA + bandy' = aµ + c and the corresponding 
pairs (x', y't are on the lines {ax+ b, ax+ er of mi". But these are clearly 
the lines of ;il. Hence mi" = mi. We state our results as follows. 

THEOREM 2. Let mi be a finite affine plane with a coordinatizing ternary ring 
defined by a function F ( x, m, k), and let mi be derivable so that the corresponding 
binary ring ( CR, +, 0) is a vector space of dimension two over a kernel X. Let mi' 
be the derived plane determined by the coordinate system, and select a basis I, t of 
(CR, +, a) over X and a coordinatizing function <l>(x, m, k) for mi'. Then mi' is 
derivable relative to the same field X, and the derived plane of mi' relative to <I>( x, m, k) 
and Xis ;il. 

6. Determination of cf,(x, rn, k) 

We shall now indicate a procedure for determining the ternary function 
<l>(x, m, k). We have already seen that <l>(x, a, k) = xa + k for every a of JC, 
so that the corresponding binary ring CR' = ( CR, +, 0) satisfies the condition 
x a a = x o a_for every x of CR and a of JC. 

Let us first show how the operation x o y may be determined. We introduce 
the notations 

(43) 

P = (x', y') = (h + tt2, 111 + t112), 

r = (x, y) = (h + t111, t2 + t112), 

m' = A1 + tA2 , m = µ1 + tµ,2 , 

k' = 'Yi + t'Y2 , k = 01 + to2 • 

Then (x', y') is the coordinate pair representing any point P of mi relative to the 
coordinate system of mi', and (x, y) is the coordinate pair for the same point 
relative fo the given coordinate system of mi. Assume that P is the general 
point on the line {m', k'} of mi' whose equation is y' = <l>(x' m', k'). This is the 
line y' = x' o rn' if and only if <l>(0, m', k') = 0, that is, P = (0, 0). But then 
P" = (0, 0), and so the corresponding line of mi must be a line whose equation 
is y = x o m. Thus we have the equations • 

(44) 
111 + t112 = (t1 + tt2) 0 (A1 + tA2), 

t2 + t112 = (t1 + t112) o (µ1 + tµ,2), 

Take t 1 = 1, ~2 = 0, and obtain 111 = At, 112 = A2. Then 

(45) 
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is the equation determining m = µ1 + tµ2 as a function of m' = tq + 01.2 . We 
also have the relation (h + t711)m = !;2 + t712 as determining <I>(x', m', O) = 
711 + t712 = x' 0 m' as a function of x' = h + tt 2 and m' = t-i + 01.2 . 

Our result determines m as a function of m' for the parallel class of lines of 
slope m'. It remains to determine k as a function of k' and then to determine <I>. 
We observe that the intercept point is ( 0, k'), and we see that P = (O + tO, 
'Yl + t,Y2) and r = (O + t-y1' 0 + t-y2). Thus 

(46) 

Since we will have already determined m, this determines k as a function of m' 
and k'. Our final equation is 

(47) b + t712 = F ( b + t'f/1 , m, k), 

and this determines <I>(x', m, k') = 7/1 + t712. 

7. Translation planes and shears planes 

Let m be a finite affine plane. Then a mapping r of m onto is called a collinea
tion of m if r is a nonsingular transformation on the points of m and£' is a line 
of m for every line £ of m. The mappings r = r(h, k), defined for every pair of 
elements h and k of CR by 

(48) ( x, yr = c x + h, y + k), 

are trivially (1 1)-transformations of m. We call ma translation plane if all 
of these mappings are collineations of m. In this case the set of all translations 
forms a subgroup of the collineation group of :lIT called its translation group. It is 
easy to derive the following known results. 

THEOREM 3. A plane mis a translation plane if and only if the following condi
tions hold. 

XIII. The binary ring (CR, +, a) is a Veblen-Wedderburn system; that is, 
addition is assoc1:ative and ( x + y) z = xz + yz for every x, y, z of CR. 

XIV. The ternary function F(x, 1n, k) = xm + k. 

It is shown on page 91 of [5] that XIII implies that addition is also commutative 
and that the translation group is abelian. Conversely, if XIII and XIV hold, 
the plane coordinatized by the ternary ring ( CR, F) is a translation plane. It is 
also easy to see that all translations are slope preserving. We now derive the 
following result. 

THEOREM 4. Let m be a derivable plane and m' a corresponding derived plane of 
m. Then, if mis a translation plane, so ism'. 

For, if r = r(h, k), where h = tq + f>,2 and k = µ1 + tµ2, we have P = 
(l1 + ti;2, 111 + t112), P' = (h + t~2 + A1 + tA2, 111 + t712 + µ1 + tµ2),P" = 
(b + t111, b + t112), and P'" = (~1 + A1 + t7/1 + tµi, !;2 + \2 + t112 + tµ2) 
P"P, where 

(49) O"TO". 
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Thus r(X1 + tX2, µ1 + tµ2) induces a translation r(X 1 + tµ1 , X2 + tµ2) for every 
h = X1 • + 01.2 , and k = µ1 + tµ2 in CR. Since u leaves the lines { m, c} of M with 
m not in X fixed and r maps lines {m, c} onto lines {m, c0l, it follows that uru 
carries every line {m, c}, with m not in X, onto a line {m, d} of M with the same 
slope m (as a line of M). We also observe that a line {ax + b, ax + c}, with 
a~ 0, band c in X, consists of points (aX + b, aµ+ c) and (aX + b, aµ + c)' = 
(aX + b + h, aµ + c + k). Thus { ax + b, ax + c}' = { ax + b + h, ax + 
c + k}, and so r maps every line of M' onto a line of M". This completes our 
proof. 

Shears planes occur in the theory of projective planes as the duals of transla
tion planes. They can be defined for affine planes as follows: Write 

(50) F(x, m, c) = xm + c, 

where addition is an abelian group. Assume that 

(51) x(m + z) = xm + xz. 

Then (CR,+, o) is a (left) Veblen-Wedderburn system, and the ternary system 
( CR, F) coordinatizes a plane M, called a shears plane. The translations r 
r(O, k), defined by 

(52) (x, y)' = (x, y + k), 

are collineations of M for every k of CR. For r maps every line x = a onto itself 
and, if y = xm + c, then y + k = xm + (c + k), so that {m, er = {m, c + k}. 
The mappings p = p( d), defined by 

(53) (x, y)P = (x, y + xd), 

are nonsingular transformations of M which map all lines x = a onto themselves. 
They map the points (x, y) = (x, xm + c) onto (x, y)P = (x, xm + c + xd) = 
(x, xm' + c) form' = m + d, since x(m + d) = xm + xd. We call these col
lineations the shears of M. The group generated by all translations r( 0, k) and 
all shears p(d) is an abelian group. We are now ready to consider derived planes. 

We assume that M is a derivable shears plane. Then the binary ring ( CR, +, o) 
is a vector space of dimension two over a field X, and we construct M'. The 
mappings -r = r(0, k) map {m, c} onto {m, c + k}. They also map {ax + b, 
ax + c} onto { ax + b, ax + c + k}. Hence all translations r( 0, k) of M are 
also translations of M'. Let us now consider the shear p = p(d) of M. It maps 
{m, c} onto {m + d, c}. If both m and m +dare not in X, the mapping p = p(d) 
does map lines of M' of slope m onto lines of slope m + d not in X. This does 
occur when d = a in X. Also p( d) maps ( aX + b, aX + c) onto [aX + b, aµ + c + 
(aX + b)d]; and, if d = a is in X, then aµ+ c + (aX + b)a = a(u + M) + 
c + bll, so that {ax+ b, ax+ c}P ;, {ax+ b, ax+ c + bll}. Thus p(~) is a 
shear of M' for every 8 of X. We have derived the following result. 

THEOREM 5. Let M be a derivable shears plane and M', the correspondi~g derived 
plane. Then)he translations r(0, k) and the shears p(~) are collineations of M' 
for every k of CR and ~ of X. 
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It should be clear that some shears p( d) are not shears of ;JIT'. For example, let 
m be an element of (R not in JC, and let d = o - m where o is in JC. Then p( d) 
maps m, c onto o, c, and o, c is not a line of ;JIT'. This does not imply that ;JIT' is 
not a shears plane, since the shears of ;JIT' are the mappings (x, y) ,---+ (x, y + 
x o d), where x o d = <I>(x, dO). It does not seem possible to study these mappings 
in the general shears case. 

8. The derived plane of a Desarguesian plane 

Let the binary ring ( ffi, +, o) of a plane ;JIT be a quadratic extension field of a 
field JC. This is a unique field in the finite case. If t is any element of (R not in JC, 
we know that 

(54) 1 = t(tcx + (3), 

where the polynomial f( w) w2 ex + w(3 - l is irreducible in JC. Since ;JIT is a 
translation plane, the derived plane ;JIT' is a translation plane also, and thus 

( 55) <I>(x', m', c') = (x' om') + c'. 

It remains to determine the binary operation x' o m'. 
We introduce the notations of ( 43) and use the fact that ( ffi, +, o) • is a field 

to seethatm(l + t'>q) = fX2. Then (~2 + t172)(l + t}...1) = (h + t171)m(l + t}...1), 
and so 

(56) 

Then b(at + f3) + 112 +~2A1 + t172A1 = (h + tr,1)A2, and so 

( 57) 112 + t( 1J2A1 - 1J1A2) = hX2 - (~2A1) - ( ta + (3)~2 , 

so that 

112 = hA2 - ~2X1 - f3~2 , 

'Y/1 = hX1 - (}.../ + (3X1 - a)~2X2- 1. 
(58) 

Evidently w'l(-w- 1 ) = w\aw- 2 - (3w-1 - 1) = a - (3w - w2 = -(w 2 + 
(3w - a), and so g(w) = w2 + (3w - a is irreducible. 

Every irreducible polynomial g( w) defines a corresponding polynomial f( w) 
with a root t defining the unique plane :m:. The Hall planes defined on page 364 
of [4) by g(w) are all isomorphic to the derived plane ;JIT1 of ;JIT. We state our 
results as follows. 

THEOREM 6 The derived plane of a Desarguesian plane coordinatized by the 
field of degree two over a field JC is a Hall plane. All Hall planes of the same order 
are isomorphic. 

Among the problems which arise as a consequence of this discussion are the 
following: ( 1) to determine the nature of mi' if mi is the shears plane coordina
tized by a Hall ( V - W)-system; ( 2) to determine the nature of mi' for planes 
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coordinatized by appropriate ternary rings such as twisted fields, Andre systems, 
and semi-nuclear algebras; (3) and to study the uniqueness of ;m:' in the affine 
case. We shall not discuss these questions further. 
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