
"PARALLEL" TRANSPORT IN FIBRE SPACES 

BY JAMES DILLON STASHEFF* 

1. Introduction 

Of fundamental importance in differential geometry is the notion of parallel 
transport along curves (for technical reasons, the equivalent "connection" is 
often given greater emphasis). Roughly speaking, the idea is this: Given a curve 
A from p to q, a tangent vector at p can be transported along A to a tangent vector 
at q, called the transport of v along q. This transport is required to be rather well 
behaved. In particular, the induced map of the tangent space at p to that at q 
is to be a linear isomorphism. Moreover, this isomorphism should vary nicely 
as we vary the curve from p to q. 

Now a structure of this sort need not be confined to tangent bundles. In [14], 
Chapter 7, J. H. C. Whitehead and 0. Veblen suggested the study of correspond­
ing operations when the tangent space is replaced by some general "associated" 
space. An appropriate setting for such a generalization is in the theory of fibre 
bundles. For vector bundles, the concept is essentially that of linear connection, 
while for general bundles, the corresponding concept was considered by E. H. 
Brown [1] under the name "lifting function". An even more appropriate setting 
is in the theory of fibre spaces, for the existence of such "transports" and their 
relation to the classification of bundles are intimately connected with the homo­
topy properties of the bundle. 

The idea is to measure the "twist" in the fibre space by observing how a typi­
cal fibre is mapped into another as we move along a path in the base. For many 
purposes, it is sufficient to consider paths beginning and ending at a fixed point 
* E B. Let DB denote the space of such paths with the usual topology. (The 
parameter is assumed to run over some finite interval [O, r] and, for a path A, the 
end point will be denoted by A(r).) Let F denote p-1(*). Until we are in a posi­
tion to give a precise definition, we will use the word "transport" to mean a map 
0:DB X F - F such that for each A E DB, the map 0(A, ) :F - Fis a homotopy 
equivalence. Since the most we can say about different fibres above a path is that 
they are of the same homotopy type, this is all we can ask of 0(A, ) . As we shall 
see ( and as is well known) the fact that p is a fibre space gives rise to such a 
transport. 

In the classical case, 0 is not only continuous but suitably differentiable, and 
the homotopy equivalences are in fact linear isomorphisms. As one would expect, 
the existence of more restricted transports (in terms of differentiability, linearity, 
etc.) follows from the presence of appropriate structure on the fiber space in 
question. 

A more significant fact in the classical case is that 0 is transitive; i.e., displace­
ment along successive paths, A and thenµ, is the same as the displacement along 
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the total pathµ + 'A. (N.B. We reverse the usual order in writing µ + A so as 
to correspond to functional notation; in symbols, 0(µ + 'A, x) = 0(µ, 0(>,, x)).) 
The same is true in the case of (Steenrod) fibre bundles for the "lifting functions" 
constructed by Brown ( [1], Th. ( 1.5) ) , but the proof makes significant use of the 
local product structure and the fact that the transition functions lie in a group; 
this proof will not carry over to general fibre spaces. 

Although the existence of some sort of "transport" for a fibre space has been 
known for some time, there has been no complete analysis of its lack of transi­
tivity; nor has its significance in determining the structure of the fibre space been 
fully realized. Consider the important, though usually unemphasized, role that 
"transports" play in the theory of bundles. In the simplest case, that of a covering 
space, the transport 0:QB X F--+ F induces a homomorphism of 1r1(B) into the 
automorphism group of the fibre, and this homomorphism characterizes the 
covering. If B is a suspension SX and p is a bundle, then the bundle is character­
ized by a homotopy class of maps of X into the group of the bundle. This homo­
topy class can be interpreted as a class of homomorphisms of QSX into the group 
which are adjoint to transports. More generally, by looking at QB as a groupoid, 
Lashof [8] has obtained homomorphisms of QB into the group which character­
ize general bundles. Brown improves this result slightly in that he uses the usual 
addition of loops, although the relation to classification is never made explicit. 

So much for bundles. This paper has as its main objective a description of the 
general situation for fibre spaces, emphasizing the homotopy structure underly­
ing the classical concepts as well as the naturality and importance of "transport" 
in the classification problem. In particular, there is given a method of construct­
ing fibre spaces using a more precisely defined "transport". In effect, this analyzes 
the construction of "associated fibrings" from a homotopy point of view and ex­
tends it to the case of non-transitive operations. 

The more precise definition is motivated and introduced in §2 along with state­
ments of the main results regarding its significance. Such transports are con­
structed in §3 and used to construct fibre spaces in §4. The classification of fibre 
spaces via transports is carried out in §5, and this classification is compared with 
other forms. This, of necessity, involves a study of "universal base spaces" and 
of associative H-spaces and maps. An alternate approach which brings out the 
naturality (in the technical sense) of the classification is discussed in §6. Finally, 
in §7, we return to G-bundles briefly to indicate their position as a special case in 
relation to fibre spaces. These last two sections are comparatively technical; 
although they cast additional light on the preceding sections, they are not essen­
tial to the basic understanding of "transport" at which we aim. 

2. Definitions and main results 

We adopt the definition of fibre space used by Dold (in [2], Def. 5.1; cf. Fuchs 
[5], and Weinzweig [15], Def. 5.1). 

DEFINITION 2.1. p:E --+ B is a fibre space if, for every map fo:X --+ E and 
homotopy h1: X --+ B O _:::; t _:::; 1 such that pfo = ho , there exists a homotopy 
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ft:X--'> E 0 S t S I such that Pft = ho 0 S t S ½, Pft = hu-1 ½ S t S 1. (It 
fallows that any two such liftings are vertically homotopic.) 

The existence of a non-trivial transport for p arises in the following way. 
Consider the homotopy ht:QB X F --'> B given by ht(X, y) = X(rt), where 
X: [0, r] - B. Letft:QB X F--'> Ebe a lifting withfo(X, y) = y E F. A transport 
0:QB X F--'> Fis given by Ji. That it is a transport-i.e., that 0(X, ) :F--'> F 
is a homotopy equivalence-can be seen readily using the fact that the induced 
fibre space >-. * p: X * E --'> I is fibre homotopy equivalent to a product. 

Remark. The restriction 0( , *) :QB --'> F induces the usual boundary 
a: 1rn(B) --'> 1rn-1(F). 

Since any two liftings are homotopic, each fibre space determines in this way 
a unique class of "transports" QB X F--'> F. The extent to which the converse is 
true is an intriguing problem, intimately related to the fact th~t there is nothing 
to guarantee the transitivity of e as constructed. The situation is not completely 
hopeless, however, for Hilton has shown [7] that the transport is "homotopy 
transitive" in the sense that 

QB X F 

1 X 0 -
() -

QB X F 

F 

is homotopy commutative, where m denotes multiplication (composition) of 
loops. (Remember that if X: [0, r]--'> B, andµ: [0, s]--'> B, then 

m(X, µ) = X + µ:[O, s + r] - B 

is given by µ for O S t S s and by X for s S t S s + r so as to conform to func­
tional notation for composition.) The full significance of the transport is brought 
out only in terms of higher orders of homotopy transitivity (involving more than 
two loops). To study this property, it is very helpful that for the space of loops, 
as we have defined it, m is strictly associative. 

DEFINITION 2.2. Let (X, m) be an associative H-space. An A,.-action of X on a 
space Fis a collection of maps { 0;:J;-i X Xi X F--'> F, i S n} such that 

0,_1( ••• 'tj-1' tj+l' ••• 'XjXj+I' ••• ), ift,- = I, 

0/··· ,tj-1,X1, ••• ,Xj,0,,_,-(tHl, ••• ,ti-1,XH1, ••• ,Xi,y)), iftj = 0. 

If the maps exist ancl the conditions are satisfied for all i, the collection is called an 
Aoo-action. This is the homotopy analogue of a transformation group (as the present 
paper will bring out more clearly). 

Notice that a transport, as defined so far, is an Ai-action and that Hilton's 
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proof of homotopy transitivity shows that it can be extended to an A2-action. In 
fact things can be pushed even further. 

THEOREM A. Give:n a fibre space p: E -. B, there is an A00-action { 0;} of QB on F 
such that 81C>-, ) :F-. Fis a homotopy equivalence, A E QB. 

If 01 is transitive, the higher 0; can be defined trivially so this is a true general­
ization of the classical situation. We therefore revise our terminology. 

DEFINITION 2.3. A transport is an A00-action / 0,} of QB on F such that 

01(t.., ):F-.F 

is a homotopy equivalence. 

As stated, Theorem A is trivially satisfied by the k,,-action which projects 
Ii-I X (QB/ X F onto F, but we will prove it in such a way that the transport 
constructed is quite significant. Our reason for calling attention to the maps 0; 
for i > 1 is precisely that this is the additional structure necessary to character­
ize fibre spaces. 

DEFINITION 2.4. A homotopy betwee:n A,,,-actions { 0;°} and { 0/} is a continuous 
family of Aoo-actions { 0/}. 

DEFINITION 2.5. Two fibre spaces p: E -. B and p': E' -. Bare fibre homotopy 
equivalent if there exist fibre preserving maps f: E -. E', g: E' -. E and fibre pre­
serving homotopies ht:E-. E, h/ :E'-. E' such that 

ho = gf, ho' = f g 

h1 = idE , hi' = idE' , 

We assume henceforth that all spaces have the homotopy type of CW-com­
plexes. 

THEOREM B. Given a transport { 0;}, there is a fibre space p0:Eo-. B such that, 
up to homotopy, / 0;) can be recovered as in the proof of Theorem A. If { 0;} was 
originally obtained, as in Theorem A, from a fibre space p: E -. B, the:n pe is fibre 
homotopy equivalent top. 

This suggests how to classify fibre spaces. 

THEOREM C. The homotopy class of the transport determines the fibre space 
up to fibre homotopy equivale:nce. The fibre space determines the homotopy class of 
the transport up to the action of homotopy equivale:nces of F into itself. 

3. The construction of transports 

The idea behind the construction of 0 (in §2) is to deform the trivial action 
( A, y) -. y through maps ft: QB X F-. E which cover a rather obvious homotopy 
of QB in B. The idea of Hilton's proof of homotopy transitivity is much the same. 
Using the maps ft, we see that 0(1 X 0) and B(m X 1) are homotopic in Evia a 



72 JAMES D. STASHEFF 

homotopy whose projection into B is deformable to the constant homotopy; 
hence the homotopy between 0(1 X 0) and 0(m X 1) can be deformed into F. 
We wish to use the same approach to get the Aoo-action { 0;}. 

Instead of homotopies 0nt:r- 1 X (Q.B)n X F---t E, we find it more convenient 
to seek corresponding maps "'Z,n:r X (Q.B)n X F ---t E such that 

is given by 

if t; = 1, and by 

if ti = 0, with the convention that "'Z,0 :F c E and the meaningless "xox1" is 
deleted if t1 = 1. Notice that if 0i has been defined for J < i, the conditions 
define "'Z,; on all faces of I; except t1 = 0. To obtain 0; , we seek to "fill in the 
box" in such a way that the fact t1 = 0 will give values in F. To do this, we first 
construct the corresponding maps in B. 

By induction, we define maps Pn:In X Rn ---t I. The coordinates r1, • • • , rn 
will correspond to the lengths of loops \ 1 , • • • , An . We specify p1 ( t, r) = tr 
and then, on jn X Rn, set r = r1 + · · · + rn and Pn(t1, • • • , tn, r1, • • • , rn) 

I Pn-1 ( • • • t;-1 , t;+1 , • • • , r ;-1 + r; , • • • ) , if t; = 1 i > 0; 

r - r1 · = l-r Pn-1(t2, ••• ,tn,r2, ••• ,rn), 1ft1 = 1; 

r1 + · · · + r;-1 r; + · · · + rn . 
------· p;-1(t1, • • ·, t;-1, r1, • • • , r;-1) + -----, 1f t; = 0. 

r r 

This defines Pn consistently on jn X Rn. Let Pn be any extension to r X Rn. 
Next, define un:r X (Q.B)n ---t B by 

where r; is the length of\,. Figure 3.2 indicates how un looks for n = 2, 3. (Re­
call the functional notation: \ 1 + \2 .) 

* 
X2 + Xa 

* 

* 

Fig. 3.2 
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Now assume 0i and~; defined for i < n so that ~n is defined on all but one 
face of j"_ Moreover by induction assume 

(c) P~i(t1, • • ·, x;, y) = <Ti(t1, ···,Xi); 

then this is also true for ~n insofar as it is defined. Since <Tn is defined on all of 
r X (QB) n, a lifting of <Tn can be used to complete the definition of ~n . Notice 
that, if t1 = 0, <Tn [ r- 1 X (QB)n = *; and so ~n restricted to this face lies in 
F and defines a map 0n as required. This is the significant proof of Theorem A. 

Our definition of "transport" makes no reference to a fibre space. Now that 
we have seen how a fibre space gives rise to a transport, we can embody this 
insight in our next definition. 

DEFINITION 3.3. A transport {0;:li-l X (QB)i X F -----► F} is a transport 
within a fibre space p:E -----► B if there exist maps {~;:Ji X (QB); X F -----► El 
satisfying (a), (b) and (c) where ~0 :F-----► p- 1(b) is a homotopy equivalence. 

Theorem B can now be reworded. 

THEOREM B. Given a transport {0;}, there is a fibre space pe:Ee-----► B such that, 
up to homotopy, { 0;) is a transport within pe . Given a transport { 0i} within p, the 
constructed fibre space pe is fibre homotopy equivalent to p. 

4. Construction of fibre spaces 

Dold and Lashof [3] have given a construction for a universal principal quasi­
fibration H-----► Err-----► Brr, where His an associative H-space. In particular, this 
is applicable to H = QB; and if B has the homotopy type of a CW-complex, B 
has the homotopy type of BnB (see [12], II, Cor. 9.2). 

In general, Brr can be defined inductively as a limit of "projective" spaces 
HP(n). LetHP(O) be a point. LetHP(n) = r X Hn U13nHP(n - 1), where 

f3n;jn X Hn-----► HP(n - 1) by f3n(t1, • • • , tn, X1, • • • , Xn) 

with the meaningless "x 0x1" being deleted. 

if ti = l, 
if t; = 0, 

Now, if H = OB, a specific map u:BnB -----► B is induced by the maps 
un:r X (OB)n-----► B. It is a (weak) homotopy equivalence, as can readily be 
seen by constructing a corresponding map of Erm into the path space £B which 
covers u and is the identity on QB. 

We will construct a fibre space over Erm by using r X (QB)n X Fin place 
of r X (nBr and performing certain identifications compatible with the 
projection which drops the factor F. 

Specifically, given a transport {0;:l;-i X (QB/ X F -----► F), construct 
Pn:E .. -----► (OB)P(n) by setting Eo = F and En = r X (OB)n X F U6nEn-1, 

where On: jn X (QB) n X F -----► En-1 by On Ct1 , • • • , tn , X1 , • • • , Xn , Y) 

{
On-1 ( • • • , ti-1 , t;+l , • • • , X;-1X; , • • • , Y), if t; = l, 

= 0;-1(t1, ••• ,ti-1,X1, ••• ,Xi-l,0n-i+t(ti+1, ••• ,y)), ift; = 0. 



74 JAMES D. STASHEFF 

Let Pn be induced by the projection of r X (QX)n X F onto r X (QX)n. 
At each stage Pn can be shown, by using fundamental theorems of Dold and 
Thom and the fact that 01(A, ) is always a homotopy equivalence (see [41, 
Thms. 2.2, 2.10, and 2.15; cf. [12), I, Thm. 10), to be a quasi-fibring. Under 
reasonable assumptions, Pn would actually be a fibre space; but very little has 
been written concerning this, and such generality is unimportant here. Let 
p': E' ____, Bun denote the union of the Pn , and convert p' to a true fibre space 
p:E----, BnB; i.e., E = {(e, A) I e EE', A:/--, BnB, A(O) = p'(e)}. If F and B 
have the homotopy type of CW-complexes, p will have fibres of the homotopy 
type of F. Finally, let pe:Ee----, B be induced from p by an inverse to a-:BnB ____, B. 

We have constructed a fibre space pe:Ee ____, B; we claim that our original 
{0;} is a transport within pe. First let us define J:/:J; X (QB/ X F ____, E' to be 
the identification map in the construction. Surely {J:/} satisfies conditions (a) 
and (b) of Definition 3.3. As for (c), we see that a-p1J:/(t1, • • ·, X;, y) = 
<Ti(tl, ••• ,X;). 

B------u-BnB+---u-_- 1-B 

Now E' can be regarded as embedded in Eby e ____, (e, Ae) where Ae(t) = p'(e). 
Since a- is a homotopy equivalence and Pe was defined using its inverse, p is 
fibre homotopy equivalent to <T'*pe. Let u:E----, Ee cover a-and induce homotopy 
equivalences between fibres. The maps { J:; = a-J:/) show that { 0;) is a transport 
within pe . This establishes the first part of Theorem B. 

We now wish to show that if { 0;} is a transport within p, then p is fibre homo­
topy equivalent to peas constructed. Let {J:,.:r X (flB)n X F----, E} show that 
{ 0;) is a transport within p: E ----, B. Observe that { J:n} induces a map <T'1: E' ----, E 
which covers a-and is a homotopy equivalence on fibres. Since E' is a deforma­
tion retract of E, <T'1 can be extended to a map r,: E ____, E covering a-. Because 
the fibres of p' are mapped by homotopy equivalences into those of p, u is a 
fibre homotopy equivalence. This completes Theorem B. 

5. Classification of fibre spaces 

We have just seen how to construct a fibre space from a transport. Given a 
homotopy { 0/) of transports as described in §2, we can construct a corresponding 
fibre space over B XI such that p-1(B X t) is fibre homotopy equivalent to the 
fibre space constructed using { 0/). Since any fibre space p:E ----, B X I is fibre 
homotopy equivalent to Pt X 1:Et XI____, B. XI, where Et = p-\B X t), po 
and Pi are fibre homotopy equivalent (see [2], Cor. 6.6). 

Conversely, suppose that, for E = 0, 1, we have fibre spaces p,:E, ____, B 
which are fibre homotopy equivalent by mutual inverses f,:E, ____, E,±1. Let 
J:/:J; X (QB); X F ____, E, show that 0/:JH X (QB/ X F --,Fare transports 
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within p •. Consider °'l:,o<±1 and f,°'2:,0':F ---+ p,±1-1(b). They are both homotopy 
equivalences; hence there exists h.: F ---+ F such that °'l:,o •±lh. and f,°'2:,0' are homo­
topic. It follows that °'2:,/±1(1 X · · · X 1 X h.) andf,°'2:,/ areverticallyhomotopic, 
since we can look at them as obtained by covering the same homotopy in B. 
Thus /°'2:,0<±10;<±1(1 X • • • X 1 X h.)} and IJ.~0•0/} arehomotopic asA.,-actions, 
and, hence, so are 0/±1(1 X • • • X 1 X h.) and h,0;'. This is what we mean by 
saying the homotopy class is determined up to the action of homotopy equiva­
lences of Finto itself. This action will appear in more familiar terms shortly. 

Theorems A, B, C can now be combined as follows. 

CLASSIFICATION THEOREM (2). The fibre homotopy equivalence classes of fibre 
spaces p: E ---+ B with fibres of the homotopy type of F are in natural 1-1 correspond­
ence with the homotopy classes of transports / 0 i: Ii-I X (OB/ X F ---+ F} under the 
action of homotopy equivalences of F into itself. (As always, we are assuming that 
F and B have the homotopy type of CW-complexes.) 

In [10] we have given an alternative form of the Classification Theorem. First 
let LF(B) denote the functor described, i.e., fibre homotopy equivalence classes 
of fibre spaces p:E---+ B with fibres of the homotopy type of F. Let H(F) denote 
the space of homotopy equivalences of F into itself with a suitable topology to be 
described later. H(F) is an associative H-space; so, using the Dold-Lashof con­
struction, we can look at the universal base space BH(F) . For any spaces X, Y, 
let [X, Y] denote homotopy classes of maps of X into Y ( no mention being made 
of base points). 

CLASSIFICATION THEOREM (1) (see [10]). If F is a finite CW-complex, the 
functors LF( ) and [ , BH(F)] are equivalent on the category of spaces of the 
homotopy type of CW-complexes and homotopy classes of maps. 

We wish to point out in detail how these two classification theorems coincide. 
The additional restriction in Classification Theorem (1) that F be a finite com­
plex was used to make sure that BH(F) and, hence, the fibres of the universal 
example would have the homotopy type of CW-complexes. In Classification 
Theorem (2), this restriction was avoided by constructing directly the induced 
fibring over B, using OB, which has the homotopy type of a CW-complex if B 

does. 
In comparing the two classifications, the first step is to look at the maps 

{ 0;:Ii-l X (OB);---+ FF} which are adjoint to the transport/ 0;}. If 01 were transi­
tive, 01 would be a homomorphism. (This is why we have written the composition 
of loops according to functional notation; the usual notation would make 01 

an anti-homomorphism.) That 01 is homotopy transitive means precisely that 
01 is an H-map. Restricted classes of H-maps which are the homotopy analogues 
of homomorphisms have been studied (by Sugawara [13], Fuchs [6], and the 
author [12], II). The conditions for an An-action are easy to interpret in terms 
of the adjoint maps 0;:Ji-l X xi - FF. 
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PROPOSITION 5.1. { 0;, i = 1, · · · , n} is an An-action if and only if { 0i, i 
1, · · · , n} shows that 01 is an An-map. 

The conditions correspond precisely, except that t; = 0 and 1 have been inter­
changed to make things more compatible with the Dold-Lashof construction; 
only the continuity is in doubt. We take the point of view that the adjoint maps 
into FF are a mere device. We want them to be continuous precisely because the 
original 0; are. If Fis locally compact Hausdorff, the compact-open topology will 
do. Otherwise we force our desires to be satisfied, thus defining at least a quasi­
topology on FF (see [9]). We use the same approach on H(F). 

The case of greatest interest is n = oo, in which case Sugawara calls 01 "strongly 
homotopy multiplicative" and Fuchs calls the collection l 0;} an "H-homo­
morphism". In light of Proposition 5.1, Classification Theorem (2) can be re­
phrased. 

CLASSIFICATION THEOREM (3). LF(B) is in natural 1-1 correspondence with 
homotopy classes of A.,-rnaps of QB into H(F) modulo 1r 0(H(F)) acting as inner 
automorphisms. 

To appreciate the significance of Aoo-maps, a short survey of the general theory 
of associative H-spaces will help. The Dold-Lashof construction is natural with 
respect to Aoo-maps (see [G], [13], and [12], II), so that homotopy classes of A.,­
maps give rise to homotopy classes of maps in the corresponding base spaces. 
Just as the Dold-Lashof construction passes from associative H-spaces to 
ordinary spaces, the process of passing to loop spaces goes in the other direction. 
As for maps, if f:X --'> Y, then Qf:QX --'> QY, defined in the obvious way, is 
actually a homomorphism. 

We have already observed that BD.x has the same homotopy type as X. We 
also have the relation that if His an associative H-space of the homotopy type of 
a CHT-complex, H has the same homotopy type as QBH. If G should be a topo­
logical group, it follows from the result of Brown's applied to Milnor's universal 
G-bundle that the equivalence QB --'> G can be given by a homomorphism. In the 
case of an associative H-space, we can only assert that the equivalences in both 
directions are given by Aoo-maps, and there are examples to show that A 00 -maps 
are essential to the study of associative H-spaces which are not groups (see the 
Remark following Theorem 5.2). 

To use A.,-maps more facilely, it might help to think of the category of associ­
ative H-spaces and Aoo-maps-except that this is not a category. The difficulty 
is with the composition operation. If { f;} and {g;} are Aoo-maps, defining the 
composition of { f;} and {g;} involves a decomposition of the cube, as the follow­
ing simplest case indicates. Let f:H--'> J and g: J--'> K be H-maps with hcmo­
topies hi:H X H--'> J andjt: J X J--'> K such that 

ho(x, y) = f(xy) and io(u, v) = g(uv), 

h1(x, y) = f(x)f(y) and i1(u, v) = g(u)g(v). 
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Then a homotopy k 1:H X H - K showing that gf is an H-map is given by 

k(· )-{gh2t(x,y), os;2ts;l 
1 x, Y - j 21_ 1 (f(x), f(y) ), 1 s; 2t s; 2. 
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(For the case of three variables, see [12], p. 299.) If we use this homotopy or 
anything like it to define the composition of H-maps, composition will not be an 
associative operation: we will not have a category. Fuchs took cognizance of this 
difficulty and avoided it by passing to homotopy classes [6]. 

Let JC denote the category of associative H-spaces and homotopy classes of 
Aoo-maps, i.e., homotopies { i:i/} which for each t show i:i/ to be an Aoo-map. 
Let g: denote the category of spaces and homotopy classes of maps, while 5'o 
denotes the category of based spaces and base point preserving homotopy classes 
of maps. For any category e and objects X, Y in e, we will denote by 
Home (X, Y) the maps from X to Yin e, which means homotopy classes if e 
is a category of spaces and homotopy classes. Note that if Y is connected, the 
obvious map Hom[f0 (X, Y) - Homlf (X, Y) amounts to factoring out by the 
action of 71'1 ( Y). 

We have mentioned that the Dold"Lashof construction is essentially a functor 
B:Homx (H, H') - Hom[f0 (BB, BB,), Similarly we have D:Homg,0 (X, Y) --t 

Homx (DX, DY). Fuchs proves (in [6], §7) the following theorem. 

THEOREM 5.2. If all the spaces in question have the homotopy type of CW­
complexes, then B:Homx (H, H') - Homg,0 (BH, BH') is 1-1 onto, as is 

D:Homg,0 (X, X') --t Homx (DX, DX'). 

The same method of proof shows that Hom" (BB, BB') (i.e., free homotopy 
classes) is in 1-1 correspondence with Homx (H, II') modulo the action of 
7ro( II'). Thus Classification Theorems ( 1) and ( 3) are equivalent in terms of the 
correspondences between Homrre (DB, H(F))/7ro(H(F) ), Homgc (BoB, BH(FJ) 
and Hom" (B, BH(F)), 

Fuchs comments further that B is not necessarily an isomorphism if we re­
place JC by the category with the same objects and homotopy classes of strict 
homomorphisms. For example, the unit interval with its usual multiplication is 
not contractible through homomorphisms (O and 1 would both remain fixed), 
although it is through A 00-maps ( therefore Br is contractible, as can be seen 
directly). This justifies our emphasis on A 00-actions rather than transitive ac­
tions; they arise not only naturally but perhaps essentially in the theory of 
fibre spaces. 

The correspondence between the two forms of classification is of greater signifi­
cance if examined in detail. For a given fibre space p:E --t B with F a finite 
complex, let x:B - BH(FJ be the classifying map constructed in [10]. Let 
B 6:Bv.B --t BH(FJ be the map of classifying spaces constructed using the adjoints 
{ i:i;:t- 1 X (nB/ - H(F)}. We then claim that Bo~ x o (T; i.e., 
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B n B ~ B 
Be ". ✓ x 

BH(F) 

is homotopy commutative. By virtue of Classification Theorem ( 1), it is sufficient 
to show that pis fibre homotopy equivalent to (a--1 o Be)*u, the fibre space 
induced from the universal example by Be composed with an inverse to a-. Ac­
tually what we will do is to construct a map of fibre spaces, 

Ee--, UE 

Pel l u 

which induces homotopy equivalences between corresponding fibres. This is 
good enough, since pe is fibre homotopy equivalent to a-* p and rr is a homotopy 
equivalence. 

First, with some change in notation, we reconstruct u: UE - BH(F) • Let 
qo:Do = F - *, a point. Define Dn = r X H(F) n X F U~n Dn-1, where rJn:jn X 
H(F)n X F ----c> Dn-1, by 

1'/n ( t1 , • • • , tn , \01 , • • • , \On , Y) 

{
1'/n-1 ( ' • ' , ti-1 , ti+l , • • • , \O,:\Oi+l , • • • , Y), 

= 1'/i-l ( ti , ' • ' , ti-l , \01 , • • ' , \Oi-1 , \Oio ' • • 0 \0n ( Y)), 
ifti = 1, 
if ti = 0, 

and let qn:Dn ----c> H(F)P(n) be induced by the projection of r X H(F)n X F 
onto r X H(F)n. The universal example is then obtained from the limit of the 
qn by turning it into a fibring in the standard way. Since pe was constructed in a 
similar way from fibrings Pn:En ----c> (QB)P(n), we need only construct appro­
priate maps of Pn into qn . (Similar maps for the associated principal fibrings 
are constructed by Fuchs in [6] and Sugawara in [13] in different ways, but 
neither will suffice for our purposes.) Since 01 is not a strict homomorphism, we 
need some elbow room to utilize the various homotopies; we obtain this by sub­
dividing r and stretching the pieces appropriately. Specifically we will sub­
divide r into prisms determined by t2 , ' • ' , t, ?:'.: ti ~ ti+l , • • • , tn . Further 
let t/ = t;/t1 and ti = 1 - ( 1 - t,) /1 - t1 . Now let Vin: En ----c> Dn be defined in 
terms of the preimage r X (QB)n X F by 1fn(t1, '· • , fn, Xi, '· • , Xn, y) = 
(ti' 0;(t2' ••• 'l;' Xi' ••• ' X;) I Vln-i(t;+i'' ••• ' tn'' X;+1, ••• ' Xn' y) ), for 
t2 , • • • , ti ?:'.: ti ?:'.: t,+1 , • • • , tn , where the vertical bar indicates that the t­
coordinates of lfn-i(t;+i', • • • , y) are to be brought out between t1 and 0;. 

To verify that if; n is well defined requires checking that when t; = t1 the alter­
nate expressions indicated above agree and that when t; = 0 or 1 the definition 
respects the identifications under on and 1'/n . This verification will be left to the 
interested reader; it follows straightforwardly from the inductive definition of 
1/ln and the behavior of on, rJn, and 8; on the boundary of r- 1. By induction one 
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also verifies that Yin respects fibres and hence induces maps (QB)P(n) -
H(F)P(n). In the limit, this is the map B 6 referred to. (The parameters used by 
Fuchs or Sugawara are somewhat different but can easily be seen to give homo­
topic maps.) 

This completes our comparison of the various forms of the Classification 
Theorem. 

As presented, the Classification Theorems involve the equivalence of functors. 
The emphasis is on naturality with respect to maps of the base space. Changes 
in the fibre are somewhat more subtle and involve natural transformations of the 
functors involved. We are led to questions of considerable interest: the classifica­
tion's independence of the representative of the homotopy type of F ( §6) and 
the naturality of the classification with respect to restricted structures on the 
fibre ( §7). 

6. N aturality of transports 

Since we have already become involved with Aoo-maps which are adjoint to 
transports, it is perhaps worth remarking how the theory of A00 -maps can be used 
to streamline the construction of transports and to show how intrinsic is the 
deviation from transitivity. This leads us to a study of the naturality of the 
classification with respect to changes in F. 

First we consider a special case. If J:A - Bis any map, we can construct an 
equivalent fibre spaceJ:A - B by setting A= /(a,:>-.) la EA, :>-.:[O, r] -
B, :X.(O) = f(a)}, and p(a, :>-.) = :>-.(r). A rather obvious transport for 
pis tf(µ, (a,:>-.)) = (a,µ+ :>-.) which is obviously transitive. Now let us take 
f = p :E - B. We wish to use tJ to construct a transport within p. There is 
always the mapj:A -A given by j(a) = (a,}.,,) where :X.a:[O, OJ -J(a) which 
is a homotopy equivalence. If f is a fibre space, then j is a fibre map and hence a 
fibre homotopy equivalence (see [2], Th. 6.1). In particular, corresponding 
fibres F of p and F' of p are homotopy equivalent, which allows us to compare 
H(F) and H(F') rather neatly (as Fuchs has also realized independently in 
[6], §2.4). 

PROPOSITION 6.1. If Kand Lare spaces of the same homotopy type, then H(K) 
and H ( L) are equivalent in the category X. 

Proof. Let a:K - L and (3:L - K be mutual homotopy inverses. Define 
x:H(K) - H(L) by x(I") = a\0/3 and p:H(L) - H(K) by p(if;) = (3if;a. That 
x, for example, is an H-map but not a homomorphism is readily seen: 
x(101h(102) = C£101f3C£10zf3,...., a\01\02/3 = x(\01\02). (For the higher order conditions, 
see Fuchs [6].) That x and pare mutual inverses is also easy to see: PX(\O) = 
f3a\Of3a ~ \O· Since the obvious homotopy has the same form as x, the same 
proof shows it is a homotopy through Aoo-maps. 

Thus for p, we have the transitive transport tf:QB X F' - F' and an A00-map 
x:H(F') - H(F). The composition xJ is an A 00 -map and is therefore adjoint to 
an A00 -action / e.;) of QB on F. That this construction agrees (up to homotopy 
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( 
modulo r.0( H ( F))) with our earlier one will follow if we show that this { 0;} 
is a transport within p. We first observe that t'J is a transport within p. 
'J:,/ ( t, µ, ( a, A) ) = ( a, µt + A) where µt is the restriction of µ to [O, rt] and the 
higher 'J:,/ are defined analogously. To obtain the corresponding maps 'J:,; for 
0; in p, we must use an analogue of x- The adjoin ts to 'J:,n': r X (OB) n X F' - E 
have values in the associated principal fibre space Prin E = { cp: F' - E [ cp is a 
homotopy equivalence with some fibre p-1 ( b)} . Composition makes Prin E a 
"module" over H(F'); i.e., there is a transitive action Prin E X H(F') - Prin E. 
Now the fibre homotopy equivalence j: E - E and an inverse induce a fibre 
homotopy equivaience which we also call x: Prin E - Prin E. Defining A 00-maps 
of modules in the obvious way, we use essentially the same proof as for Prop­
osition 6.1 to assert that x is an Aoo-map. Composing this Aoo-map with the 
adjoints to { 'J:,n} then gives the adjoints to the corresponding maps 
'J:,n:r X (OB)n X F - E. 

What we have been talking about amounts to the naturality of transports with 
respect to fibre homotopy equivalence. More generally, we have the following 
theorem. 

THEOREM 6.2. Let 

be a map of fibre spaces such that J induces homotopy equivalences between cor­
responding fibres. If { 0;} is a transport within p, then { 0;[1 X (Of/ X ll} is a 
transport within p. 

Proof.pis fibre homotopy equivalent to f*p; so first suppose f = id:B - B. 
If {'J:,n:r X (OB)n X F -E} show that {0;} is a transport within p, then, using 
a fibre inverse g:E - E, the compositions g'J:,n show that { 0;} is a transport 
within p. For a more general/, observe that Of is a (strict) homomorphism and, 
hence, that {'J:,;[l X (Of/ X ll} show that {0;[1 X (Of)' X ll} is a transport 
withinfp and hence within p. 

We have thus established the "naturality" of transports (in the technical 
sense) very thoroughly. We have also accomplished something else. The functor 
LF ( ) is by definition the same as LF' ( ) , if F and F' have the same homotopy 
type. Since H(F) and H(F') have the same Aoo-homotopy type, BacF) and BacF') 

have the same homotopy type and hence [ , BacF)] and [ , Ba(F')] are iso­
morphic, as indeed the Classification Theorem implies they should be. 

This leads us to study the naturality of LF(X) with respect to submonoids 
of H(F), that is, to the study of fibre spaces with additional structure, e.g. 
differentiable bundles. 
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7. G-structures 

Although general submonoids of H(F) may some day be of interest, we re­
strict ourselves to subgroups, the maximal one being the group of all home­
omorphisms of F onto itself. A fibre space with a G-structure is then automatically 
a fibre bundle. We find it most convenient to follow Ehresmann-Feldbau in 
defining G-bundles. 

DEFINITION 7 .1. If G is a group of homeomorphisms of F, a G-bundle with fibre 
Fis a map p:E - B together with a preferred class of maps <p:F - E such that 

( 1 ) each <p is a homeoinorph ism with some fibre p -r ( b) ; 
(2) if 'P, <p1 :F - p-1(b), then 'P-v E G; 
( 3) if <p1 E G and <p is in the class, so is <p<p1 ; and 
(4) the Bundle Covering Homotopy Property is valid; i.e., given a commutative 

diagram, 

X -->B go , 

such thatfo(x, ) :F - Eis in the class for each x E X and a homotopy, gt:X -
B, there exists a covering h01notopy ft:X X F - E such that ft(x, ) :F - E 
is in the class for each t, x and Pft(x, y) = gt(x). 

We have chosen to redefine G-bundles for several reasons: a) our definition 
is intrinsic rather than in terms of coordinates; b) it is more in line with our 
definition of fibre space; and c) it emphasizes precisely those properties of G­
bundles which we wish to use. Notice that no mention is made of a topology on 
G. To effect a comparison with a Steenrod fibre bundle, we specify a quasi­
topology on G ( cf. [9]): X - G is continuous if and only if the adjoint X X F - F 
is continuous. In most cases then, our definition of G-bundle will agree with that 
of Steenrod. In particular, p will be locally a product if B admits a numerable 
covering each set of which is null homotopic in B, and a Steenrod fibre bundle 
will satisfy our definition if it is numerable in the sense of Dold [2], e.g. if B is a 
connected CW-complex. 

The relevance of condition ( 4) to transports is fairly obvious. We apply it to 

W3XFLE 

l l 
W3 Yt B 

-----"----+ ' 

where as usual F = p- 1(*), fo(A, y) = y and gt(A) = A(t). We get 
fr = 01:ru3 XF - F such that 01(\ ) E G. As usual, we cannot guarantee the 
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transitivity of 01 obtained this way. However, Brown has shown essentially 
the following (see [1], Th. (1.5) ). 

THEOREM 7.2. If p:E ---'> B is a numerable G-bundle, there exists a transitive 
transport 0:DB X F---'> F such that 0(A, ) E G. 

Moreover, 0 can be extended to a map ~:£B X F---'> E which is transitive 
with respect to 0 and hence shows that 0 is a transport within p. The construction 
of PB is easier in that the inductive step produces a G-bundle directly at each stage. 
Using ~, it is easy to cover u by a G-bundle map PB---'> p, i.e., a G-equivalence. 

The rest of our discussion of transports carries over to G-bundles in an obvious 
way. The final result is familiar in two forms: Let LG(X) denote equivalence 
classes of G-bundles over X. (For clarity, we assume G given as a group of homeo­
morphisms of F, so all bundles are assumed to have fibres homeomorphic to F. 
The equivalence is the categorical one: G-bundles p,:E, ---'> B, € = 0, 1, are 
equivalent if there exist maps 

E. ~ E e±l 

l l 
B=B 

such that f, takes the distinguished collection {II': F ---'> E.} into the distinguished 
collection {II': F ---'> E <±1} and f,fe±1 = id.) 

CLASSIFICATION THEOREM. On the category of spaces of the homotopy type of 
CW-complexes and homotopy classes of maps, the functor LG( ) is naturally 
equivalent to the functors Hom;y ( , Ba) and Homx (D , G)j,1ro(G). 

The result of Brown and others in the K-theory ( of vector bundles) over 
classifying spaces suggest that Homx (D , G) can be replaced by homotopy 
classes of strict homomorphisms. This appears to be the outstanding open 
problem in this theory. 

Now let us look at the naturality of the classification with respect to G. Sup­
pose G' is a group of homeomorphisms of F'. 

Given a homomorphism h: G ---'> G' ( continuous with respect to the quasi­
topologies), we can convert a G-bundle p: E ---'> B into a G' -bundle p': E' ---'> B 
by using the associated principal G-bundle Prin E to form E' = Prin E X a F'. 
That is, Prin E = { distinguished II'} with the corresponding quasi-topology, and 
Prin E X a F' means Prin E X F' modulo the equivalence relation ( II' o g, y) "" 
( 11', h(g) (y)). Now if h is not a homomorphism, this is not an equivalence rela­
tion; however, our construction shows us how to make do if his only an Aoo-map. 
We could construct a transport for p and compose with h to get a new transport 
which could then be used to construct the equivalent of Prin E X a F'. Alterna­
tively, we could modify our construction as follows. There is an obvious transi­
tive action of G on Prin E given by composition. Let { 0;: t- 1 X Gi X F' ---'> F'} 
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be the Aoo-action corresponding to the fact that h:a - a' is an Aoo-map. Let 
Do = Prin E X F, and construct Dn = r X Prin E X an X F' Uan Dn-i , 
where on: jn X Prin E X an X F' - Dn-i by 

On ( t1 , • • • , tn , Xo , X1 , • • • , Xn , Y) 

{
On-1( • • • , ti-1, ti+l, • • • , Xi-lXi , • • •), if t; = 1, 

= Oi-1(t1, • • • , ti-1, Xo, • • • , Xi-1, 0n-;+1(ti+l, • • • , y) ), if ti = 0, 

where Xo E Prin E, X1, • • • , Xn E a, y E F'. Similarly, define Bn by omitting the 
factor F' throughout, and let qn:Dn - Bn be the induced map. The maps qn 
are a'-bundles as long as a' is a group of homeomorphisms. Let q00 :D 00 - B 00 

denote the limit which will again be a bundle. In [11], we have proved that B 00 

has the homotopy type of B. Let q:D - B be induced from qoo by a homotopy 
equivalence. This is the bundle we seek, the a'-bundle associated to p:E - B 
and the Aoo-map h:a - a'. 

By means of the constructions just indicated, La(X) can also be regarded as 
a functor from the category of homeomorphism groups and Aoo-maps. Given an 
Aoo-map h:a - a', we can also compose it with adjoints to transports, thus 
inducing 

Homx (OX, a) - Homx (OX, a'). 

Of course, the corresponding map of base spaces gives 

Homg: (X, Ba) - Homg: (X, Ba,). 

Thus it makes sense to say, and our constructions make it clear, that the equivaa 
lence between the three functors in question is also natural with respect to A 00 -

maps of the structure groups. 
We conclude with some remarks to further emphasize the naturality of these 

constructions from the point of view of homotopy theory. First, our original 
construction can be regarded as a special case of the later one by taking a = OB, 
a' = H(F), and, for Prin E, the path space on B. Being contractible, the latter 
is essentially a point and hence never mentioned explicitly in the construction. 
In [11], we showed that in general the equivalence Boo - B can be given by a 
fibring with fibre precisely Ea . The same is true for the covering map D 00 - E, 
so that we have 

Ea - Doo - E 

"'"'\. l l 
Boo-B. 

Finally, observe that Boo can be mapped into Ba by omitting the factor Prin E. 
This gives yet another version of the classifying map. In fact Boo - Ba will be 
a a-bundle with fibre Prin E. This is very much in keeping with the philosophy 
that says, up to homotopy, any three successive terms in the sequence • • • -
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QB - F - E - B can be regarded as fibre, total space, and base and that the 
sequence can be extended by a classifying map B - BF if E is a principal F­
fibring. 

UNIVERSITY OF NOTRE DAME 
INST. FOR ADVANCED SuuDY 
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