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1. Introduction 

In [1], F. Adams proved certain divisibility properties of the Chern character. 
We begin by recalling these results. Let X be a finite CW-complex and let K(X) 
be the Grothendieck ring of complex vector bundles on X, (see [2]). Then K (X) 
has a filtration by skeletons, namely 

(1.1) Kp(X) = Ker (K(X) - K(Xp- 1)) 

The Chern character is a ring homomorphism 

(1.2) ch:K(X) - Hev (X; Q) 

Let i:Z - Q be the inclusion of the integers in the rationals. Then a class 
x E Hq (X; Q) is called integral if x = i*y for some y E Hq (X; Z). Let QP be the 
ring of fractions whose denominators are prime to p and let ip: QP - Q be the 
inclusion, then a class x E Hq (X; Q) is called integral mod p if x = ip•Y for some 
y E Hq(X; Qp), Let pp:QP - ZP be the quotient map. We will be interested in 
mod 2 cohomology, so we set i = '½ and p = P2. Note that if xis integral mod 2, 
then p*(x) is well defined. We will let H*(X) denote cohomology with Z2 coef
ficients. 

THEOREM 1.3 (Adams). Let µ E K2q (X), then chq (µ) is integral and 2' chq+r (µ) 
is integral mod 2. Moreover 

x(Sq 2')p*(chqµ) = p*(2'chq+rµ) 

In (1.3), x is the canonical antiautomorphism of the Steenrod algebra A. 
The object of this paper is to obtain unstable divisibility properties of the Chern 

character. Given integers m and n, let [m/n] denote the integral part of m/n. 

THEOREM 1.4. Let X be a finite CW-complex such that H* (X; Z) has no torsion. 
Suppose that X embeds in the M -sphere SM. Then for any pair of integers q and r such 
that 8: H2q (X) - H2q+2r (X) vanishes for all 8 E A2, , we have: For any µ E K2q (X) 
2'- 1cha+r(µ) is integral mod 2, where t = [4r + 2q + 5 - M/4]. 

Let X be a finite CW-complex, then for anyµ E K(X), ch,,.(µ) = sm(µ)/m!, 
where Sm(µ) is integral. We say Sm(µ) is odd if p* (sm (µ)) ~ 0. 

COROLLARY 1.5. Let X be a finite CW-complex, such that H* (X; Z) has no torsion. 
If there existsµ E K2« (X) with Sm(µ) odd, then q ::::; a (m). If q < a (m) then X does 
not embed in S 4m- 4a(m)+ 2q+l. 
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Remark 1.6. If q = a(m), we have to add then hypothesis 0:H 2"Cm) (X) -
H2m (X) vanishes for all (J E A2m-- 2a\mJ , and then we obtain X does not embed in 
s4m-2a(m)+l • 

Remark 1.7. Corollary (1.5) should be compared with the results of Atiyah
Hirzebruch for manifolds, [2]. Their result does not involve the connectivity ofµ,, 
and thus for manifolds, are stronger. Our result (1.5) coincides with the results of 
Atiyah-Hirzebruch only when q = a (m) - 1. However, our results are true not 
only for embedding of complexes, but also for stable embeddings, where we say 
that X stably embeds in SM if there exists a complex Y such that Y is of the 
homotopy type of ··.i"'X for some k, and Y embeds in SMH_ 

Remark 1.8. Maunder in [4 ], defines a system of higher order cohomology opera
tions x ("'2, (N) ), and relates them to higher divisibility of the Chern character, for 
instance, in (1.4), one has: 

(1.9) x (q,2/Hl) )p* (chqµ,) = p* (2r-tchv.+rP.) 

and this extends the Adams theorem (1.3 ), regarding the action of cohomology 
operations. 

2. Higher order cohomology operations 

In this section we recall the notion of higher order cohomology operations as 
axiomatized by Maunder in [3]. 

Let A be the Steenrod algebra over Z2 and let C: 

(2.1) 

be an A-chain complex, i.e., C, is a free A-module, a. is of degree O and a,_1 a. = 0. 
Then a pyramid of stable operations q,''', where N ~ r > s ~ 0, associated with 
(2.1) is an inductive family of operations satisfying the following axioms: 

Axiom I (Induction): The operations q,'·• for u ~ r > s ~ v are associated 
with the chain complex 

C~ +- • • • +-C,, 

Axiom II (Domain of definition): Let e:C0 - H*(X) be an A-map. Then 
q,N•0 (e) is defined if q,•• 0 (e) is defined and contains the zero map, for i = 1, • • · , 
N - 1. 

Axiom III (Values of the operation): Let e:C0 -H*(X) be an A-map of 
degree q, then if q,N,o (e) is defined, q,N,o (e) consists of certain equivalence classes of 
A-maps ,,,:CN - H* (X) of degree q - N + 1, where 'T/ ,...., ,,,, if there existsµ, E 
q,N,l <n such that 'T/ = µ, +,,,,and where r: C1 - H* (X) runs through all A-maps 
of degree q - I such that q, N •1 (t) is defined. 

Axiom IV (Naturality): Let e: Co - H* (X) be an A-map such that q,N,o (e) is 
defined. Then for every map f: Y - X, q,N•0 (f*e) is defined and f*q,N•0 (e) c 
tpN,O(f*e). 
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Axiom V (Stability) : Let '1:, *: H* (X) - H* ('1:,X) be the suspension iso
morphism. Then if e:C0 - H* (X) is an A-map such that <f,N,o (e) is defined, then 
<f,N,o ('1:,* e) is defined and '1:,* q,N,o ( e) = q,N •0 ('1:,* e). ' 

Axiom VI (Second formula of Peterson-Stei~): Let (X, Y) be a pair. Let 
e:Co - H*(X) be an A-map, such that q,N-;,l,o(e) .is defined and let µ:Cn-l -
H*(X, Y) be such thatj*µ E q,N-i,o(6), then q,N•0(i*e) is defined and for every 
suchµ, there exists '1/:CN - H* (Y), 'I/ E q>N,O (i*e) such that O'f/ = q>N,N-lµ. 

Remark 2.2. Given a chain complex, it may ha'\'"e no pyramid of higher 'cird~r 
cohomology operations associated with it. 

Pyramids of higher order cohomology operations are constructed by means of 
universal examples. 

A realization 8 of the chain complex (2.1) is a tower of principal fiber spaces 

BFN BFk+l BF2 BF1 

i0N jo1c+1 i 02 
I it 

(2.3) EN-1 
PN-I ~ Ek 

~- p2 
E1 

Pi 
Eo ... - ---'-----4 

iiN-1 i ik 1 i1 

FN-1 Fk F1 

where BFk is a product of Eilenberg-Maclane spaces of type K (Z2, q) and {Jk is 
the classifying map for the fiber space F,. - E,. - Ek-1 • Moreover we ha;e A
isomorphisms a1o:Ck - H*(Fk) of degree -k and {3,.:Ck - H*(BF1o) of degree 
- k + l in a certain range of dimensions and such that in • 

Ok* • * 
H*(BF1o) 

* 1,1c-, 
H*(Fk_i) ~ H (E k-1) ~ 

(2.4) I {jk i a1~1 
I. 

Ck+l 
01c+1 ' 

---'--->Ck 
Ok 

Ck-1 

the rectangle is commutative and {Jk */3k di.+1 = 0. Let GN = CN ®,1. Z2. Then 
{JN */3N(GN) is a universal example for the operation q,N,o associated with the chain 
complex (2.1) and the realization, (2,-2). 

Remark 2.5. Given a chain complex as (2.1) it may admit realizations 8 and 
e'. If EN and E/ are spaces that are not of the same homotopy type then the cor~ 

di • t' N ° d IN° b 1· • h h h t respon ng opera ions q, ' an cJi ' ear no re at10n to eac ot er w a soever. 

3. The Maunder higher order operations 

Consider the chain complex C (N, r): 

(3.1) 
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{
Co has A-basis {eo} 

CN has A-basis {cN} . 

ck has A-basis { Ck , Ck,0, • • • , Ck,k} 

for 1 ~ k ~ N - 1 

and where the boundary operators ai are given by 

(3.3) { 

a1c1 = x (Sq2~ )eo 

a1c10 = Sq1 Co 

a1c11 = Sq01eo 

and for 2 ~ k ~ N 

! akck = Sq1 Ck-1 + ~~=~ X (Sq2r- 21)Ck-1,t 2 ~ k ~ N 

akck,O = Sq1 Ck-1,0 1 ~ k < N 
(3.4) 

• • akck,i = Sq1ck-1,i + Sq01 Ck-1,i-1 0 < i < k < N 

a,.ck,k = Sq01 Ck-1,k-1 1 ~ k < N 

where Sq01 = Sq3 + Sq2 Sq1• 

Maunder in [4], constructed a realization 8 of (3.1) as follows: Let BU be the 
classifying space for stable complex vector bundles and let BU[2q] be the space 
obtained from BU by killing its first (q - 1) non-trivial homotopy groups. Adams 
in [1], showed that there exist natural integral classes chq,r E H2q+2r (BU[2q]; Z) 
such that if pq:BU[2q] - BU is the projection, then 

(3.5) 

where m(r) = Ilpplr/p-lJ_ 

Let BU[2q] (r, s) be the fiber of the mapping 

r, s 
BU[2q] ----'---+ K (Z,., 2q + 2r) 

where if 'Y2q+2r,• is the fundamental class of K (Z2., 2q + 2r) with Z 2, as coef
ficients, then g,,. * ('Y2q+2r,,) = p, *chq,r, where p, *is reduction mod 2•. Then we have 
a sequence of fibrations 

(3.6) BU[2q] (r, N - 1) - • • • - BU[2q] (r, 1) - BU[2q] 

where the fiber at each stage is K (Z2, 2q + 2r - 1 ). 
Maunder then constructed a realization EN-I - • • • - Eo of (3.1) and map

pings f,. :BU[2q](r, k) - Ek such that, with the notation of (2.3), 

(3.7) lf,.*gk*{:Mc,.,i) = 0 for O ~ i ~ k 

f,. * g,. *r:Mc,.) = p * (;k chq,ra,,,.)) 
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where l,,k is the bundle over BU[2q] (r, s) induced by the universal bundle f over 
BU. 

Let { x ( ,f ·•)} N 2:: r > s 2:: 0, be the pyramid of higher order cohomology opera
tions associated with (3.1) and the realization 8 satisfying (3.7). 

Then we can state Maunder's theorem: 

THEOREM 3.7 (Maunder). Let {x(¢2:•1)} N 2:: s > t 2:: 0 be the pyramid of 
of higher order cohomology operations mentioned above. Let µ E K 2q (X) be a bundle. 
Then if 2•-N+1chq+r (µ) is integral mod 2, x (c/>J,/) (p*chq (µ)) is defined and 
p* (2r-N+l chq+r (µ) ) E X ( c/>J,/ )(p*Chq (µ) ) • 

(Here we have set x(c/>J,/'0) = x(c/>1,/).) 

4. Dual cohomology operations 

In this section, we describe the duality theorem of Maunder [3], for higher order 
cohomology operations. 

LetMandNbefreeA-moduleswithA-basis {mi}, {n;} andletf:M -N be an 
A-map such that fm; = "1:,a;;n; . Then we define x (f): M - N by x (f)m, = 
"1:,x ( a;i )n; . 

Consider now an A-chain complex C: 

(4.1) 

and let c* be the chain complex 

(4.2) Co 

where ck* = Homz2 (Ck, Z2) and ak * is the dual of ak. We refer to c* as the dual 
complex of C. 

Recall from [5], that two finite complexes X and Y are S-dual mod 2 if there 
exists a mapping q,:SN - "1:,kY I\ "1;1X such that q,* determines a non-singular bi
linear pairing 

(4.3) * H* ("1:,kY) (8) H* ("1:,X) ~ HN (SN) ,..._, Z2 

which we will simply write as < , >. 
Given a pyramid of cohomology operations cf,r,• associated with the chain com
plex C of (4.1 ), we have that 

(4.4) cp'•·:Ker w-1 ··, ~ 1X) - H*(VX)/Im(cf,r,•+ 1, X) 

and we define inductively x(cf,''') and dual pairings 

(4.5) Ker (cf,'-1••, ~ 1X) (8) H*("1:,kY)/Im(x(cf,r-l,s), ~kY) - Z2 

(4.6) Ker (x(cf,'''+i), ~kY) ® H*("1;1X)/Im(cf,r,s+l), ~1X) - z, 
such that 

(4.7) X (cf,''') :Ker (x (cf,'''+1), "1:,kY) - H* ("1:,kY)/Im (x w-1•'), "1:,kY) 
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is defined by: 

for y E Ker (x.(cJ,'·•+1), zkY) and all x E Ker (c/,'-i;,, 1:1X), and now 

THEOREM 4.9 (Maunder). The functions {x (cJ,'''J} N :?:: r > s > 0 define a 
pyramid of stable cohomology operations associated with the chain complex ( 4 .2), 
and x (cJ,''') is non-zero in ~ky if and only if cJ,''' is non-zero in ~1X, where X and 
Y are S-duals. 

5. The dual Maunder cohomology operations 

In this section we describe the cohomology operations, for which we will 
prove in a later section evaluation theorems. • 

We begin'by describing the chain complex C* (N, r) dual 
to the chain complex C (N, r) of §3. Let 

(5.1) 

be a chain complex, where 

(5.2) {

Co* has,.A-basis {co*} 

CN * has A-basis ( CN,o *} 

ck* has A-basis {Ck*, Ck,o*, ••• ' Ck,N-k *} 

for 1 ~ k ~ N - 1 

and where the boundary operators are given by 

(5.3) 
.( * • 1 * ~ d1C1 = Sq Co 

la * S 2r-2k * 
1C1,k = q Co for O ~ le ~ N - 1 

and for 2 ~ n ~ N - I 

(5.4) 
(a* s 1 * .. 1,: .~Cn = q Cn7 1. , 

* s 1 * s 01 * s 2r-2k * l dnCn,k = q Cn-1,k + q Cn-1,k+l + q Ck-1 

and for N, 

(5.5) dNCN,/ = Sq1 CN-1,/ + Sq01 CN-1,/ + Sq2r CN-i*• 

The chai~ complex (5.1) is dual to the chain complex (3.1) which has a realiza
tion. Therefore by (4.9 ), the chain complex (5.1) has a realization, namely the 
realization associated to the dual operations of the Maunder system of §3. 

We wiHnow work with any rt)alization of (5.1). Let • 
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BFN BFN-1 BF2 BF1 

IQN I YN-1 1 Q2 I g, 

(5.6) EN-1 
PN-1 

EN-2 
PN-2 

E1 
Pl 

Eo . . . - -------; 

liN-1 

t 1 i1 I iN-2 

FN-1 FN-2 F1 

be a realization of (5.1). We put Kq = K(Z2, q), thus Eo = Kn for some n and 

(5.7) 

Let BF/ = Il;=t-k Kn+2r-2i. Then we can unfold (5.6) to the following tower. 

(5.8) 
BFN 

i j 

BF/ 

i j 

BF/ 

i i i 
PN-11 , qN-2 PN-.' , q1 pi' , qo 

E N-1 --'----+ E N-2 --=------+ E N-2 ~ • • • ----+ E1 ~ E 1 -------; Eo ~ Eo 

We construct a tower 

BFN 
(5.9) i 

over Do = K (Z, n) in such a way that we have mappings jk' :Dk ----+ E/ and 
Dk+1 ----+ Dk is induced from Ek+i----+ E/ by j/. We proceed inductively as follows. 
Fork= 0, 

where Jo*'Yn = an, where an E Hn (Do) is the fundamental class. Recall that 
Hn+i (Do) = 0, hence Jo admits a lifting Jo' :Do----+ Eo' and we take now 

Ji 
D1 ~ E1 

Do _ii__,, Eo' 

where D1 ----+ Do is induced from E1 ----+ Eo' by Jo'. Note that Hn (D1 ) = Z2 and 
Hn+i (D1 ) = 0. Suppose inductively we have constructed the tower (5.9) through 
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k-stages, such that Hn (Dk) = Z2 , Hn+i (Dk) = 0. Then we have 

Dk 
!k 

E,. 

l l 

Dk-1 
fk-1 1 

Ek-1 ' 

Now consider 

E,.' 

l 
/k 

Dk ~ Ek - Kn+l 

because 1r+ 1 (Dk) = 0, fk admits a lifting f,.' :Dk - E,.' and we take the induced 
fiber space 

and because of (5.7), we see that Hn (D,.+1) = Z2, Hn+i (Dk+1) = 0 and the tower 
now exists through (k + 1 )-stages. We continue this construction so as to obtain 
(5.9). 

Remark 5.10. The spaces Dk so constructed are unique up to homotopy type. 
The tower (5.9) "defines" a stable cohomology operation defined on integral 
classes. 

Let x E Hn (X; Z) be a class, where X is a finite CW-complex. Let w: X - D0 

be a representation of x. Thenfow:X - Eo is a representation of x mod 2 and we 
clearly have: 

PROPOSITION 5.11. Suppose that w:X - Do admits a lifting to wN_ 1 :X -
DN-1, thenfN-1WN-1:X -EN-1 is a lifting of fow. 

Remark 5.12. For cohomology operations (5.11) states that if on an integral 
class, the stable operation defined for integral classes, is defined, then so is the 
mod 2 stable operation and the values of the first are a subset of the values of the 
second. Let us denote by { 1f •'} the pyramid of operations having (5.9) as its 
universal example. In particular we denote by y;2/, the operation if;N,o_ 

6. Evaluation of the dual Maunder cohomology operations 

In this section we will show that for integral classes of sufficiently low dimen
sion, the operations x (c/>2/"0 ) are universally defined and thus are primary opera
tions. 
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We begin by establishing a result on the Steenrod algebra A over Z2 . Let B (q) 
be the left ideal in A generated by all those admissible monomials of excess 
greater than q (see [6] ). 

PROPOSITION 6.1. Let a E An, b E An-2 and n - 2 > q be such that 

Sq1a + Sq01b = 0 mod A Sq1 + B(q) 

then 

a = Sq1 a1 + Sq01 1i21 

b = Sq1 b1 + Sq01 b2~mod A Sq1 + B (q - En,q) 
1i2 = bi j 

where En,q is the smallest nonnegative mod 4 reduction of n + q - 1. 
For simplicity, we write I = (a1, • • • , ak) for Sq1 . Then 

(6.2) 

and 

S 1 ( . . . ) _ { (a1 + 1, 1i2, • • • , ak) if a1 is even 
q a1' ' ak - 0 "f • dd 1 a1 IS 0 

(a1 + 3, ~, • • • , ak) + (a1 + 2, ~ + 1, • • • , ak) 
if a1 and ~ are even 

(a1 + 3, 1i2, • • • , ak) 
(6.3) Sq01 (a1, • • ·, ak) = if a1 is even and~ is odd 

(a1 + 2, ~ + 1, • • • , ak) 
if a1 is odd and ~ is even 

0 if a1 and a2 are odd 

Now we have the following: 

LEMMA 6.4. Let a E An , b E An-2 and suppose that 

Sq1 a + Sq01 b = 0 mod A Sq1 

then 

a = Sq1 a1 + Sq01 ~ + El Sqn j 
b = Sq1 b1 + Sq01 b2 + €2 Sqn-2~mod A Sq1 

a2=b1 ) 

Proof. Write a = !,Jk + ~lk, b = "2,Ji + "2,]1 as sums of admissible monomials, 
where the second summands lie in A Sq1. By (6.2) and (6.3), we obtain 

(6.5) !, Sq1 Ik + !, Sq01J; = 0 mod A Sq1. 

By (6.3 ), for every j, Sq01 Ji = Sq1 h, for some Ik, unless J; = Sqn-2. Moreover 
Sq1 Sqn + Sq01 Sqn-2 + Sqn Sq1 = 0. Hence (6.5) splits up into two relations if 
Sqn-2 is an element of !,J;, 

!, Sq1 I/ + !, Sq01 J/ = 0 



10 S. GITLER AND R. J. MILGRAM 

and 

Hence 

"J;Jk' = Sq1 a1 + Sq1 a.i 

'J;J/ = Sq1 b1 + Sq01 b2 

with 

b1 = a2 

since A is a free module over the sub Hopf algebra generated by Sq1 and Sq01. 
Therefore a = Sq1 a1 + Sq01 a.i + e1 Sq\ b = Sq1 b1 + Sq01 b2 + e2 Sq"- 2 and 
(6.4) follows. 

Proof of (6.1 ). Recall that for a monomial I = (a1, • • • , ak), we define 
e(J) = a1 - L~=2a;andn(J) = L~=1a,,hencen(J) + e(J) = 2a1andthus 
e(J) and n(J) have the same parity. 

Given a and b, we write them as sums of admissible monomials 

a= "J;h + "J;J" where e(h) ::; q, e(lk) > q 

b = "J;Ji + "J;]i where e(Ji) ::; q, e(Jk) > q, 

then from Sq1 a + Sq01 b = 0 mod A Sq1 + B (q) we obtain 

(6.6) 

where e(h) ::; q, e(Ji) ::; q. 
We now consider four cases 

Case I, n + q = 0 mod 4. For every monomial h in (6.6) we have n(h) = n, 
e (h) ::; q, and for every monomial Ji, n (Ji) = n - 2 and e (Ji) ::; q. From the 
above e(h) ¥- q - 1, q - 3, and e(Ji) ¥- q - 1, q - 3. If e(Ji) = q - 2, then 
2a1(Ji) = n - 2 + q - 2 = 0 mod 4, so that a1(Ji) is even and from (6.3), 
Sq01 Ji contains an admissible monomial of excess q + 1 and possibly a monomial 
of excess q - 1. If e(J 3) = q - 4, then 2a1(Ji) = n - 2 + q - 4 = 2 mod 4, 
so that a1 (J1) is zero or an admissible monomial of excess q - 3. This implies 
that 

(6.7) Sq1 ("J;'h) + Sq01 ("J;"Ji) = 0 mod A Sq1 

where we take all the summands of (6.6) such that e (h) < q - 2 and 
e(Ji) < q - 2. 

We apply (6.4) to (6.7) and since 

a = "1;1 h mod A Sq1 + B (q - 3) 

the result follows. 

b - "J;"JimodA Sq1 + B(q - 3) 
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Case II, n + q = 1 mod 4. In this case we exclude in (6.6) those monomials 
with excess q or q - 2. If e(J,.) = q - 1, we have e(Sq1 J,.) = q and if 
e(Ji) = q - 1, we haven - 2 + q - 1 = 2 mod 4 so a1 (J 1) is odd, then by 
(6.3), Sq01 Ji is zero or has excess q. It follows then that (6.6) holds mod A Sq1 

and (6.4) establishes this case. 

Case III, n + q = 2 mod 4. In this case, we exclude from (6.6) those mono
mials with excess q - 1 orq - 3. Now if e(J 1) = q - 2, n - 2 + q - 2 = 2mod4, 
so a1 (J;) is odd and by (6.3 ), Sq01 Ji is zero or has excess q - 1. This implies that 
if we restrict the sum in (6.6) to monomials of excess < q, we obtain a relation 
mod A Sq1, and (6.4) then implies this case. 

Case IV, n + q = 3 mod 4. In this case, we exclude from (6.6) those mono
mials with excess q or q - 2. If e (Ji) = q - 1, then n - 2 + q - 1 = 0 mod 4, 
so that a1 (JJ) is even and (6.3) gives that Sq01 Ji has an admissible monomial of 
excess q + 2 and possibly one of excess q. If e (J;) = q - 3, then Sq01 Ji has excess 
q - 2 or is 0. Hence if we restrict the sum of (6.6) to those monomials with 
excess less than q - 1, we obtain a relation mod A Sq1 and (6.4) establishes the 
last case. 

COROLLARY 6.9. Let l½m-2i E A2m-2i, i = 0, • • • , k satisf iJ the following system 
of relations 

(a) Sq1 l½m-2i + Sq01 a2m-2i-2 = 0 mod A Sq1 + B (2q) 

for i = 0, 1, • • • , k then if 2m - 2k + 2q = 0 mod 4, we have 

(b) l½m-2\ ~ Sql °'2m-'f_/ + Sqo1a2m-2/} mod A Sql + B (2q - 1) 
°'2m-2i = °'2m-2i-2 

for i = 0, 1, • • • , k. 

Proof. By induction on k. If k = 1, we have 2m + 2q = 2 mod 4 and the result 
is true by (6.1 ). Assume (6.9) holds for sequences { at} containing k elements. 
Then in particular if (a) holds for i = 1, • • · , k, then (b) holds for i = 1, • · · , k. 
Consider the relation Sq1 l½m + Sq01 l½m-2 = 0 mod A Sq1 + B (2q). By induction, 
l½m-z = Sq1 a2m_/ + Sq01 l½m-/ mod A Sq1 + B (2q - 1). Therefore, we obtain, 

Sq1 (~m + Sq01 ~m-/) = 0 mod A Sq1 + B(2q - 1) 

Let x = l½m + Sq01 l½m-21, then x = "21 k , where the I k are admissible monomials 
of degree 2m, excess ::; 2q - 1 and J,. EE A Sq1. Because n (J,.) and e (I1<) have the 
same parity, there isno monomial J,. with e(Ii,) = 2q - 1, and therefore Sq1 ('1;J,.) 
= 0 mod A Sq1 + B (2q - 1) implies Sq1 ("2J,.) = 0 in A, i.e. "2J,. = Sq1 a2m 1 

and hence l½m + Sq01 a2m-/ = Sq1a2m 1 mod A Sq1 + B (2q - 1) and (6.9) follows. 
Consider now the tower (5.9 ). Let v (n, t, k) E Hn+2r-2k (Dt-1), for k = 0, 1, 

• • • , N - t and 1 ::; t :::; N - 1, be the images of the fundamental classes of 
H*(BF/). Then they satisfy, 

(6.10) 
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We now consider the operations i/12/ (see (5.12)) defined on integral classes and 
associated with the chain complex (5.1). We may now state the main theorem of 
this section. 

THEOREM 6.11. For any integral class x E Hq (X) of dimension q :s; 2r - 4N + 5 
and any choice of the operation i/12,\ we have that i/12/ (x) is defined Jnd is a primary 
operation. If q < 2r - 4N + 5, then the primary operation is stable. 

Proof. We prove (6.11) in the universal example. By abuse of notation, we 
denote by X (t) any suspension of K (Z, t ). Consider the tower (5.9 ), 

D0 (n, r) - • • • - DN-1(n, r) 

where Do(n, r) = K(Z, n). If t < t', we denote by X(t) -------t X(t') the mappings 
induced by "1;t'- 1K(Z, t) -------t K(Z, t'). Consider 

h 1 X(2r - 2(N - 1) - 1) ~ D0 (n, r) -------t BF 1 (n, r), 

it is nul-homotopic, so fo admits a lifting to Ji: X (2r - 2 (N - 1) - 1) -------t D 1 (n, r ). 
Assume inductively that the mapping 

fo 
X(2r - 2(N - 1) - 2k + 1) ~ D0 (n, r) 

lifts tofk:X(2r - 2(N - 1) - 2k + 1) -------tDk(n, r). Then {fk*(v(n, k + 1, s)} 
for s = 0, l, • • ·, N - k - 1 are cohomology operations on 'Y2,-2cN-l)-z1c+i. 

Hence if we consider 

go 
X (2r - 2 (N - 1) - 2k) ~ X (2r - 2 (N - 1) - 2k + 1) 

then g*fk *v (n, k + l, s) = ll2,-2s ('Y2,-2(N-1)-2k) are then k-invariants, where 
ll2,-2. E A2,-2 •. The family { a2,-2,l s = 0, 1, · • • , N - k - 1 satisfy the relations 
(a) of (6.9),furthermore, 2r - 2(N - k - 1) + 2r - 2(N - 1) - 2k = 0mod4, 
hence (b) of (6.9) holds. If we further consider 

g1 
X(2r - 2(N - 1) - 2k - 1) ~ X(2r - 2(N - 1) - 2k), 

we obtain {g/go*fk*v(n, k + 1, s)} lies as a set in the diagonal indeterminacy, 
hence the mapping 

X (2r - 2 (N - 1) - 2k - 1) -------t Do (n, r) 

may be lifted to 

X(2r - 2(N - 1) - 2k - l)-------tD1<+1(n, r). 

Continuing with this argument, we obtain 

X(2r - 2(N - 1) - 2(N - 2) - 1) -------t D0 (n, r) 

admits a lifting to 

X(2r - 2(N - 1) - 2(N - 2) - 1) -------t DN-1(n, r) 
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7. Proof of (1.4) and (1.5) 

Let X be a finite CW-complex, whose integral cohomology has no torsion. 
Suppose X embedds in SM. Let Y be an M-dual of X. Then for any class 
y E HM-J- 2q- 2r (Y), y;2/' (y) is universally defined for k S: N and is a primary 
stable cohomology operation if M - 1 - 2q - 2r S: 2r - 4N + 4. In particular, 
the above holds for </J2r\ the dual of the Maunder operations of §5. If we assume 
that 

e:HM-1-2q-2r (Y) - HM-1-2q (Y) 

is trivial for all 0 E A2r, then 

</J2/':HM-1-2q-2r (Y) - HM-1-2q (Y)/Ind 

is also trivial fork S: N. Therefore 

(7.1) 

is the trivial homomorphism fork S: N. 
Letµ E K2q(X), then chq(µ) E H 2q(X) satisfies 

c(Sq2r)p*(chq(µ)) = p*(2rchq+,(µ) = 0 

hence 2'- 1chq+r(µ) is integral mod 2. Hence by Maunder's theorem, (4.9), 
x ( </J2.2) (p*chq (µ,)) is defined and with zero indeterminacy, 

X (</J2/)(p*Chqµ) = P* (2r-lChq+r (µ,) = 0 

by (7.1) Since any class x E H 2q(X) is chq(µ,) for some µ, it follows that 
N 2q (X, </J2.2) = H 2q (X), and we proceed in this way, until we obtain, 

x(<b2/(p*Chq(µ,)) = p*(2r-N+1chq+r(µ,)) = 0 

and hence 2r-Nchq+r(µ) is still integral mod 2. Now from M - 1 - 2q - 2r S: 
2r - 4N + 4, we obtain, 4N S: 4r + 2q - M + 5, and (1.4) follows. 

Proof of (1.5). Suppose chm(µ) = sm(µ)/m !, with p*(sm(µ)) ~ 0. Now the 
highest power of 2 present in m ! is 2m-aCml. Therefore, P* (2m-aCml chm(µ)) ~ 0, and 
by Maunder's theorem (4.9 ), 

p* (2m-a(m) chm(µ)) E X (</J2.,._2/) (chq (µ,) ), 

where m - a (m) = m - q - N + 1, i.e. N = a (m) - q + 1. However if 
X c SM, andM - 1 - 2m S: 2(m - q) - 4N + 4, x(</J2,m-qt)(ch«(µ)) = 0 
with zero indeterminacy. This is a contradiction. Hence X does not embedd in 
SM, where M = 4m - 2q - 4 (a (m) - q + 1) + 5 = 4m + 2q - 4a (m) + 1. 
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