“PARALLEL” TRANSPORT IN FIBRE SPACES

By JamEes DILLON STASHEFF*

1. Introduction

Of fundamental importance in differential geometry is the notion of parallel
transport along curves (for technical reasons, the equivalent ‘“‘connection” is
often given greater emphasis). Roughly speaking, the idea is this: Given a curve
X from p to ¢, a tangent vector at p can be transported along A to a tangent vector
at g, called the transport of v along ¢. This transport is required to be rather well
behaved. In particular, the induced map of the tangent space at p to that at ¢
is to be a linear isomorphism. Moreover, this isomorphism should vary nicely
as we vary the curve from p to g.

Now a structure of this sort need not be confined to tangent bundles. In [14],
Chapter 7, J. H. C. Whitehead and O. Veblen suggested the study of correspond-
ing operations when the tangent space is replaced by some general “associated”
space. An appropriate setting for such a generalization is in the theory of fibre
bundles. For vector bundles, the concept is essentially that of linear connection,
while for general bundles, the corresponding concept was considered by E. H.
Brown [1] under the name “lifting function”. An even more appropriate setting
is in the theory of fibre spaces, for the existence of such “transports” and their
relation to the classification of bundles are intimately connected with the homo-
topy properties of the bundle.

The idea is to measure the “twist” in the fibre space by observing how a typi-
cal fibre is mapped into another as we move along a path in the base. For many
purposes, it is sufficient to consider paths beginning and ending at a fixed point
* ¢ B. Let QB denote the space of such paths with the usual topology. (The
parameter is assumed to run over some finite interval [0, 7] and, for a path A, the
end point will be denoted by A(r).) Let F denote p "(*). Until we are in a posi-
tion to give a precise definition, we will use the word ‘‘transport’’ to mean a map
0:9QB X F — F such that for each A € QB, the map 8(», ):F — Fis a homotopy
equivalence. Since the most we can say about different fibres above a path is that
they are of the same homotopy type, this is all we can ask of (N, ). As we shall
see (and as is well known) the fact that p is a fibre space gives rise to such a
transport.

In the classical case, 6 is not only continuous but suitably differentiable, and
the homotopy equivalences are in fact linear isomorphisms. As one would expect,
the existence of more restricted transports (in terms of differentiability, linearity,
etc.) follows from the presence of appropriate structure on the fiber space in
question.

A more significant fact in the classical case is that 6 is transitive; i.e., displace-
ment along suceessive paths, A and then g, is the same as the displacement along
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the total path u + A. (N.B. We reverse the usual order in writing u + X so as
to correspond to functional notation; in symbols, 8(u + A, ) = 8(u, (X, z)).)
The same is true in the case of (Steenrod) fibre bundles for the “lifting functions”
constructed by Brown ([1], Th. (1.5)), but the proof makes significant use of the
local product structure and the fact that the transition functions lie in a group;
this proof will not carry over to general fibre spaces.

Although the existence of some sort of “transport” for a fibre space has been
known for some time, there has been no complete analysis of its lack of transi-
tivity; nor has its significance in determining the structure of the fibre space been
fully realized. Consider the important, though usually unemphasized, role that
“transports” play in the theory of bundles. In the simplest case, that of a covering
space, the transport 6:Q2B X F — F induces a homomorphism of m;(B) into the
automorphism group of the fibre, and this homomorphism characterizes the
covering. If B is a suspension SX and p is a bundle, then the bundle is character-
ized by a homotopy class of maps of X into the group of the bundle. This homo-
topy class can be interpreted as a class of homomorphisms of 28X into the group
which are adjoint to transports. More generally, by looking at @B as a groupoid,
Lashof [8] has obtained homomorphisms of @B into the group which character-
ize general bundles. Brown improves this result slightly in that he uses the usual
addition of loops, although the relation to classification is never made explicit.

So much for bundles. This paper has as its main objective a description of the
general situation for fibre spaces, emphasizing the homotopy structure underly-
ing the classical concepts as well as the naturality and importance of ‘““transport”
in the classification problem. In particular, there is given a method of construct-
ing fibre spaces using a more precisely defined ‘“transport”. In effect, this analyzes
the construction of “associated fibrings” from a homotopy point of view and ex-
tends it to the case of non-transitive operations.

The more precise definition is motivated and introduced in §2 along with state-
ments of the main results regarding its significance. Such transports are con-
structed in §3 and used to construct fibre spaces in §4. The classification of fibre
spaces via transports is carried out in §5, and this classification is compared with
other forms. This, of necessity, involves a study of ‘“universal base spaces” and
of associative H-spaces and maps. An alternate approach which brings out the
naturality (in the technical sense) of the classification is discussed in §6. Finally,
in §7, we return to G-bundles briefly to indicate their position as a special case in
relation to fibre spaces. These last two sections are comparatively technical;
although they cast additional light on the preceding sections, they are not essen-
tial to the basic understanding of “transport’” at which we aim.

2. Definitions and main results

We adopt the definition of fibre space used by Dold (in [2], Def. 5.1; c¢f. Fuchs
[5], and Weinzweig [15], Def. 5.1).

DeriniTiON 2.1. p:E — B is a fibre space if, for every map fo:X — E and
homotopy hi;:X — B0 < t < 1 such that pfo = ho, there exists a homotopy
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fuoX > E0 <t <1suchthat pfs = 0 <t < 3, 0ft = hen 2 <t < 1.(I8
follows that any two such liftings are vertically homotopic.)

The existence of a non-trivial transport for p arises in the following way.
Consider the homotopy h::QB X F — B given by hd{X, y) = \(rt), where
N[0, 7] — B. Let f,: Q@B X F — E be a lifting with fo(X, y) = y € F. A transport
9:QB X F — F is given by fi . That it is a transport—i.e., that §(\, ):F — F
is a homotopy equivalence—can be seen readily using the fact that the induced
fibre space N*p:\*E — T is fibre homotopy equivalent to a product.

Remark. The restriction 6( , *):QB — F induces the usual boundary
9w (B) = maa(F).

Since any two liftings are homotopic, each fibre space determines in this way
a unique class of “transports” @B X F — F. The extent to which the converse is
true is an intriguing problem, intimately related to the fact that there is nothing
to guarantee the transitivity of 8 as constructed. The situation is not completely
hopeless, however, for Hilton has shown [7] that the transport is “homotopy
transitive” in the sense that

1
QB X QB XF —5 oBX F

[
QB X F — F

is homotopy commutative, where m denotes multiplication (composition) of
loops. (Remember that if A:[0, r] — B, and u:[0, s] — B, then

m(\, u) =X+ p{0,s + 7] — B

isgiven by ufor0 < ¢ < sand by Afors < ¢ < s + rso0 as to conform to fune-
tional notation for composition.) The full significance of the transport is brought
out only in terms of higher orders of homotopy transitivity (involving more than
two loops). To study this property, it is very helpful that for the space of loops,
as we have defined it, m is strictly associative.

DrriNtTionN 2.2. Let (X, m) be an associative H-space. An A,-action of X on a
space F is a collection of maps {6.:1°" X X* X F — F, i < n} such that

0i<t1» 7ti—17x1: "')xi7y)
= 0a( " b, by, o, T, ), ift; =1,
0;(-- s tima, T, o @5, O (byn, oo ety , Tja, -0, %0, Y)), ift; = 0.

If the maps exist and the conditions are satisfied for all 1, the collection s called an
A -action. This is the homotopy analogue of a transformation group (as the present
paper will bring out more clearly).

Notice that a transport, as defined so far, is an 4;-action and that Hilton’s
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proof of homotopy transitivity shows that it can be extended to an A,-action. In
fact things can be pushed even further.

THEOREM A. Given a fibre space p: £ — B, there is an A .-action {6} of @B on F
such that 6;(\, ):F — F is a homotopy equivalence, A € QB.

If 6, is transitive, the higher 8; can be defined trivially so this is a true general-
ization of the classical situation. We therefore revise our terminology.

DzrrintTION 2.3. A transport s an As-action {6} of @B on F such that
6(\, )F—>F
18 @ homotopy equivalence.

As stated, Theorem A is trivially satisfied by the A.-action which projects
I'™ X (2B)* X F onto F, but we will prove it in such a way that the transport
constructed is quite significant. Our reason for calling attention to the maps 6;
for ¢ > 1 is precisely that this is the additional structure necessary to character-
ize fibre spaces.

DEeFINITION 2.4. A homotopy between A.-actions {67} and {6,} is a continuous
family of A.-actions {6,'}.

DEFiNtTION 2.5. T'wo fibre spaces p:E — Band p':E' — Barefibre homdtopy
equivalent if there exist fibre preserving maps f:E — E | g:E' — E and fibre pre-
serving homotopies hy: E — E, hy :E' — E' such that

ho = gf, h =fg
by = idg, h = idg .

We assume henceforth that all spaces have the homotopy type of CW-com-
plexes.

TurorEM B. Given a transport {0.}, there is a fibre space pe: Ee — B such that,
up to homotopy, {6} can be recovered as in the proof of Theorem A. If {6} was
originally obtained, as in Theorem A, from a fibre space p:E — B, then pe is fibre
homotopy equivalent to p.

This suggests how to classify fibre spaces.

TrarorEM C. The homotopy class of the transport determines the fibre space
up to fibre homotopy equivalence. The fibre space determines the homotopy class of
the transport up to the action of homotopy equivalences of F into itself.

3. The construction of transports

The idea behind the construction of 6 (in §2) is to deform the trivial action
(X, y) — y through maps f;: QB X F — E which cover a rather obvious homotopy
of @B in B. The idea of Hilton’s proof of homotopy transitivity is much the same.
Using the maps f; , we see that 8(1 X ) and 8(m X 1) are homotopic in £ via a
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homotopy whose projection into B is deformable to the constant homotopy;
hence the homotopy between (1 X 6) and 8(m X 1) can be deformed into F.
We wish to use the same approach to get the A.-action {6.}.

Instead of homotopies 8, : 1" X (2B)" X F — E, we find it more convenient
to seek corresponding maps =,:1" X (@B)" X F — E such that

En(h,"',tn,xl,"',xn,y)
is given by
() Zpal-- tia,bipa, o, Tiali, o),
if {; = 1, and by
(b) Zia(ti, -+ tia, @, ooy @icr, Bnipa(bia, ~ 0 S b, Ziy 0, Ta, YD),

if t; = 0, with the convention that Zo:F C FE and the meaningless “xyxz;,” is
deleted if &, = 1. Notice that if 6; has been defined for j < ¢, the conditions
define =; on all faces of I’ except &, = 0. To obtain 6; , we seek to “fill in the
box” in such a way that the fact 4 = 0 will give values in F. To do this, we first
construct the corresponding maps in B.

By induction, we define maps p,:I" X R™ — I. The coordinates r1, - - , s
will correspond to the lengths of loops M1, « -+, A\,. We specify ;(t, r) = tr
and then,on I" X R™,setr=n+ -+ +rmandp,(ts, -+ ,ba, 71, - ,7s)

(Pn—l("' b1, bit1, » 00, Ti + 74, ), fir=1 ¢>0

r—n

pnalta, =+t 1o, -+ ,1a), it =1;

ri
pima(ty, <+ tima, 71, 0, 1) + 0.

LA AT +'“+T"ift~=
7 7 e

This defines p, consistently on /™ X R". Let p, be any extension to I" X R™
Next, define ¢,:1" X (2B)" — B by
O-'n(tlr >tn))‘1: 7)‘ﬂ) = (>‘1 + + kn)(pﬂ(tly ,tﬂ:rly 77'7L)'7')7

where 7, is the length of A; . Figure 3.2 indicates how ¢, looks for n = 2, 3. (Re-
call the functional notation: \; + A,.)

)‘1+x2+ks

A+ A

Mt

M
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Now assume 6; and =, defined for 7 < n so that =, is defined on all but one
face of I". Moreover by induction assume
(C) pz‘i(tla"'7xi;y)=‘7i<i17"'7x’5);
then this is also true for =, insofar as it is defined. Since o, 1s defined on all of
I" X (QB)", a lifting of ¢, can be used to complete the definition of =, . Notice
that, if t; = 0, o, | I X (2B)™ = *; and so =, restricted to this face lies in
F and defines a map 6, as required. This is the significant proof of Theorem A.
Our definition of “transport” makes no reference to a fibre space. Now that
we have seen how a fibre space gives rise to a transport, we can embody this
insight in our next definition.

DErFINITION 3.3. A transport {62171 X (QB)* X F — F} 4s a transport
within a fibre space p:E — B if there exist maps (21" X (@B)" X F — E}
satisfying (a), (b) and (c) where =o:F — p ~(b) is a homotopy equivalence.

Theorem B can now be reworded.

TueoreEM B. Given a transport {6:}, there is a fibre space ps: Ey — B such that,
up to homotopy, {6:} is a transport within pe . Given a transport {0;} within p, the
constructed fibre space pqg s fibre homotopy equivalent to p.

4. Construction of fibre spaces

Dold and Lashof [3] have given a construction for a universal principal quasi-
fibration H — Ex — By, where H is an associative H-space. In particular, this
is applicable to H = QB; and if B has the homotopy type of a CW-complex, B
has the homotopy type of Bas (see [12], II, Cor. 9.2).

In general, By can be defined inductively as a limit of ‘“projective” spaces
HP(n). Let HP(0) be a point. Let HP(n) = I" X H" Usg, HP(n — 1), where

B:I® X H* - HP(n — 1) by Bult, - ,tu, @1, -+, Tn)
— ﬁﬂ—1<“':ti—17ti+1>'”axi—lxi:"'); ]ft’l'__l:
Bica(te, =+ ytia, @1, -, Tia), ift;, =0,

with the meaningless *“‘zoz;,” being deleted.

Now, if H = QB, a specific map o:Bggz — B is induced by the maps
oo I” X (QB)" — B. It is a (weak) homotopy equivalence, as can readily be
seen by constructing a corresponding map of Egp into the path space £8 which
covers o and is the identity on QB.

We will construct a fibre space over Bgp by using I” X (@B)" X F in place
of I" X (9B)" and performing certain identifications compatible with the
projection which drops the factor F.

Specifically, given a transport {,:I°" X (QB)" X F — F}, construct
DniEn— (QB)P(n) by setting By, = F and B, = I" X (@B)" X F U;, By,

where 8,: 1" X (QB)" X F — Ep 1 by 8u(t1, <+ y b, @1, -+, Tn, ¥)

— 5n_1("',t¢_1,ti+1,"',%,;..1%{,"‘,}/), lft"»:l;
Bia(by, ~ o« tia, @1, o, ica, Oniqa(lign, -+ ,¥)), ift; =0,
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Let p, be induced by the projection of I" X (2X)" X F onto I"™ X (QX)".
At each stage p, can be shown, by using fundamental theorems of Dold and
Thom and the fact that 6;(, ) is always a homotopy equivalence (see [4],
Thms. 2.2, 2.10, and 2.15; ef. [12], I, Thm. 10), to be a quasi-fibring. Under
reasonable assumptions, p, would actually be a fibre space; but very little has
been written concerning this, and such generality is unimportant here. Let
p":E’" — By denote the union of the p,, and convert p’ to a true fibre space
p:E — Byp;ie, E = {(e,\) |e € E',\:I — Bgs, M0) = p'(e)}. If F and B
have the homotopy type of CW-complexes, 7 will have fibres of the homotopy
type of F. Finally, let ps: Es — B be induced from $ by an inverse to ¢:Bgz — B.

We have constructed a fibre space pe: By — B; we claim that our original
{6.} is a transport within ps . First let us define = :I° X (2B)" X F — E' to be
the identification map in the construction. Surely {Z,'} satisfies conditions (a)
and (b) of Definition 3.3. As for (c), we see that op'Z/(t, -+, 2, y) =
O'i(tl y Tt ,xi).

X (B XF-2 F Cc i — E

a’l p/l//g lpﬁ

B pu BQB B

o1

Now E’ can be regarded as embedded in E by e — (e, \,) where \,(t) = p(e).
Since ¢ is a homotopy equivalence and p, was defined using its inverse, 7 is
fibre homotopy equivalent to o ps . Let 5:E — Ej cover o and induce homotopy
equivalences between fibres. The maps {Z; = 2} show that {6} is a transport
within p . This establishes the first part of Theorem B.

We now wish to show that if {6.} is a transport within p, then p is fibre homo-
topy equivalent to ps as constructed. Let {Z,: 1" X (€B)" X F — E} show that
{6, is a transport within p:E — B. Observe that {Z,} induces a map ¢ :E' — E
which covers ¢ and is a homotopy equivalence on fibres. Since E’ is a deforma-
tion retract of E, ¢ can be extended to a map :E — E covering o. Because
the fibres of p’ are mapped by homotopy equivalences into those of p, & is a
fibre homotopy equivalence. This completes Theorem B.

5. Classification of fibre spaces

We have just seen how to construct a fibre space from a transport. Given a
homotopy {6’} of transports as described in §2, we can construct a corresponding
fibre space over B X I such that p~ (B X t) is fibre homotopy equivalent to the
fibre space constructed using {6,'}. Since any fibre space p:E — B X I is fibre
homotopy equivalent to p, X 1:E; X I — B X I, where E, = p (B X t), po
and p; are fibre homotopy equivalent (see [2], Cor. 6.6).

Conversely, suppose that, for ¢ = 0, 1, we have fibre spaces p.:E. — B
which are fibre homotopy equivalent by mutual inverses fe:E. — Eet1. Let
25T X (9B)Y X F — E. show that 8,5:I°" X (QB)* X F — F are transports
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within p . Consider Z,™' and f.2,:F — pes (b). They are both homotopy
equivalences; hence there exists h.:F — F such that =,k and f.Z,° are homo-
topie. It follows that Z,(1 X --- X 1 X k) and f.Z.° are vertically homotopic,
since we can look at them as obtained by covering the same homotopy in B.
Thus {26, (1 X -+ X 1 X h)} and {f.2,°6,} are homotopic as 4 .-actions,
and, hence, so are 6, (1 X --- X 1 X h.) and k6. This is what we mean by
saying the homotopy class is determined up to the action of homotopy equiva-
lences of F into itself. This action will appear in more familiar terms shortly.
Theorems A, B, C can now be combined as follows.

CrasstricaTioN TuEOREM (2). The fibre homotopy equivalence classes of fibre
spaces p:E — B with fibres of the homotopy type of F are in natural 1-1 correspond-
ence with the homotopy classes of transports {0;: 1" X (RB)" X F — F} under the
action of homotopy equivalences of F into dtself. (As always, we are assuming thot
F and B have the homotopy type of CW -complezes.)

In [10] we have given an alternative form of the Classification Theorem. First
let LF(B) denote the functor described, i.e., fibre homotopy equivalence classes
of fibre spaces p: E — B with fibres of the homotopy type of F. Let H(F) denote
the space of homotopy equivalences of F into itself with a suitable topology to be
described later. H(F') is an associative H-space; so, using the Dold-Lashof con-
struction, we can look at the universal base space Bg(ry . For any spaces X, Y,
let [X, Y] denote homotopy classes of maps of X into ¥ (no mention being made
of base points).

CrasstricaTioNn TuarOrREM (1) (see [10]). If F s a finite CW-complex, the
Junctors LF () and [ , Buw] are equivalent on the category of spaces of the
homotopy type of CW-complexes and homotopy classes of maps.

We wish to point out in detail how these two classification theorems coincide.
The additional restriction in Classification Theorem (1) that F be a finite com-
plex was used to make sure that Bgry and, hence, the fibres of the universal
example would have the homotopy type of CW-complexes. In Classification
Theorem (2), this restriction was avoided by constructing directly the induced
fibring over B, using @B, which has the homotopy type of a CW-complex if B
does.

In comparing the two classifications, the first step is to look at the maps
{6;:I"" X (2B)* — F"} which are adjoint to the transport {6;. If 6, were transi-
tive, f; would be a homomorphism. (This is why we have written the composition
of loops according to funectional notation; the usual notation would make 6,
an anti-homomorphism.) That 8; is homotopy transitive means precisely that
61 is an H-map. Restricted classes of H-maps which are the homotopy analogues
of homomorphisms have been studied (by Sugawara [13], Fuchs [6], and the
author [12], IT). The conditions for an A,-action are easy to interpret in terms
of the adjoint maps 8;:1°" X X* — F”.



76 JAMES D. STASHEFF

ProposiTion 5.1. {6;,7 = 1, -+, n} is an A,-action if and only if {6,, 1 =
1, - -+, n} shows that 8; is an A,-map.

The conditions correspond precisely, except that ¢; = 0 and 1 have been inter-
changed to make things more compatible with the Dold-Lashof construction;
only the continuity is in doubt. We take the point of view that the adjoint maps
into F¥ are a mere device. We want them to be continuous precisely because the
original 6; are. If F is locally compact Hausdorff, the compact-open topology will
do. Otherwise we force our desires to be satisfied, thus defining at least a quasi-
topology on F* (see [9]). We use the same approach on H(F).

The case of greatest interest isn = oo, in which case Sugawara, calls 8; “strongly
homotopy multiplicative” and Fuchs calls the collection {6;} an “H-homo-
morphism”. In light of Proposition 5.1, Classification Theorem (2) can be re-
phrased.

CrassiricaTioN THEOREM (3). LF(B) s in natural 1-1 correspondence with
homotopy classes of A.-maps of QB into H(F) modulo wo(H(F)) acting as inner
automorphisms.

To appreciate the significance of A.-maps, a short survey of the general theory
of associative H-spaces will help. The Dold-Lashof construction is natural with
respect to A.-maps (see [6], [13], and [12], IT), so that homotopy classes of 4 .-
maps give rise to homotopy classes of maps in the corresponding base spaces.
Just as the Dold-Lashof construction passes from associative H-spaces to
ordinary spaces, the process of passing to loop spaces goes in the other direction.
As for maps, if f1X — ¥V, then Qf:QX — QY, defined in the obvious way, is
actually a homomorphism.

We have already observed that Box has the same homotopy type as X. We
also have the relation that if H is an associative H-space of the homotopy type of
a CW-complex, H has the same homotopy type as OBy . If G should be a topo-
logical group, it follows from the result of Brown’s applied to Milnor’s universal
G-bundle that the equivalence 2B — @ can be given by a homomorphism. In the
case of an associative H-space, we can only assert that the equivalences in both
directions are given by A.,-maps, and there are examples to show that A.-maps
are essential to the study of associative H-spaces which are not groups (see the
Remark following Theorem 5.2).

To use A-maps more facilely, it might help to think of the category of associ-
ative H-spaces and 4.,-maps—except that this is not a category. The difficulty
is with the composition operation. If { f;} and {g;} are A.-maps, defining the
composition of { f;} and {g;} involves a decomposition of the cube, as the follow-
ing simplest case indicates. Let f:H — J and g:J — K be H-maps with hcmo-
topies byt H X H — J and j;:J X J — K such that

ho(z, y) = f(zy) and jo(u, v) = g(w),
hi(z, y) = f(x)f(y) and ji(u,v) = g(u)g(v).

I
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Then a homotopy k;:H X H — K showing that gf is an H-map is given by

_Jgha(z,y), 0<24<1
fulo. y) = {J'zt—l(f(x),f(y)), 1 <2t <2

(For the case of three variables, see [12], p. 299.) If we use this homotopy or
anything like it to define the composition of H-maps, composition will not be an
associative operation: we will not have a category. Fuchs took cognizance of this
difficulty and avoided it by passing to homotopy classes [6].

Let 3¢ denote the category of associative H-spaces and homotopy classes of
A.-maps, i.e., homotopies {6;"} which for each ¢ show 8;° to be an A.-map.
Let & denote the category of spaces and homotopy classes of maps, while &,
denotes the category of based spaces and base point preserving homotopy classes
of maps. For any category @ and objects X, Y in @, we will denote by
Home (X, Y) the maps from X to Y in @, which means homotopy classes if €
is a category of spaces and homotopy classes. Note that if Y is connected, the
obvious map Homg, (X, ¥) — Homg (X, Y¥) amounts to factoring out by the
action of m(Y).

‘We have mentioned that the Dold-Lashof construction is essentially a functor
B:Homy (H, H') — Homg, (Bg , Bg'). Similarly we have Q: Homs, (X, ¥) —
Homge (2X, @Y). Fuchs proves (in [6], §7) the following theorem.

TareorEM 5.2. If all the spaces in question have the homotopy type of CW-
complexes, then B:Homge (H, H') — Homg, (Bg, Bx) is 1-1 onto, as s

Q:Homg, (X, X') — Homg (02X, 9X).

The same method of proof shows that Homg (Bg , Ba’) (i.e., free homotopy
classes) is' in 1-1 correspondence with Homg (H, H') modulo the action of
m(H"). Thus Classification Theorems (1) and (3) are equivalent in terms of the
correspondences between Homg (2B, H(F))/m(H(F)), Homs (Beg, Bar))
and Homg (B, Brr)).

Fuchs comments further that B is not necessarily an isomorphism if we re-
place 3¢ by the category with the same objects and homotopy classes of strict
honmiomorphisms. For example, the unit interval with its usual multiplication is
not contractible through homomorphisms (0 and 1 would both remain fixed),
although it is through A.-maps (therefore B; is contractible, as can be seen
directly). This justifies our emphasis on A.-actions rather than transitive ac-
tions; they arise not only naturally but perhaps essentially in the theory of
fibre spaces. ,

The correspondence between the two forms of classification is of greater signifi-
cance if examined in detail. For a given fibre space p:E — B with F a finite
complex, let x:B — Bus be the classifying map constructed in [10]. Let
Bj:Bgs — Bg s be the map of classifying spaces constructed using the adjoints
{6::1"" X (QB)* — H(F)}. We then claim that B ~ x o 5; i.e.,



78 JAMES D. STASHEFF

BQB'—O——) B
B N <
Bar

is homotopy commutative. By virtue of Classification Theorem (1), it is sufficient
to show that p is fibre homotopy equivalent to (¢ " o Bj)*u, the fibre space
induced from the universal example by Bs composed with an inverse to o. Ac-
tually what we will do is to construct a map of fibre spaces,

Ey,— UE

NP

Bgs Tg" By ,
which induces homotopy equivalences between corresponding fibres. This is
good enough, since py is fibre homotopy equivalent to ¢*p and ¢ is a homotopy
equivalence.
First, with some change in notation, we reconstruct u:UE — By . Let
go:Dy = F — ¥, a point. Define D, = I" X H(F)" X F U,, D,_, where ,:I" X
H(F)* X F — D, , by

nn(t17 "'7tn’§91: "'39"”73/)
{nn—l( 7:—1:tl+1’ Tt PP,y 7y)y if i = 1;
Mica(ti, + lia, 01, 00, 01, 00 tc 0 oou(y)), ift =0,

and let ¢,: D, — H(F)P(n) be induced by the projection of I™ X H(F)" X F
onto I™ X H(F)". The universal example is then obtained from the limit of the
g» by turning it into a fibring in the standard way. Since ps was constructed in a
similar way from fibrings p.:FE, — (QB)P(n), we need only construct appro-
priate maps of p, into g, . (Similar maps for the associated principal fibrings
are constructed by Fuchs in [6] and Sugawara in [13] in different ways, but
neither will suffice for our purposes.) Since 6; is not a strict homomorphism, we
need some elbow room to utilize the various homotopies; we obtain this by sub-
dividing I™ and stretching the pieces appropriately. Specifically we will sub-

divide I" into prisms determined by &, ---, t; = & > tiz1, -+, tx . Further
lett, =t;/thand §; =1 — (1 — t;)/1 — t, . Now let ¥,: E, — D, be defined in
terms of the preimage I" X (@B)" X F by ¢n(ts, -+« , ta, X1, +** , Tn, ) =
(tlr 91(52: ,Zi, Tiy, “0 s x%) Ill/n—¢<ti+1’, ] tnl, Titly "y Tn, Z/)), for
bo, *+-,t; >t > tigx, -+, b, where the vertical bar indicates that the ¢-
coordinates of ¥u_i(ti41, -+, y) are to be brought out between ¢ and 6; .

To verify that ¢, is well defined requires checking that when ¢; = #; the alter-
nate expressions indicated above agree and that when ¢; = 0 or 1 the definition
respects the identifications under 8, and %, . This verification will be left to the
interested reader; it follows straightforwardly from the inductive definition of
¥, and the behavior of 6, , 7, , and 8, on the boundary of I*”'. By induction one
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also verifies that y, respects fibres and hence induces maps (QB)P(n) —
H(F)P(n). In the limit, this is the map Bj referred to. (The parameters used by
Fuchs or Sugawara are somewhat different but can easily be seen to give homo-
topic maps.)

This completes our comparison of the various forms of the Classification
Theorem. :

As presented, the Classification Theorems involve the equivalence of functors.
The emphasis is on naturality with respect to maps of the base space. Changes
in the fibre are somewhat more subtle and involve natural transformations of the
functors involved. We are led to questions of considerable interest: the classifica-
tion’s independence of the representative of the homotopy type of F (§6) and
the naturality of the classification with respect to restricted structures on the
fibre (§7).

6. Naturality of transports

Since we have already become involved with A.-maps which are adjoint to
transports, it is perhaps worth remarking how the theory of 4 .-maps can be used
to streamline the construction of transports and to show how intrinsic is the
deviation from transitivity. This leads us to a study of the naturality of the
classification with respect to changes in F.

First we consider a special case. If /14 — B is any map, we can construct an
equivalent fibre space f:A — B by setting A = {(a, \) |a € A4, \:[0, 7] —
B, M0) = f(a)}, and H(a, \) = A(r). A rather obvious transport for
P is #(u, (@, N\)) = (a, u + N) which is obviously transitive. Now let us take
f = p:E — B. We wish to use ¢ to construct a transport within p. There is
always the map j:4 — A given by j(a) = (a, \,) where \,:[0, 0] — f(a) which
is a homotopy equivalence. If f is a fibre space, then j is a fibre map and hence a
fibre homotopy equivalence (see [2], Th. 6.1). In particular, corresponding
fibres F of p and F' of § are homotopy equivalent, which allows us to compare
H(F) and H(F') rather neatly (as Fuchs has also realized independently in
(6], §2.4).

ProrosiTion 6.1. If K and L are spaces of the same homotopy type, ihen H(K)
and H(L) are equivalent in the category 3C.

Proof. Let «: K — L and $:L — K be mutual homotopy inverses. Define
x:H(K) — H(L) by x(¢) = agB and p:H(L) — H(K) by p(¢) = Ba. That
x, for example, is an H-map but not a homomorphism is readily seen:
x(e)x(@2) = agiBap: >~ apigsB = x(p1p2). (For the higher order conditions,
see Fuchs [6].) That x and p are mutual inverses is also easy to see: px(¢) =
BapBa >~ ¢. Since the obvious homotopy has the same form as x, the same
proof shows it is a homotopy through A .-maps. ‘

Thus for §, we have the transitive transport #:QB X F' — F' and an A,-map
x:H(F') — H(F). The composition xd is an A .-map and is therefore adjoint to
an A -action {6} of Q@B on F. That this construction agrees (up to homotopy
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modulo w(H(F))) with our earlier one will follow if we show that this {6}
is a transport within p. We first observe that ¢ is a transport within .
= (t, u, (a,\)) = (a, pe + \) where u, is the restriction of u to [0, rf] and the
higher =, are defined analogously. To obtain the corresponding maps =; for
0. in p, we must use an analogue of x. The adjoints to =, :1" X (2@B)" X F' — E
have values in the associated principal fibre space Prin B = {¢:F — E|¢pisa
homotopy equivalence with some fibre $'(b)}. Composition makes Prin £ a
“module” over H(F');1i.e., there is a transitive action Prin £ X H(F') — Prin E.
Now the fibre homotopy equivalence j: E — E and an inverse induce a fibre
homotopy equivalence which we also call x: Prin £ — Prin E. Defining A .-maps
of modules in the obvious way, we use essentially the same proof as for Prop-
osition 6.1 to assert that x is an A.-map. Composing this 4.-map with the
adjoints to {Z,} then gives the adjoints to the corresponding maps
1" X (9B)* X F — E.

What we have been talking about amounts to the naturality of transports with
respect to fibre homotopy equivalence. More generally, we have the following
theorem.

THEOREM 6.2. Let

be a map of fibre spaces such thatf induces homotopy equivalences between cor-
responding fibres. If {0:} s a transport within P, then {81 X ()" X 1]} is a
transport within p.

Proof. p is fibre homotopy equivalent to f*p; so first suppose f = id:B — B.
If {Z,:I" X (2B)" X F — E} show that {6} is a transport within p, then, using
a fibre inverse g:E — K, the compositions g=, show that {6} is a transport
within p. For a more general f, observe that Qf is a (strict) homomorphism and,
hence, that {ZJ1 X (@f) X 1]} show that {61 X (@) X 1]} is a transport
within f*p and hence within 7.

We have thus established the “naturality’”’ of transports (in the technical
sense) very thoroughily. We have also accomplished something else. The functor
LF( ) is by definition the same as LF'( ), if F and F’ have the same homotopy
type. Since H(F) and H(F') have the same A .-homotopy type, Bu(r) and By s
have the same homotopy type and hence | , Bgm] and [ , Br)] are iso-
morphic, as indeed the Classification Theorem implies they should be.

This leads us to study the naturality of LF(X) with respect to submonoids
of H(F), that is, to the study of fibre spaces with additional structure, e.g.
differentiable bundles.
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7. G-structures

Although general submonoids of H(F) may some day be of interest, we re-
strict ourselves to subgroups, the maximal one being the group of all home-
omorphisms of F onto itself. A fibre space with a G-structure is then automatically
a fibre bundle. We find it most convenient to follow Ehresmann-Feldbau in

defining G-bundles.

DeriniTioN 7.1. If G is a group of homeomorphisms of F, a G-bundle with fibre
F is a map p:E — B together with a preferred class of maps ¢:F — E such that
(1) each ¢ is a homeomorphism with some fibre p(b);
(2) if o, ¢ :F — p'(b), then ¢ ¢’ € G;
(8) if ¢ € G and ¢ is in the class, so is o¢’; and
(4) the Bundle Covering Homotopy Property is valid; i.e., given a commutative
diagram,

XxF-Il.g
X —B,
Jo

such that fo(x, ):F — E is in the class for each x € X and a homotopy, g:: X —
B, there exists a covering homotopy fi:X X F — E such that f(x, ):F — E
18 in the class for each t, x and pfi(x, y) = gi(x).

We have chosen to redefine G-bundles for several reasons: a) our definition
is intrinsic rather than in terms of coordinates; b) it is more in line with our
definition of fibre space; and c¢) it emphasizes precisely those properties of G-
bundles which we wish to use. Notice that no mention is made of a topology on
G. To effect a comparison with a Steenrod fibre bundle, we specify a quasi-
topology on G (cf. [9]) : X — @ is continuous if and only if the adjoint X X F — F
is continuous. In most cases then, our definition of G-bundle will agree with that
of Steenrod. In particular, p will be locally a product if B admits a numerable
covering each set of which is null homotopic in B, and a Steenrod fibre bundle
will satisfy our definition if it is numerable in the sense of Dold [2], e.g. if B is a
connected CW-complex. ,

The relevance of condition (4) to transports is fairly obvious. We apply it to

BXF-L,E
QB —9,B,

where as usual F = p (%), fo(\, ¥) = y and g.(A) = A(t). We get
fi = 6::QB XF — F such that 6;(\, ) € G. As usual, we cannot guarantee the
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transitivity of 6; obtained this way. However, Brown has shown essentially
the following (see [1], Th. (1.5)).

TeEOREM 7.2. If p:E — B 4s a numerable G-bundle, there exists a transitive
transport 0:QB X F — F such that 6(\, ) € Q.

Moreover, 6 can be extended to a map =Z:£B X F — E which is transitive
with respect to 6§ and hence shows that 6 is a transport within p. The construction
of py is easier in that the inductive step produces a G-bundle directly at each stage.
Using Z, it is easy to cover ¢ by a G-bundle map ps — p, i.e., a G-equivalence.

The rest of our discussion of transports earries over to G-bundles in an obvious
way. The final result is familiar in two forms: Let LG(X) denote equivalence
classes of G-bundles over X. (For clarity, we assume G given as a group of homeo-
morphisms of F, so all bundles are assumed to have fibres homeomorphic to F.
The equivalence is the categorical one: G-bundles p.:E. — B, ¢ = 0, 1, are
equivalent if there exist maps

f

Ee — Ee:l:l

|

B=—— B

such that f. takes the distinguished collection {¢:F — E.} into the distinguished
collection {¢:F — Eeta} and fefers = 4d.)

CLassiFicATION THEOREM. On the category of spaces of the homotopy type of
CW-complexes and homotopy classes of maps, the functor LG( ) is naturally
equivalent to the functors Homg (  , Be) and Homg (2 , G)/m(G).

The result of Brown and others in the K-theory (of vector bundles) over
classifying spaces suggest that Homg (2 , @) can be replaced by homotopy
classes of strict homomorphisms. This appears to be the outstanding open
problem in this theory.

Now let us look at the naturality of the classification with respect to G. Sup-
pose @’ is a group of homeomorphisms of F’.

Given a homomorphism h:G — G (continuous with respect to the quasi-
topologies), we can convert a G-bundle p:E — B into a G'-bundle p":E' — B
by using the associated principal G-bundle Prin E to form E' = Prin E X ¢ F'.
That is, Prin E = {distinguished ¢} with the corresponding quasi-topology, and
Prin E X ¢ F' means Prin E X F’ modulo the equivalence relation (¢ o g, y) ~
(¢, h(g)(y)). Now if h is not a homomorphism, this is not an equivalence rela-
tion; however, our construction shows us how to make do if 4 is only an A.-map.
We could construct a transport for p and compose with » to get a new transport
which could then be used to construct the equivalent of Prin E X ¢ F’. Alterna-
tively, we could modify our construction as follows. There is an obvious transi-
tive action of G on Prin E given by composition. Let {6::I° X G X F' — F'}
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be the A.-action corresponding to the fact that A:G — G is an A.-map. Let
D, = Prin E X F, and construct D, = I" X PrinE X G" X F' Uy, Dy,
where 8,:1" X Prin E X G" X F' — D, by

6n(t1,"‘,tnyx(’;xl;"';xnay)
b b, b, e, Tea®e, 0 0), G =1,
6i—1(t1; ] ti—1>x0; crt T, on—i+1<ti+}) 72/))7 if l; = 07
where 2y € Prin B, z;, -+, 2n € G,y € F'. Similarly, define B, by omitting the

factor F' throughout, and let g,:D, — B, be the induced map. The maps ¢,
are G'-bundles as long as G is a group of homeomorphisms. Let gw:Dw — Ba
denote the limit which will again be a bundle. In [11], we have proved that B,
has the homotopy type of B. Let ¢:D — B be induced from ¢., by a homotopy
equivalence. This is the bundle we seek, the @'-bundle associated to p:E — B
and the 4,-map h:G — G'.
By means of the constructions just indicated, LG(X) can also be regarded as

a functor from the category of homeomorphism groups and A.-maps. Given an
A,map h:G — G, we can also compose it with adjoints to transports, thus
induecing

Homye (92X, @) — Homye (02X, @).
Of course, the corresponding map of base spaces gives

Homg (X, Bg) — Homg (X, Be-).

Thus it makes sense to say, and our constructions make it clear, that the equiva-
lence between the three functors in question is also natural with respect to A.-
maps of the structure groups.

We conclude with some remarks to further emphasize the naturality of these
constructions from the point of view of homotopy theory. First, our original
construction can be regarded as a special case of the later one by taking G = QB,
G' = H(F), and, for Prin E, the path space on B. Being contractible, the latter
is essentially a point and hence never mentioned explicitly in the construction.
In [11], we showed that in general the equivalence B, — B can be given by a
fibring with fibre precisely E¢ . The same is true for the covering map D, — E,
so that we have

Eg—— Do — F

\\\ J ]/

B, —— B.

Finally, observe that B, can be mapped into B¢ by omitting the factor Prin E.
This gives yet another version of the classifying map. In fact B, — Bg will be
a G-bundle with fibre Prin E. This is very much in keeping with the philosophy
that says, up to homotopy, any three successive terms in the sequence - -- —
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QB — F — E — B can be regarded as fibre, total space, and base and that the
sequence can be extended by a classifying map B — By if E is a principal F-
fibring.
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