EXISTENCE OF SOLUTIONS OF RETARDED FUNCTIONAL EQUATIONS
WITH NON CONTINUOUS INITIAL CONDITIONS

By C. Imaz, F. Oniva and Z. VoREL

1. Introduction

Let r and @ be positive numbers and let T' be a set of functions defined on
[—r, a] into R". Let @ € T and let A be a set of functions from [—r, 0] into R"
such that for every ¢ € [0, a] and every y € Q the function %, (8) = y (¢ + 6) with
6 € [—r, 0] is an element of A. Let now f be a function from A X [0, a] into R".
We say that a function = € T' is a solution of the functional differential equation

dz
% =f($g,t) .

with initial condition zy € A, if (¢) = 2o (¢) for all ¢ € [—r, 0] and
2(t) = 2(0) + [$f(@, ,5)ds

for all £ € [0, a].

Existence theorems for such equations have been given in [3] for f lipschitzian
in its first argument and integrable respeet to ¢. In [2] this result is obtained for
continuous f and in [5] existence is proved under Caratheodory type of conditions.
In all the above mentioned papers, with the exception of [5], the initial condition
is assumed to be continuous. In the book [6] the existence of solutions for piece-
wise continuous initial conditions is mentioned but no adequate reference is
given. The basic object of the present work is to give an existence theorem for
these equations under general conditions on f and almost no restrictions on the
initial conditions.

2. Existence Theorem

Using the same notation as in [4] let ¢ (#) be a nonnegative continuous func-
tion defined on some interval [0, o] with ¢ (0) = 0 and such that the series

© . ’ )
=% (3)
is uniformly convergent in [0, «]. Under such conditions if we define
-] 7 0
Vo) = 25 (2—>

then ¥ (0) = 0 and ¥ (9) — 0 with 6 — 0". By w; , w» and ws we shall always de-
note continuous and increasing funections, w; and w; defined on [0, a] and w; de-
fined on [0, 2w ()], all vanishing at zero and bounded below by linear functions
with positive slopes. These functions are assumed to be such that if we define

¥ (60) = w21 (6)]ws (6),
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and define ¥ () as before in terms of ¢ (9), these functions satisfy the conditions
mentioned before.

With the symbol § (M, w; , ws , ws , o), where M represents a subset of X X R'
for some banach space X and ¢ € (0, o], we mean all functions # continuous on
M, range in X and such that

|Fx, &) — F(z, )] < or([ts — &])

and

(F@,t) — F@,t) —F(m,b) + Fa, )] < o(ts — & )os(| 21 — 22]])
for all admissible values of the arguments and [#, — #| < o. Here || [ is the
norm in X.

Remark 2.1. 1t is straightforward to prove that if F (z, t) € § where the vari-
able z ranges over some set of functions with modulus of continuity 2w, the
conditions of Theorem 2.1 in [4] are satisfied.

Let yo be a function from [—7, a] into B” such that ¢ (7) = %,(0) for r € [0, a]
(yo need not be continuous or anything special in [—7, 0]). Let T' = T'(r, a, o)
be the set of functions z from [—7, a] into R" such that z(r) = wyo(r) for
7 € [—r, 0) and are continuous in [0, a]. We can consider I' as a banach space de-
fining the linear operations by

(N yO(T)y TE [—7'7 0)
(e o+ By) () = {axm + By(r), €D, a

for all reals e, 8 and z, y € T'; and defining the norm in ' by
[llr = supo<i<a | 2(7)|.
Let @ be a convex subset of I' that contains yo ; (71, T:) will be a real interval
and F a function from @ X (T, T:) into I'. We are interested in solutions of the
generalized differential equatlon
(2.2) == = DF(z, t)
d‘r

when F € F@ X (Th, T2), w1, w2, w3, 7).

Giventy € (T1, T:) and a real number A > 0 such that [ty, & + &) C (T1, T:),

let A (¢, k) denote the set of continuous functions from [t , ¢, -+ 4] into T' (v, a, yo)
with a supremum norm denoted by || |4 . We define the set

Ay = Ao, by o, 0,Q) T A, h)

to consist of those functions y € 4 (to, h) for which the following four conditions
are fulfilled:

a) y(h) =y

b) ly@) — yE)le < 20(Jt — ¢'|) forall ¢, €[k, 8+ A and
23) [t—t|<e

' ) ly®)(r) — y@)(@)| < 2(r — 7'|) for all 7, 7' €0, a,
t€ o, o+ h and |7 —17|<¢
d) y@) € Q forall ¢E€ [t,t + Al
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This set is clearly non-empty since it contains the function y(() = o for all
t € [to, to -+ h]. We shall now prove Lo

Lmvma 2.4, The set A1 (t , b, Yo , w1, 2) 28 a compact and convex subset of A (&, h).

Proof. Given y, 2 € A a straightforward computation will prove that the linear
combination (1 — a)y + az € 4, for all « € [0, 1], proving convexity. On the
other hand, compactness follows from the extended Ascoli’s theorem as glven
in [1] pag. 382. :

We can now prove the following existence theorem for equation (2. 2)

THEOREM 2.5. Suppose there exists an by > 0 such that the followmg condztzons

are satisfied:

D) | [LDFyE), slr) — DFyE), sl@)] < 2w(r — 7'|)

2) g+ [i, DFly (), sl € @
forallt € [t to + h],T,T’ €0,al,|r—7 | <o,k <hjandy € Ai(to, h, yo,1,Q);
then there exists an hy < he such that equation (2.2) has a solution on [ty, to + hi
with initial condition y, at to .

Progf. We have to prove the existence of a function y € A (%, 71) such that
y@® = 9o+ [1 DFE), o] |
for all ¢ € [ty, to + M]. Let us now define a transformation &:4; — 4, given by
(26) @O =w+ [LDPEE), 6l

We shall prove that for % sufficiently small & maps A1 (%, &, yo, w1, ) continu-
ously into itself, Lemma 2.4 and Schauder’s fixed point theorem will then give
the desired conclusion of Theorem 2.5.

We have to prove that for a suitably chosen 2 < ko y € A1(t, %, 3o, w1, @)
implies ®(y) € A1, h, 3o, w1, 2). Obviously ®(y) satisfies conditions a) and

d) of (2.3).
Let now & > 0 be such that wy (7) > k70 <7 < o and define k™ (k) = sup 1¥ (y)
for g € [0, min (A, o)]; chose Ay € (0, ko) such that

(2.7) k* (hs) < k.
Ma,kmg use of Theorem 2.1 in [4] and the fact that
F ¢ %(Q X (T, Tz),w1,w2,w3,a)
we have the following estimate:
o) (® — &)l = If¥ DFly(®), llir < [ DFly(8), o
— Fly(®), {1 + Fly(®), dllx + |Fly(9), ]
[t —1¢|
2

= Fly(@), dilr < (|t — ¢

+ wi(] ¢ _¢ D)< B (he) [t — 1|
+a([t—1t]) < 2]t — &),
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for all ¢, &' € [to, fo + ha], |t — t' | < o and this proves that ®(y) satisfies con-
dition b) of (2.3) when h < hs.

Moreover condition ¢) is a direct consequence of hypothesis 1) regarding the
integrals of F. Finally we need to prove the continuity of ®. Let 0 < A < h; and
for any given ¢ > 0 chose § = §(e) such that A[lmaxo<, <s ¥ ()] < €/2. Given any
t€Efho,to+ hlletty =8 < & < -+ < 8u =1t X & + h be any subdivision of
[to , £] of norm not greater than 8. Let now y, 2 € A; be such that ||y — 2[4 < o,
then we have

| ®C)E) — 2@&)E)lr
< 2| [ D{Fly (r), 5] — Fle(r), sl}
— Fly(s:), sial + Flz(si), sia] + Fly(sq), si
= Fle(sa), sl + 22850 | Fly (s:), sen] — Fle(s:), el
— Fly(ss), sl + Flz(ss), sl < 2250 (51 — 8:)¥ (51 — 1)
+ 2050 wsll| y(s:) — 2 (se)llrlwe (sera — s:)
< hlmaxo <, <s ¥ ()] + men(f| y — 2 [|a)e2 ().

Therefore
12(y) — 2@)la < 5+ maallly = 2[|)en(®).

Chose 7 > 0 such that mw; (7)ws(6) < €/2, then it follows from the last estimate
that

@) — 2@)a < e

if |y — 2|4 < 7, proving the continuity of ® and concluding the proof of the
theorem.
3. Functional equations

Let @ = Qo) © T be defined by @ = {€T|v{) = () and
[v@) —v({')| < 2 (|t —¢|)forallt, i €[0,a], |t —t]<oa}.

Obviously @ is a convex subset of I'. Define as usual v::[—r, 0] — R"by
v;(r) = v(@E + 7) forall 7 € [—r, 0], t € [0, a] and v € T'. Let A be the class of
functions defined as follows

A= {v|veEQte]0,al].

Denote G = §(A, w1, w2, ws,0) = {g:A X [0, a] — R"| a) g is lebesgue integrable
in [0, a] forallo € Q;b) | [4 g@.,s)ds| < wi (|t — ¢']) and

[[ilg@t, s) — g, )lds| < @ (|t — & as(]| 0" — o*[Ir)

forallv, o', ® € @, t,¢ € [0,al, |t —¢| <oand |[v — " |r < o}.
A funection v € Q is said to be a solution of
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(3.1) | B = 40,0

in [0, a] with initial condition y, if and only if
(3.2) v(t) = 9(0) + [og(vs,s) ds
forall ¢ € [0, a] and v(t) = yo(¢) forall ¢t € [—r, 0).
Exactly in the same way as was done in [7] one can prove that if
. yO(T); TEC [—7‘, O]J t € [O; a] )
3.3) F(x,t)(r) =< [0, s)ds; t€[0,a, 1<t
[o 9@, s)ds; ,t€[0,a], t<7

and z(¢) is a solution of (2.2), with F defined by (3.3), with initial condition
z(0) = yo then the function v (¢) defined by
_Jp();  te[-r0]

v® = {xa) ®; tel,ad
is a solution of (3.1) on [0, a] and initial condition ¥, .

Observe thatif g € G(A, w1, wz w3, o) then the function F defined by (3.3) is
an element of F (@ X [0, al, w1, w2, w3, ). Therefore it follows from Remark 2.1
that

(34)

[eDF[z (), s] existsif ¢ € [0, a]
and z € A:1(0, a, yo, w1, 2).
Let us now prove:

Lemma 3.5. Let z € 4,0, a, Yo, w1, ), then
[ OF (), sll(r) = [[oDFe(t), sll¢) forall 7>t and
Ui DFz (&), sll(r) = [[iDF[z(¢), sli(z) for all v < ¢ and ¢, €0, a].

Proof. Let > t and take a subdivision 0 = 8 < 8 < -+ < 8, = ¢, then
[[s DF [z (£), sll(r) = [2215 Fla(s:), sl — Fla(s:), sdl(r) + 0(1)
= [0 Fla(s:), sqal () — Fle(ss), sd(@®)] + 0(1)
= [[s DF[z &), sll ) + 0Q1),

where 0 (1) tends to zero with the norm of the partition tending to zero, proving
the first relation. A similar argument yields the second relation. We shall now
prove the following existence result.

TraEOREM 3.6. Let g € G(A, w1, w2, w3, o), then there exists at least one solution
v € Q of equation (3.1) in [0, al, with a sufficiently small, which fullfils the initial
condition v(t) = yo(t) for t € [—r, 0].

Proof. With F defined by (3.4) we know that if there exists a solution of (2.2)

then also (3.1) has a solution. We shall prove that Theorem 2.5 can be used with
th=0and a = hy.Let y € 4:(0, a, %o, w1, 2) and let us prove that condition
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1) in Theorem 2.5 is satisfied. For this, let 7, 7, ¢t € [0, a] and |7 — 7' | < &, we
shall consider the following three possibilities: i) 7 <r< t,il) r > 7 > tand
#6) + > ¢t > 7. In case i) we have, using Lemma 3.5, that

I[fs DFly(£), sli(r) — [fs DF[y(£), slI(+)]
= |[J§ DFly(8), sll(r) — [f§ DFly(&), sli(r)]
= |[ f7 DFly(®), sl@)| < ||f7r DFly(®), s]llx

< || Fly(s), 71 — Fly(7), 7

In case ii) we have, again making use of Lemma 3.5, that

s DFy ¢), sll(r) — [[e DF[y &), sl1("))]
= [[[sDFly ¢), s) ¢) — [fs DF[y &), s11@)| = O.
Finally, in case iii) we have, according to Lemma 3.5, that
e DFly &), sll(r) — [Js DF[y ), sl )|
= |[[[s DFly €), sllt) — [J § DF[y &), s11@)|
= |l/> DFly©), s @) = |f & DF[y ), sI@)] < 2m(r — 7)),

proving condition 1) of Theorem 2.5. Condition 2) of Theorem 2.5 followsfrom
what we have just proved and the definition of y, , ending the proof of Theorem
3.6. v ’

Remark 3.7. It is not difficult to see that the solution that exists on the interval
[0, a] may be continued as far as g € G(A, w1, w2, w3, 7).

Remark 3.8. Observe that the conditions on the functions g € G are made for
a fixed element v € Q, as we shall see these conditions are satisfied if similar con-
ditions hold for a fixed element w € A. In fact we have

TzeeoreM 3.9. Let g (2, t) be defined for all 2 € A and ¢ € [0, a] and let o1 (),
o2(n) be increasing continuous functions defined on [0, o] and [0, 2w (c)] re-
spectively, with ¢1(0) = ¢2(0) = 0 and ¢1(n) = @3[2w1(s)]n on [0, o]. Suppose
the following conditions hold:

" a) g 1s lebesgue integrable in [0, a] for all fizred 2 € A
b) | [ g, r)dr| < (|t —1'|);for allz € At.¢ € [0,a]land |t — | <o
c) Ig(21 ’ t) - g(ZZ; t)l S €02(“z2 — & ”A)7 f01' all 21, 2 € A7 t€ [O) a] and
o — z2]la < 201(0), .
theng € g(A, w1, Wy , W3 ,0’) with wp = 2¢1 , wz(‘l])‘)‘] andwa = ¢@3.

Proof. Since v € @ it has the modulus of continuity 2w, in [0, a], v; € A is con-
tinuousin ¢ € [0, ] and it may be approximated uniformly on [0, a] by a sequence
fe:(t)},72= 1,28, ---, of functions piecewise constant in A. Therefore

lg(e,t) — glet), )] < @2(l| v: — es(t)]|a)
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fort € [0,a],7 =1,2,3, -, and it follows that [ g (e:(¢), t)| — | g (ve, )| with
1 — oo umformly on [0, a, thus g (vs , t) is lebesgue integrable in [0, a].
Nowlet t, ¢ € [0,a],|t — | < ¢ and v € Q, then

lfuﬂm»>@l<|ﬂlMm»>—gw“snw|+lfg@asﬁkm
<el2an(t — Mt = ¢+t —E]) < 2(t =)
Moreover, if t, £ € [0, al, |t — ¢ | < ¢ and v', > € Q then
[ g 8) — g% o)l ds| < [l et — 02 [la) ds < @a((| o — o* ) ¢ = ¢
proving that the primitive of ¢ has the required moduli of continuity.
4, Example
Let us consider the scalar equatlon

dx(t) x(tv—-' 1) sin‘t

(4.1)“ . i@ " C=p- |
for 0<a<30<p<1,t>0,1tp, w1th 1mtlal cond1t10n T = @o(r),
€[— ] where

_ B rel-1 -y
= TE G0

Let us define
T = {0:[—1,2] > R'|v(t) = @o(t) for t€ [—1,0),v continuousin [0, 2]},
and '

2= (reT[00) = w©0); |0@) — o) < 2n(t — £ ]), [t — £] < 1},

1 —a _ 1—a
where wi(n) = 2K 7 “and K = 1 4+ P + (1 — p)

i 1 -« Put

A= {n]veQ €02}
and finally

g = {g:A X [0, 2] — R' | a) g€ L0, 2] for all vE Q;
b) | i o, 8) ds| < £om |0 — £

21 = el = £,

It is not difficult to prove that in these conditions if g € G the F defined by
(3.3) is an element of F (@ X [0, 2], w1, ws,ws, 1) withwi () = 2K/ (1 — a)g'™%,
wa(n) = 2/(1 — @)% ws(n) = 7; and that in view of Remark 3.7 the solution of

e) | [ilglv', s) — g(v?, 8)] ds| < -
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(4.1) exists on [0, 2]. Such an existence result does not follow from other known
results. :
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