INERTIA GROUPS OF HOMOTOPY PROJECTIVE SPACES
By WiLLiam BrowDER*

Let M™ be a closed smooth oriented manifold, and let 6 be the group of
h-corbordism classes of homotopy m-spheres of [Kervaire-Milnor]. Let
I(M™) C 6™ be the set of Z™ € §™ such that the connected sum M % X is diffeo-
morphic to M by an orientation preserving diffeomorphism. Then I (M) is a
subgroup of 6" and if bP,,1 C §" is the subgroup of £ which bound parallelizable
manifolds, let 7,(M) = I(M) NbP,;.

In [Browder, A], we studied I (M™) for m = 4k — 1, in particular when M™
is a r-manifold. In this note we use these methods to study the case where m =
4k — 1 and M is a homotopy real projective space, proving the result quoted in
[Lopez de Medrano, V7. ‘

TueoreMm Let M™ be a homotopy real projective space of dimension m = 4k — 1,
k> 1. Then Iy(M) = 0.
We begin with a result of [Olum]:

Lenma 1 For m odd, any orientation preserving homotopy equivalence h:P™ — P™
(real projective space) ts homotopic to the identity.

Following [Browder, A.], define @* = (M X [0, 1]x W)/g where W =
2 € Iy (M), W parallelizable, + denotes connected sum along the boundary
M X1 g:MX0— (M X 1)%0W an orientation preserving diffeomorphism,
80 that @ is the identification space of M X [0, 1] + W by the diffeomorphism ¢
on the two boundary components.

LEMMA 2 Q/W is a fibre bundle over S* with fibre M.
This is [Browder, A (2.1)].

From now on let M be homotopy equivalent to P™, m odd. Combining lemmas
1 and 2 we get:

LemMa 3 Q/W is homotopy equivalent to M X S

For a bundle over S* with fibre M is determined by an automorphism of M
and by Lemma 1 this is homotopic to the identity, so the lemma follows.

LemumA 4 There is a linear bundle £ over M X S* such that ¢*(¢) = vq, the stable
normal bundle of Q"™ < S™* where ¢:Q — Q/W =2 M X 8" is the collapsing map.

This follows easily since W is parallelizable.
LeMuA 5 £ is a fibre homotopy equivalent to varxst .
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Proof: Let é: T (vq) — T (£) be the bundle map covering ¢. Then the composite

gt 2, T (vq) > (¢) is of degree 1 on the top homology, where « is
the natural collapsing map. It then follows from [Atiyah] that ¢ is the fibre
homotopy equivalent to vawxst . (See also [Spivak] or [Browder, S I§4]).

LemMa 6 Let d:M™ X 8' — 8% (m = 4k — 1) be a map of degree 1. There is
a linear bundle n over 8* such that [t] = [vaxsr] + d*fn] in KO X 8.

Proof: Since £| M X 3 = vu + € = vg| M X &, it follows that if v =
(E — vuxsr), v| M X % and v | (pt) X 8" are trivial so that v = r*(y"), where
v is a linear bundle over ZM = M X 8/ (M X %) < (pt.) X §") and v is-
fibre homotopy trivial. By [Fujii], KO (ZP™™") = Z, and the generator has non-
zero Stiefel-Whitney classes. Since v’ is fibre homotopy trivial it follows that
[v' | ZP™"] = 050 that [y] = d*[x] for [y] € KO(8*), where d':ZM =~ *P™ —
SP"/P™ " = 8% Hence [£] = [vuxst] + r7d *[n] = [vaxs:] + d*[n], since d'r = d.

Recall from [Milnor-Kervaire] the following:

LemwMa 7. If n is a linear bundle over 8* then px (v) is divisible by (2k — 1)! ax,
where a, = 2 for k odd, a, = 1 for k even.

Now we have, since P (vaxs1) = 1
P@)" = P(vo) = P(c"t) = ¢"P(§) = ¢"P(vuxsr + d™n) =
c* (P (ruxs )P (d™n)) = ¢*(P(d*n)) = ¢*d*P (),
so that p.(Q) = 0 for 7 < k and
pelQ] = (¢*d*pr (1) ™)Q] = pi(—1n) (dscs[Q] = pe(—n)[S¥].

By Lemma 7, (2k — 1)la; divides px(—n), so that (2k — 1)!a; divides the
Pontrjagin number p:[@], while all other Pontrjagin numbers of @ are zero.

Now P*7" is a Spin-manifold since wi(P*™") = w,(P*™) = 0. Since wy, ws
are homotopy invariants it follows that M™ and M™ X S' are Spin-manifolds
so that w; (§) = we(¢) = 0 by Lemma 5 so that w1(rq) = wna(ve) = 0 by Lemma
4 and @ is also a.Spin-manifold.

Hence, from [Atiyah-Hirzebruch]:

= _BL
2(2k)1 P

-~

AlQ] Q] = -5 (2% - Diay

2(2k)!

is an integer, even for k odd (when a, = 2) so that y is a multiple of denominator
(Bi/4k), where pi[@] = (2k — 1)!awy. From the verification of the Adams con-
jecture [Quillen] [Sullivan] [Mahowald] and [Friedlander], denominator (%) =
dy is the order of im J C =4, and y = 2 d .
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From the Index Theorem of [Hirzebruch] it follows that
c(Q) = 22" — 1)Bipi(Ql/ (2k)!
= 2*(2* ) B, @2 — 1)!diz/ (2K)!
= 2% (2% — 1)Bidiwz/k = zos

where oy, 8(order bPsx) from [Kervaire-Milnor, page 531].

From [Browder, A (2.6)] we get that (W) = ¢(Q) = zox, so that W is
h- corbordant to S’”‘ ! by [Kervaire-Milnor, (7.5)] and we conclude that
I oM )

‘Remarlcs

1. M™, the 2-fold covering of M/ is a homotopy sphere, and if m is odd, ‘the
2fold covering of M % = is M % T % =. Therefore if = € I(M), then
2% € I(M) = 0, since theé homotopy spheres form a group under connected
sum. Hence all our efforts were really necessary only to check the element of
order 2 in bPy;, .

2. Using the verification of the Adams conjecture alluded to above and uti-
lizing the techniques of [Brumfiel], the main result of [Browder, A] may be made
more precise: If M* ™ is a w-manifold, then Io(M ) =
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