GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS IN BANACH
SPACE AND APPLICATIONS TO FUNCTIONAL EQUATIONS

By CarLos IMAz AND ZDENEK VOREL

Introduction

In order to generalize in a certain direction the theorem of continuous de-
pendence of solutions of ordinary differential equations with respect to param-
eters, J. Kurzweil introduced the notion of a generalized Perron integral for
functions with values in euclidean spaces [1] and for functions with values in
Banach spaces [2]. In the present work we prove in a different way some of
Kurzweil’s results concerning the properties of the integral, especially in connec-
tion with sufficient conditions for existence of the integral. After that—and this
is our main objective—we prove a theorem on continuous dependence of solu-
tions of ordinary differential equations in a Banach space and relate it to func-
tional differential equations, generalizing results such as those in [3]. Of course,
ordinary differential equations are to be understood in a generalized sense, based
upon the concept of the above mentioned integral.

1. Definition of the integral

For a given pair of real numbers & < ¢, let us say that a set M C [4, 6] X
[t1, &] belongs to a family 9 (%4 , %) if there exists a real positive function 6(%)
defined on [t , &] such that ¢ € [t , %] and s € [t — 8(¢), ¢ + 6(¢)] N [t , &) imply
(t, s) € M. Geometrically such sets are like neighborhoods of the diagonal in the
square [f1, ,t] X [t1, t]. Let B designate a partition of the interval [4, ,t] of the

formt1 = 09 S T1 S (21 S To S S Trk S oy = t2,Whel'eo'¢ < O'¢+1f0r’£ =
0,1, ---, k — 1. A partition B is said to be subordinate to a set M € (¢, &)
if (r;,8) € Mforo, 1 <s<u;,2=1,---,k Foragiven set M € M (¢, 1?)

we denote by ®(M) the class of all partitions of [t , t] of the above type and
subordinate to M.

It is immediate from the definitions that if My, M, € M (4 ,t) and My € M,
then ®(M1) C B(M,). It is also easy to prove [1] that for every M € (4, b2)
the class B(M) is not empty.

Let U(¢, s) be a function with domain in some set M € 9N (4, t) and values
in a real Banach space X with norm || ||. To every subdivision B € ®(M) we
make correspond to the funetion U(t, s) the element L(B) € X defined as

L(B) = 23« [U(1;,0;) — U(1s, 051)]
using the subdivision B.

DerintTiON 1.1 The function U:M — X belongs to the class k(M) if with
every € > 0 we can associate a set M € N (b , &) such that M. € M and || L(B;) —
L(By) || < € whenever B; € ®(M.),1 = 1, 2.
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If the function U € k(M ), for some set M € M (&, &), we shall say that
U(t, s) is k-integrable in [{; , &) or, simply, U € k. The definition seems to be
dependent on the set M considered; actually this dependence is only apparent,
and the integrability depends on the local behaviour of U(¢, s) in the diagonal
of the square [t , & X [i1, t].

Since the space X is complete, it is not difficult to see that the following lemma
is true.

LEmMaA 1.1 U € « if and only if there exists a unique element fﬁf DU € X such
that with every € > 0 we can associate a set Me € N (&1, t) such that if the sub-
division B € ®(M.), then || [ DU — L(B) || < e.

This element [ ;2DU € X will be called the Kurzweil integral of the function
U(t,s) on [t t]. If & = t,, define [{* DU = 0; and if &, > t,, define [{? DU =
— [t DU if the last one is defined.

If one denotes by M.(t1 , &) a subclass of M (¢ , t;) corresponding to a special
choice 6(¢) = a > 0 and if, in Definition 1.1, we restrict to M (¢, t2), a special
class k, C « is obtained. This class can in some way be considered as the class of
functions integrable in the generalized sense of Riemann. In fact, if one takes
U(t, s) = f(t)s, the corresponding elements L(B) represent the ordinary Rie-
mann sums; and fﬁi Df(t)s exists if and only if fff f(t) dt exists in the Riemann
sense, and in such case they coincide.

The following properties of the Kurzweil integral have been proved in [1]
and [2].

(1) U € kon [t t,), a« € R', then

if Dal = « if DU.
(2) If Uy, U; € «, on the same interval [t , &), then Uy + U, € k and
PO(UL+ Uy) = [2oU: + [ DU,.

B)Iu<tztu<tand U € kon [t, t], then U € «on [tz L.
4) If 1 < t3 < &, U € kon [t;, t3] and also on [f;, 4, then U € k on
[t1, ) and

2oU = [1PoU + [itoU.
(5) Let U € «k on every interval [t , ¢] with t; < ¢t < {5, and suppose that
limss, [[7, DU — Uy, t) + U, )] = L € X,

then U € xon [k, %] and [ DU = L. Reciprocally, if U € « on [t , &] and
ts € [tl s tz], then

limss, (1, DU — Ults, t) + Ults, ta)] = [ DU.

Property 5 implies that fﬁl DU depends continuously on ¢ at ¢ = ¢; if and only
if U(t3, t) depends continuously on ¢ at ¢ = ¢; .
Later on, we shall need the following theorem.
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TarorEM 1.1 If U(t, s) € X 4s defined on a set M € Mo(t1, tz) and 3U/ds =
u(t, ) exists and is continuous on M, then U € «k on [t , ;] and

20U = [Putt) d,
the last one in the Riemann sense. Moreover, if M = [t; , 3] X [t1, t], then
liMisw O iy Ulojr, o) — U(oj, 0j-1)
(1.1) = liMise D oea U(aj, 05) — (Uoy, 0j1)
= [2ut,t) dt,
where o; = t; + j/2(t — ), = 0,1, -+, 2%

Proof. From the hypothesis we can assert that, given € > 0, there exists a set
M. € My(t, t) such that
(@) | ¢ — )0, t) — Ults, )] — ults, t) || < ¢/[3(t — )],
for (t;, 1), (ts, t) € Mo, t 5 &y ;
(b) ” u(t7 t3) - u(t3 ) t3) ” < E/[?)(tg - tz)],
for (¢, t;) € M. ;
() || Zhaw(os, om1) (05 — oj1) — [t t) dt]| < ¢/3,
for every partition B € ®(M.).
Take then any partition B = (o9, 71, 01, **+, Te, 0x) € ®(M.). We have
now

| 25w [U(5, 05 = Ulrs, 050)] — [Bu(t, ¢) dt |
< 2l U(ri, 00) — Ulri, 04a) — ul(rs, 054) (05 — o) ||
+ 25l lulrs, 01) — w(ose, 01)1(05 — oj-1) ||
+ | X5 ulosr, 050) (05 — o) — [Ru(t, 1) dt]] < e
which proves the first part of the theorem. In order to prove relations (1.1), it is

sufficient to take subdivisions B such that 7; = ¢;_; or 7; = o; and use the last
inequality.

CoroLrAryY. If Ui(t, s) and Us(t, s) are defined on some M € Mq(t, &),
aU1/ds and dU,/ds both exist and are continuous on M, and dU1/3s = dU,/ds on
s = t, then Ul, U2 € k and

2oU, = [i20U;.
2. Sufficient conditions for the existence of the Kurzweil integral

The conditions under which Theorem 1.1 asserts the existence of the generalized
integral fff DU are certainly rather strong and of no interest as far as generaliza-
tion is concerned. In this section we shall study existence of the integral under
conditions of continuity of U(¢, s) with certain restrictions in the moduli of con-
tinuity.

Let o > 0 be fixed, and let ¥/(8) be a non-negative continuous function defined
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on [0, ], ¥(0) = 0 and with the series
(2.1) 22y <9>
=1 21
being uniformly convergent on [0, o). Let us set

vo) =22y (g)

=1 6
for 0 < 6 < a and ¥(0) = 0. Then ¥() — 0 as 6§ — 0". In fact, consider
0 € [a/2k+1, a/2 fork = 0,1,2, -+, and write ¢ = 2°4. Obviously, ¥(8) =

2ot (2/0W(/2) < 2fan (277 /a)p(£/27), as £ € [a/2, o). From the
uniform convergence of (2.1) it follows the existence of a ko such that
k > ko implies W(8) < efor 6 € [a/2"", «/2"], and this proves the desired re-
sult.

Related to functions like the ones above, we will later on need some other fune-
tions which we introduee here. By w; or @;,7 = 1, 2, 3, we shall denote real posi-
tive functions, continuous and increasing in some interval 0 < 6 < #6,, that
vanish at 8 = 0 and are bounded below by linear functions. These functions will
be such that if we take

¢(0) = w3[2w1(0)]w2(0)

and define ¥(0) as before in terms of ¢(8), these functions satisfy all conditions
mentioned there. By the symbol & (Q, w; , wy , w3, ), we mean all funetions F(z, t),
defined and continuous in some region & C X X R and values in X, and such
that

| F(z,t) — F(z,t) || L (|t — t]),
and
| F(@o,te) — F(aa, tt) — F(ar, t) + F(a, t1) ||
San( [t — b )ws( |2 — 2 )

for all admissible values of the arguments and | — | < 65.
We can now state an existence theorem for the generalized integral.

TuaroREM 2.1 Let U(t, s) with values in ¢ Banach space X be defined and con-
tinuous on a set Q = [t , &) X [t , t], and suppose that

UG+ 6,s+6) —Ut+6,s) —Ult,s+0) + U s) || < ¢(0),
for 0 < 0 < « and all arguments in Q. Then the Kurzweil integral f 2 DU, s)
exists and the following estimates hold:
(22) X[ 90U — U0, N + U0, ) < 30w — MTw — M),
and
(2.3) | DU — U, M) 4+ U, M) [ < 300 — MTe — M),
Jort S M< N bh.
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Theorem 2.1 will be proved by means of the following approximation lemma.

Lemma 2.1 Under the hypothesis of Theorem 2.1, there exist functions Up:Q — X,
E=1,2 3, -, that converge uniformly in @ to U(t, s), such that dUy/ds exist
and are continuous n @, and fulfilling the following condition: given € > 0O there
exists a K(e) such that

| U(t+ 6,8+ 6) — Up(t + 0,8) — Un(t, s+ 0) + Uty s) || < ¢(6)
ifk > K(e) andt + 6,t,s - 6,8 € [ls + ¢, o — €.

Proof. Let {ps} be a sequence of positive numbers tending to zero with k — .
Let fi(t,s) > 0,fork = 1,2, 3, -- -, be real functions with continuous partial
derivatives in R” and support in the p, neighbourhood of the origin and such that
fRz Ju(t, 8) di ds = 1. Such functions are easily constructed. Let W (¢, s) be a con-
tinuous extension of U(t, s) to all R”. For every k and (¢, s) € Q, let

Uit,s) = [mefult — 7,8 — o)W (7, ¢) dr do.
Then one has
| Uty 8) = Ut 8) | = || [a2fult — 7,5 — o)W (7,0) — W(¢ )] dr do ||
< supenzrent < | W(T, 0) — W(E, 8) ],

which tends to zero with k — o uniformly with respeet to (¢, s) € @ in view of
the continuity of W. It is an easy matter to check that

3] t af, (¢ — —_
MU’gs’ s) = fRz i (;:; s— o) W(r, o) dr do.

Finally, let € > 0; by the definition of U,(¢, s) we have
| Un(t + 6,54+ 6) — Us(t + 6,5) — Us(t, s + 0) + Ux(t, s) ||
= || feefe(t — 7,8 — )W(r + 6,0 +0) — W(r + 0, 0)
— W(r,o+60) +W(r,o)ldrde || < [mfilt — 7,8 — o)¢(0) dr do,

fort+ 0,t, s+ 0,s € [th + ¢ to — € and k large enough so that g < ¢, and
the lemma is proved.

Proof of Theorem 2.1 Let Up(t, s),k = 1,2, --- , be as in Lemma 2.1. We know
from Theorem 1.1 that, for any N, X, h < M < N < ¢y, the integrals
32 DUL(t, s) exist. We also know from the same theorem that if we put
Lz( Uy , M, >\2) = ?;1 [Uk(tfj_,l y oj) - Uk(O'j._l s a'j_1>] for a convenient parti—
tion of [A\;, Ag, then

2 DU, s) = limime Li(Uk; M, Ae).
It is not difficult to see that
Linn(U s My N) — LU, My o)
= D55 U(us wi + 0) — Uil ) — Uslpg— 6 5 + 6) + Uiy — 6,u7)],
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where u; = M+ — M) 4/2° + (e — M)/27, 0 = ( — M)/27N T4 <
M < N\ < ty, then, using Lemma 2.1, we know that for k& > K{(e), where ¢ =
max {M — &, 2 — A}, we have

| Len(Us he ) — LU a0 | < w(%:-")

and, hence,
| [ DU, s) — Uiy n) + Ui, M) || = || limise Li — Lo ||
(24) o o _
<2l Lin — L || € 22 2% (2\—227}\1): %O\z = M)T: — M)
1=0 =1

In a similar way one gets
(2.5) || DU, 8) — U, M) + U, M) | < 300 — M)T(h — N).

Both estimates (2.4) and (2.5) are valid for any M, awith s < M < N < by,
as long as k is big enough depending on A1, Az .

Let 0 < 6 < a,and let B = (a9, 71, 01, -+, Teop) be a partition of [N\, Ao}
with
26) so=M<n< <agp=N, o0, Ti—06a1<8 o —71,<86.
Putting L(U, B) = 2 74 [U(7:, 0:) — U(7:, 0:21)], and applying (2.4) and

(2.5) to the subintervals [¢._1, 7], [7:, 0.], one has
I [ DU, 8) — L(U, B) ||
= || 2 lf5, DU — U(ri, 13) + Un(ri, 0ia)
+ [% DU — Un(ri, 03) + Un(re, 7)1 ||
< 2t il(ri — o) ¥(r — 0ia) + (00 — 70)¥ (0 —74)]

S }\2 —2— )\1 Supo<t§5 \I’(t)
If By, B, are two partitions of [\ , A.] fulfilling (2.6), then
(2.7) | L(Ux, Bs) — L(Us, B1) || £ (A2 — M) supo<s<s (¢).

By Lemma 2.1, Ui(Z, s) — U(¢, s) uniformly on @, and consequently
L(U,, B;) — L(U, By), L(Uy, By) — L(U, By)
and
(2.8) | L(U, By) — L(U, By) || < (A2 — M) supo<: <5 ¥(t).

Since ¥(6) — 0 as 6 — 0, it follows that U(¢, s) is integrable on [A1, Ao] (see
Lemma 1.1).
From (2.7) and (2.8) we have

I ﬁf DU(L, 8) = L(Ur, B1) || £ (M — 1) supo<e <5 ¥(2)
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and also
I i DU, s) — LU, By) || £ (N — M) supoci s ¥(2).
Sinee § is arbitrarily small and L(Uy , B1) — L(U, By) with k — «, one gets
N DU, s) — [R2DU®, s).

Passing to the limit as k¥ — « in (2.4) and (2.5), one obtains relations (2.2)
and (2.3), for & < M £ N\ <ty ; and, using property 5 of §1, one gets (2.2) and
(2.3) forty < M < N < 1y, and the theorem is proved.

3. Generalized ordinary differential equations in Banach space

As before, X is a real Banach space, and Q is an open subset of X X R’ with
the property that with every point (z, ¢, t) € Q we can associate a number
8 > 0 such that (z, ¢, s) € Qfor |t — s| < 8. Let F(z,t, s) be a function de-
fined on © and with range in X.

DreriniTioN 3.1 We say that o function x(t), defined on (4, &) and with range
i X, 18 a solution of the generalized differential equation

(3.1) %’tf — DF(z,t,5)
if (x(t),6,1) € Qforallty <t < ty,and
(3.2) 2(t) = z(t) + [ DF(z(1),t, s)

forallt1<t3<t4<t2.

Let ©F be an open subset of X X R' with the property that (z, s), (z, t) €
0% & (x,1,8) € Q and let f(z, t) be a continuous function on Q* with range in
X. Consider now the classical equation

(3.3) & = a0,

where dz/dt means the derivative of z at {. A continuously differentiable function
x(t), defined on (# , ;) and with range in X, is a solution of (3.3) if (z(t),t) € @*
and if de(¢)/dt = f(x(¢), t) for & < t < t. In order to relate equation (3.3)
with a generalized equation, let us set up the following generalized equation:

dz
di
where, of course, the integral sign is to be interpreted as a Riemann integration.
We then have the following.

(3.4) =9f; f(z,7) drl,

TravorEM 3.1 A function x(t) defined on (t1 , &) and withrange in X 1s a solution
of (3.3) on (t1,t) if and only if 4t is a solution of (3.4) on (&1, 15).

Proof. Suppose z(t) is a solution of (3.3). Let (¢, &) be a bounded subinterval
of (4, ty). Clearly, for every e > 0, there exists a 6 > 0 such that | 7s — 71| < 8
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and that T1, T2 € (tg s t4) and (x(Tz), 7'1) € Q* 1mply
€
ts — 13 ’

(3.5) | f(x(7e), m1) — fla(re), 7)) || <

Then take My € M(¢, &) such that (7, 71) € My implies (72 — 1) < §,
(z(72), 1) € @, and let {09, 01, 01, -+, o, ox} € ®(M;). Using (3.5) and
the facet that xz(¢) is a solution of (3.3), we can write

I @(t) — 2(ts) — 25 [o5_1 f(@(@), o) do |
ZI;=1 f:;:—-l “f(.’,b(u‘), U) - f(x(aj); o ” do
<o) _

=1 fh— 13 ’

IA

and therefore x(¢) is a solution of (3.4).
If now z(t) is a solution of (3.4), then, for every subinterval (i3, £) C (&, t2),
we have

2(ta) — a(l) = [ Dfif(2(1), o) do;
on the other hand, using Theorem 1.1, we know that
4 0[if((t), o) do = [i3f(x (D), 1) dt,

and this implies then that x(¢) is a solution of (3.3).
Note. Consider the generalized equations

(3.6) % = olf(z, 9]
and

dx o
(3.7) au = Q[ftof(x;(f) dol,

where % is a fixed point in (4, &). The functions f‘; f(z, o) do, f(z, t)s, and
fﬁo f(z, 0) do that appear in the equations (3.4), (3.6) and (3.7) are defined on
some M € 9M(4, &) and have continuous first derivatives, with respect to s,
which are equal to f(x(t), t) for s = ¢. Then, by the Corollary to Theorem 1.1,
the corresponding integrals are equal, and therefore equations (3.3), (3.4), (3.6)
and (3.7) are all equivalent.

4. Relation with functional differential equations of retarded type

For the sake of completeness we shall describe functional differential equations
of retarded type; further references to this topic can be found in the bibliography
of [3].

For any given non negative numbers a, b, and r, we denote by X[, a, b] and
X[r] respectively the spaces of continuous functions defined on [@ — r, @ + b]
and [—r, 0] and with range in R". Both are real Banach spaces with the usual
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supremun topology. For every y € Xir, a, b] and a < ¢ < @ + b, denote by y,
the element of X[r] whiceh, as a function of 8 € [—r, 0], is given y(t + 8). Now, if
fle, t) is a function with domain in some open subset of X[r] X R' and range in
R", and if y(¢) denotes the right hand derivative of a function y(¢) € R" at the
point ¢, then a functional differential equation of retarded type is a functional
relation of the form

(4.1) ¥(@) = f(y:, 1).

If, given a point (¢, @) in the domain of f, there exists a number b > 0 and a
function y € Xlr, a, b] such that (y:, t) is in the domain of ffora <t < a + b
and '

(a') Ya = ¢ and
(b) y(t) =f(yt;t);a'gt<a'+b1

we say that y is a solution of (4.1) on (a, ¢ + b) with initial condition (¢, a).

The type of equations just described includes, among others, the so called dif-
ference-differential equations (see [3]).

The relation among functional equations such as (4.1) and generalized ordinary
differential equations in Banach spaces can be found in [4].

Let X; be an open set contained in X|[r, a, b], and define

Jaf(me,8)ds; a<rt<t<a+b
(42)  F(x,t)(r) =< [af(z,8)ds; a<t<r<a+b

0; oa—r<7<a or a—r<i<uq,
for all x € X, . Of course, in order that (4.2) is well defined, we suppose that for
z € X: we have x, in the domain of f(g, £) for all ¢ < s < a + b and that the
resulting function is integrable. Thus, for each (z, t), (4.2) defines an element

F(z, t) € Xlr, a, b].
Consider the generalized equation

dx
(4.3) pri DF (z,1),

where F(x, t) is given by (4.2). And let us suppose that the function f(e, )
satisfies

(4.4) [ [7f(z,8)ds| < wi(|m— 7))
and
4.5) | [, s) — f(@d, 9))ds| < (|72 — 71])
*SUP7r; <5 <73 w3( “ (3:1 - xz)s “ )7

fora<n<mn<a+b and |7, — 7| < o, for some positive ¢ and z, z,
2* € X; ; see the beginniug of §2 for the definitions of ey , ws , ws .
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Under these conditions we have the following theorems.

TrroreM 4.1 Let y(t) be a solution of (4.1) in the interval (a, a + b), and de-
fine

y(t); a—r<t<r<a+b
Then x(t) € Xlr, a, b] 4s a solution of (4.3) in (a, a + b) and satisfies
[z(t) —2®) | Lw(lt —&])
forallty, t, € (a,a 4+ b), |t — &:] < a.
TaEOREM 4.2 Let (t) be a solution of (4.3) in (a, @ + b) with
[e(h) —z@) | S|t —4l]), #h,k€ (aa+Db),
and |t — & | < o; then the funciion

_Je(@)(r); a—r<7<a
y“)‘ﬁ@xﬂ; a<7<a+b

is a solution of (4.1) in (a, a + b), and |y(t) — y(&) | < wi( |t — &),
b, € (a,a+0),and |t — ] < 0.

x(t)(T)z{y(T); a—TSTStSa_!_b

For the proofs of these theorems see [4].

5. Continuous dependence of solutions

We shall now consider the problem of continuous dependence of solutions for
equations of the form

(5.1) Y _ op(y,q),
dr

with respect to initial conditions and parameters.
Together with equation (5.1), consider equation

(5.2) B _ 56, 1);
dr

and let us suppose that

FecF(Qow,w,w, )
and

G € F(Q b1, a0, ds,0),

with ws linear.
Define the function ¥*(4) for 0 < 7 < ¢ to be

v = Z e (g)e(3) ralz= ()] ()

(see the beginning of §2).
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Lemma 5.1 Let y(i) and x(t) be regular solutions (solutions with modulus of con-
tinuity wi-and & respectively) respectively of (5.1) and (5.2) in an interval [ty , t).
Let m be a natural number such that A = (& — t))/m < o, and suppose that
sup { || F(z, 1) — G(z,¢) [[; (2,8) € @ =B < o ;then
[2(t) —y@) | < [[z(t) — y(to) || (1 + w(a))™

Ak (14 w(A)™ —1
+ [§‘I’ (a) + 23] ox(d) .

Proof. Consider s subdivision h = &< &< < - < & =t with

|& — &.1] = A.Forany {) < £ < #, we have

2(8) = z(t) + [§, DGx(7), §]

(5.4)

and

y(£) = y(t) + [i OFly(r), 5]
Let us first estimate (using Theorem 2.1):
| [+ D {Gle(r), sl — Fly(r), s} || < || J&* ©{Gle(r), s| — Fly(r), s}
— Gla(&), tnl + Gle(&:), & + Fly(&), &l — Fly(&), &1
+ || Fly(&), &l — Fly(&), &l — Fla(&), &l + Fla(&), il |
+ | Fle(&), &] — Fle(&), &l + Gle(&:), L] — Gle(&), & ||
< 2WHB) + ] () — (&) [l an(a) + 26.

Therefore,

le(a) = y(&) | < let) — yl) || + || J5 DGla(r), 5] — DFly(r), o |
< Nlal) = y(8) | (1+ () + 5 ¥ (8) + 26,

In the same way, and using the former estimates,

H x(‘éz) - ?/(Ez) “ < H z(&) — y(&) “ + ”f DEY 96(7') - 53F[?/(7'), s] “
= e () —y W 1 (1 +w)A) +35 20%(a) + 28

+ g\p* (A) + || 2(t) — y(&r) || en(A) + 28

<l ate) — y(to) | (1 + ws(A))? +[ w*(8) + 26] [+ (1 + w@)].

Following this procedure, it is easy to see that

2(t) —y@@) | = [2(&n) — y(&n) || < o) — y(h) | (1 + w(A))"

+ [g v*(A) + 2;3] 1+ (1 4+w(a)) + (1 +w(a))?
+ o+ (1 + w(a))™;
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and, upon summing the geometric progression that appears at the end, one ob-
tains the desired conclusion (5.4).

It is clear from the way the proof has been carried out that estimate (5.4) is
actually valid in all the interval [t , #]; that is, we can replace t; in the left hand
side of (5.4) by any ¢ € [t , t1] and the same estimate holds.

Let us now consider equation (5.1) together with equations

(5.5) % = DFp(Yn,t), n =1,2,8,---,

;
where the functions F,, € F(Q, @1, @2, @3, ¢) (thisin particular could be the same
class as that of F) and where F,.(z, t) converge uniformly to F(z, ) in Q for
n — o, Then the following theorem, which is a weak form of continuous de-
pendence on parameters, follows directly from the lemma just proved.

TrEOREM 5.1 Let y(t) be a regular solution of (5.1) in [t , t], with y(t) = ¥;
and suppose that, for a given sequence y,' — y° (n = 1,2, ---), equations (5.5)
have regular solutions y,(t) in [to , ts] with ya(to) = yn', if the condition

1 L
77‘1/*(77) ( -+ w2("7)>

wa(n)
with 1 — 07, is fullfilled; then y,(t) — y(t) uniformly in [t , ).

— 0,

The condition on ¥*(5) that appears in the theorem is of course natural in
terms of our lemma. Similar conditions have been imposed, for example, by Kurz-
weil [5].

Observe that Theorem 5.1, implies that the initial value problem (5.1) with
y(1,) = y° has at most one regular solution.

6. Application to functional equations

Let us consider functional differential equations

(6.1) y(t) = f(ye, t)
and
(62) yn<t> = fn(ytn; t)y n = 1: 2) 37 R

where f and f* satisfy conditions such as (4.4) and (4.5) in some convenient in-
terval, with functions @ , @, , and @; for all f,, and functions w; , w, , ws (w3 linear)
for f. We suppose that the functions f and f, have common domain in some open
subset of X[r] X R' and range in R™ and that

(6.3) S fulys s 8) ds — [73f(ys , 8) ds

uniformly in all variables.

Let ¢, ¢ € X[r] with ¢, — ¢; and suppose that equations (6.1) and (6.2) have
solutions y(¢) and y"(¢) with initial conditions (a, ¢) and (a, ¢,) respectively in
some common interval (a, a + b). Let ¥*(4) be defined as in (5.3).



DIFFERENTIAL AND FUNCTIONAL EQUATIONS 59

As a consequence of Theorems 5.1, 4.1 and 4.2 we have the following theorem.
TareoreM 6.1 Under the former conditions, if

77‘1’*(77) (1 + wz("l))n_ — 1

wz(ﬂ) —0

with 7 — 07, then the solutions y"(t) of equations (6.2) converge uniformly to the
solution y(t) of (6.1) in (@ — r, a + b).

As a very simple illustration consider the following equations

(6.4) g"@) = y*(t — 1) +n""sinnt, n=123, -,
where 0 < a < 1, and
(6.5) y(t) =y —1).

Itis easy to see that solutions of equations (6.4) with initial condition y"(f) = 0
in —1 <t < 0 converge uniformly to ¥(f) = 0 in any finite interval. Certainly,
this case is not covered by continuous dependence theorems like that in [3].
Nevertheless, conditions of Theorem 6.1 are satisfied if one takes wi(9) = 2%
0 < 9 < o, and @y, w; linear.,
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