RANDOM EVOLUTIONS AND PIECING OUT OF
MARKOV PROCESSES

By Ricuarp J. Grieco®® anp ALsBerTo MoNncaYO®
Introduction

In this paper we show the equivalence of two probabilistic methods of solving
certain systems of partial differential equations.

Griego and Hersh [1, 3] have shown how to solve systems of differential equa-
tions of the form

(1) 6;1=Aiui+2?=l Giiui, 1 =1, ,m,

where each A ; is the generator of a (not necessarily stochastic) semigroup T:(¢) on
a single Banach space B and @ = (g;;) is the infinitesimal matrix of a Markov
chain. The system (1) is solved by a method of selecting at random by means of
Markov chain from the n semigroups 7T:({) thereby obtaining what is termed a
“random evolution”. The average of a random evolution determines a semi-
group, the so-called expectation semigroup, that gives the solutions of (1). This
method is somewhat analytic in that the only probabilistic mechanism employed
is that of the Markov chain.

Heath [2] has given a more probabilistic interpretation of essentially the same
problem. He used the idea of piecing out of Markov processes, thereby replacing
the above random evolution by a “pieced process” whose semigroup is associated
with the system (1).

The two respective methods have their advantages. Griego and Hersh apply
their form of the solution of (1) to obtain interesting results about hyperbolic
partial differential equations including a generalization of a result of Kac about
the n-dimensional telegraph equation. They are also able to prove a singu-
lar perturbation theorem employing the central limit theorem in a mnovel
way. Heath’s method allowed him to study boundary value problems associated
with (1) in certain cases. Heath poses and solves a Dirichlet like problem and
obtains a representation theorem for the solutions. Also, his method relaxes sign
restrictions on the coefficients ¢;; that the Griego-Hersh method imposed. How-
ever, Griego and Hersh can handle more general semigroups 7T:(f) and their
method is more explicit.

By the fact that the infinitesimal generator determines a semigroup we see that
the semigroup obtained from the random evolution and the semigroup obtained
from the pieced process are in fact the same semigroup. However, it would be of
interest to directly obtain the random evolution from the pieced process. This
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would give insight as to how the piecing mechanism relates to the semigroup
structures. In this article we carry out this connection. As a result we will see why
the operators in the definition of a random evolution seem to be in reverse order
of what one would naturally expect. This point until now seemed somewhat
mysterious.

-Notation

We use the notation of [4]. Foreach 7 € I = {1, ---, n} let X* = (2, ®*(4),
Xi(t), 6., P.'; « € E) be a right continuous strong Markov process with left
limits and state space E, where E is a locally compact Hausdorff space with a
countable base. Thus the processes X* have a common state space. Let B =
E U {A} be the one-point compactification of E if E is not compact, otherwise let
A be an isolated point. For simplicity we assume the sample spaces @ are mutally
disjoint and, furthermore, assume ¢* = o where ¢’ is the lifetime of X, that i is,
the processes X* are conservative. '

The composite process

We construet a new process X° from the X*-processes as follows.

Let @ = UL, 9 and @&'(t) = o(U%; ®(¢)), the smallest o-algebra contain-
ing the ®'(t). Also, let X°(t, o) = (X'(4 0%),7) and 6 (") =6, if
W =0 €. WedeﬁneP(, o (A) = Pl(A mz') for A € ® () = o(U, &),
z€Eandi€e T ={1,-- } Flnally,letg' = o,

We easily see that X = (Q &(1), X°(1), 60, Pwiy’; (2, 1) €EEX I) is anght
continuous, conservatlve, strong Markov process with left limits and state space
S = E X I. X"is called the composite process formed from the X*s. -

The killed process

Let V. = (W, ®&(t), v(t), 8., P; ;7 € I) be a right continuous (stationary)
Markov chain with state space I = {1, --- , n}.

We “‘kill” the composite process X’ by means of the chain V as follows: let
71 be the first j jump time for V.

We define & = 2° X W, &(t) = & () X (B(t), b.(a) = (Bt ("), B(w))
Furthermore,

X, %) = X(t, ") if t < 71(w) where & = (", w) or X(t, &) = Aotherwise

Let Pey(A X T) = Py (A)-Py(D), for A € & (=), T € 03( )
o—(U,(B(t)) and (z,7) € S. Finally, we let {(w) = m(w).

It is well known that X = (@, &(t), X(t), 8., Pw.y ; (z, z) €8)isa nght
continuous strong Markov process with left limits and state space S = F X I
The lifetime of X is . We call X the killed process.

The instantaneous distribution

Below we will want to piece out the killed process X to obtain a new process of
interest. In order to accomplish this we must construct an instantaneous distribu-
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tion. We give the following definition relative to our process X, although it is
clear that the definition holds for more general Markov processes.

Definition. A real-valued function u(@, A) on & X S is an instantaneous distri-
bution for X if

(2) for each & € Q, u(&, -) is a probability measure on ®&(S), the Borel
sets of S, where we put the natural product topology on S;
B (i) for each A € ®(S), u(-, 4) is an &()-measurable function on
Q; and

(iii) for each G (¢)-Markov time T and each (z, ©) € S, we have,

Pioy(u(@, ») = u(0z@, ), T < §) = Peo(T <¥).
We now construct an instantaneous distribution for X. Fora € §, 4 = B X
J € ®(S) where B is a Borel set in E and J C I, we define

(2) w(@ B X J) = In (X" (), v(})),
that is, if & = (w°, w) and v(0, w) = 7, then
w(@ B X J) = Lnxs (X' (1 (w), &), p(ra(w), w)),

where {~ and 71~ denote theleft hand limts of { and 1, and Isx; is the indicator
function of B X J. By the assumption of the existence of left limits for X* our
definition makes sense. :

TaEOREM 1. 4 is an instantaneous distribution for X.
Proof Properties (i) and (ii) are clearly satisfied. Now, let T ‘be a ('B(t)-
Markov time. If T < Cthenfol; =§ — T.Thus,if T < §
XM 0 05, 05) = XP(F — T, 605) = X0
and
" v(F o0z, 07) = v — T, 05 = ().

Hence, if T < § we have u(&, -) = u(07a, -), and this clearly implies: (111) thus
showmg that u is an instantaneous distribution.

The pieced process

Baged upon the above instantaneous distribution we can now construct our
final process, the so-called pieced process.

Let W =W, =8X Sand ® = & = &(») X ®(S) fori = 1,2,
where (B( ) = o(U,B(¢)) and B(S) = Borel sets of S. We define @ = Ui_lW
and ® = UL, @/.

Furthermore, we define a stochastic kernel Q((x,7), dw') = Q. »(dw’) on
S X W by
(3) Qu.n(4) = [4 [ Puo(da)u(a, d(z, 1))

for (z,7) € S=EXTandACW =2X 8,4 € @ = &(=) X &B(S).
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As shown in [4] we have the following result.

TeEOREM 2. There exists a unique system {Pg.,qs ,(x, %) € S} of probability
measures on (Q, ®) such that for eachn > 1

P(z,i)(dwll X dwy' X - X dwy)

(4) 7 ’ ’
= Q. (dw1 ) Qar,in(dwz) +++ Qu _ + .~ (dwn )

where
wj, = (‘:’ia (xjaii)) € erj = 1, e,

Now, let X(t,w') = X(t, @) if t < §(®) and X(t, w') = (z, ) if t > §(&),
where w' = (&, (, 1)).

We now define the sample functions for the p1eced process. First, for
w = (w, wy, ) € @ wherew; = (&;, (z;, 3;)) € W we define N(w) = inf
{7:§(wj) = 0}, or + o if the set in brackets is empty. Also. let on.lw) —
>y E(@;). Finally we define

X(t, w) if0 <t < oo
X(t — o(w), ws)  if or(w) <t < oa(w)

(5) Xt ) = X(t — o), Wast') if 0n(0) <t < gppa(w)

A lft 2 O‘N(a)(o)).

It is shown in [4] how to define o-algebras ®(f) on @ and 6; so that X =
(9, B(), X(1), 6, Pwsy, (x,7) € E X I) is a right continuous strong Markov
process with left limits and state space £ X I. Clearly {(w) = ow@w (w) is the
lifetime of X. We call X the pieced process obtained from the processes X,
2 =1, -+-, n, by means of the Markov chain V. We emphasize that £ X I
not E, is the state space of X.

In spite of all the complications, the description of the pieced process is
intuitively very simple. If the Markov chain starts ouf in its 7% state then we
begin our pieced process X in the 7% Markov process X° and let it run until
the time 71 of the first jump of the chain (this is the first piece of X), where-
upon if the chain jumps to the j® state, X switches to X’ and stays in this process
until the next jump of the chain and so on. The instantaneous distribution
merely implies that the new piece takes up at the point in E where the old piece
left off.

The random evolution

We now introduce the analytlc structure of our study. We retain our previous
notation.
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Let B(E) be the Banach space of bounded real valued ®-measurable fune-
tions on E, where ® is the o-algebra of Borel sets of E. The semigroup {T'; (?),
£ >0} of X’ is given by T:(0)f(x) = E [f(X*®))], for ¢ € I, andt >0,z € E,
where f € B(E). We have T; (t):B(E) — B(E).

Furthermore we assume each semigroup {T':(¢), t > 0} is strongly continuous
on B(E).

Let = (w), 72 (w), --- be:the successive jump times (for the path w) of
the Markov chain V. Also let N (¢, w) be the number of jumps for V in the time
interval o, 7.

Fort > 0, we define M (¢, w), w € W, by

(6): M(t) = Ty (11) Torpy (12 — 1)~ Toteyeeyy (8 — 7ren) -

The family of random operators {M(t),¢t > 0} is called the random evolution
associated with the semigroups 7T and the Markov chain V. The \ra,ndom evo-
lution describes the selection by means of the Markov chain from the 7 laws of
evolutions corresponding to the semigroups. The evolution stays i ina semlgroup
until the chain jumps to a new state whereupon the evolution evolves in the
corresponding new semigroup, except that the last semigroup (up to time )
operates first and so on back to the initial semigroup.

As explained in [3] the random evolution M (¢) determines a semigroup on
B(E X I), the Banach space of bounded measurable functions on £ X I,
where the obvious product topology is introduced into E X I. Indeed, if
f € B(E X I) then

(7) T()f(x, 1) = BIMOf(x, v(0)]

defines the semigroup {T'(t), ¢ > 0} where the expectation refers to the chain

starting in state <.
However, the pieced Markov process X determines its own semlgroup

{T(t),t > 0} on B(E X I). Given f € B(E X I) we have

8. . TWf(x,7) = Eau» H(X(@)]

where the expectation refers to the pieced process starting in state (z, 7).
o The main theorem '

‘The main result of this article states that the semigroups 7'(¢) and T(t) are
in fa,ct the same semigroup. Thus we have the following theorem. ‘

M ain Theorem. {T(t), t > 0}, the semigroup determined by the mndom evolu-
tion {M(t), t > 0} and given by T(t)f(x, ©) = EJIM(8)f(z, v(t))] is equal to the
semigroup {T'(t), ¢ > 0} determined by the pieced process X that is gwen by
T()f(z, %) = Ewalf(X(1))], where f € B (E X I).

The proof will depend on the following lemma.

LEmMA. Let o(w, -+ -, w; z, 1) be a measurable function on W X - - . >( W X
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E X 1, where the product involving W s an n-fold product. Then

Sy Qi (dwr’) [y Qeayin (dw’) -+ [wn Qapy,in- (duwa’)
(Wi, Wey o Wa Ty tn) = BTy (71) Toerp{ra — 1) -+
“Totrgp(tn — Tn)o(w, Oy w, -+« , 0. w; z, v(72)]

where 7; 18 the 7% jump tume of the chain V.

Proof. We first consider the case n = 1, so that ¢(w; z, ©) is a functlon on
W X E X I. Assume ¢ is of the form ¢ = IAXBX,, where A, B and J are meas-
urable sets in the respective spaces W, E, and I. Then

Jri Qe (Y5, )
= [w Pi(dw) [oP. (der’) I(w) p(er’, wr, B X J)
Jw Pi(dwy) [as P'(den’) Inxaxr (wr, X° (ry”(wy), @), v(7a(wi), w1))
= BB ysasr(wr, X (77 (), wr’), v(ma(wr), w)) ]}
Ei{Tww (m1 ) Iaxsxr (w1, z, v(r1))]
BT\ @(r)e(ws, 2, 0(r1))],

by the strong continuity of 7';(¢). The result for general o(w; z, 7) now follows
easily. Now suppose n = 2. Applying the above to the function

i

I

Yw 2, 4) = [y Quyen (dwe )o(wy, ws; 2, 4)
we have
I = [wQuao(dw) [wy Qe in(dwe)o(wr, we; 32, 1)
E dTs0wy (ri(w1)) J7Qentrscwon wny (dws)e(wr, we, 25 5 42)]
= BT, v (1100) Bory gy o) Toco00) (71 (102) ) o (01, 25 @, v (7a(wi), wa) )}

Let F(ws) = Towy (r1(w2))o(wi, we; z, v(ri(we), ws)), where w1 is ﬁxed
We easily cheek that 7y 086,, = 7» — 71, so that

F (0, (w2)) = Totrywn oy (T2(wz) — 7u(ws))e(wr, 6,25 2, 0(72(’“’2), wy)).
By the strong Markov property of the chain ¥V we have
Botrywop) wp[F(w2)] = EilF(6,,(w2)) | §ril (wl)
Hence,

I

il

BiTuo(r) BTy (s — 1005 B3 8, 9(7s)) | §odl

= E{Too (1) Toep(m2 — m)e(w, ,w; 2, v(72)]

]

ﬁmshmg the proof for n = 2. :
The proof in general proceeds in the same manner, S0 we omlt it.
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Returning to the proof of the theorem we have
T()f () = Eeslf(X(8)]
= 2= B ulf(X(0); N(O) = nl

where we define N (¢, ») by ssue (0) < t < oxew (w), so that N(f) is equal
to the number of piecings up to time ¢.

Recall that for @ = (w/, wy, --- ) we have, oa(w) =D i (@) =
D mi(w;) where @; = (), w;). Also

X(t, w) = X(t —_ G'n(w), ',,+1) if on(w) <t < opyi{w).

Now, A, = {0:N(t,0) = 0} = {w: D jur(w;) <t <Eff11n(w,) On this
set, ¢ — Z,—l r(w;) < n(w,+1) so that by the definition of X we have on
this set X(f — on(w), wn+1) = Xﬂ(t —an(w), w,.+1), or X(t — oalw), w,.+1) =
(Xt — D7y m(w;), whaa), 3) for starting point (z,7).

Hence,

Buslf(X(8); N(&) = n]
= [ Qu.n(dw) -+ [, Qun_svino(drws)
S’ Qanio (A0t V(X (= 251 mi(wy)), 0) - I,
Now let
oWy, * ) Wn} Tn, Tn)
= [warr’ Quenin (A V(X (t — 23 ma(w))), 4) - Ia, -

By the lemma we see that

Eenlf(X(t); N(@t) = n] _

= E{Tuo(m1) - Togp(ra — 7,_)0(w, 60, -+, 6, w; T, 0(2))]

However, in general 7i06,,_, = 7; — 7,_,, so that E}LL (7-100,,._1): = Ta,
where we define 7, = 0.
Thus, for fixed w,

o(w, Brw, + -, 0, _w; 7, v(7a(w), W)
= [’ Qntaw o (@wan V(X (t = 7a(w), wass’), DIag -
where
I,y = {Wnpita(w) <t < ma(w) + 71(Was)}.

Since Q. (dw') = P (do')Pi(dw)u(a, d(z, 7)), we have letting v, =
v(To(w), w) that

‘P(wy erlw; vt 01

W5 %, va) = ESf(XN(E — a(w), w0nia™), ¥a) 1Pu(An )
= T’n(t ) f(z, ”n)Pvn(A'n ). »
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We note by the strong Markov property of the chain 7V that
| Po(Ad) = Pil{ra <t < maya} | §r)-
Thei'efore
Beolf(X(®); (@) =n] _
= Ei[Tvw(71) *** Totan)(tn — Ta1) Toien) (¢ — 70) (2, 0(0) ) EilI 1, | Frall
="Ei[Tvoy(m1) **+ Toap(t — 7a) f(2,0(12)); ma <t < Tpya]
= BiTuo(m) -+ Taep(t = 7)f(2,9(0)); N(®) = ]

where N (¢, w) is the number of jumps in [0, ¢] for the chain V.
Summing over n, we obtain finally that

TOf(z, 1) = Euslf(X(9)] ,
= BTy (1) Toep (12 — 71) =+ Doty (8 — Twey J(&, 0(2))]
= EJM)f(z,v(t))]
= T()f(z, 1),

terminatihg the proof of the theorem.
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