
ON GENERAL GALOIS THEORY 

BY JULIO R. BASTIDA 

I. Introduction 

It is the purpose of this note to give a presentation of the general Galois cor
respondence between subgroups and intermediate subfields, based on the most 
elementary properties of algebraic field extensions and of topological groups. We 
proceed directly to the case of field extensions of arbitrary degree. The theory for 
field extensions of finite degree is seen to be an easy particular case; for this rea
son, we shall concern ourselves only with those results which do not involve 
finiteness assumptions. 

We feel that this presentation of Galois theory has some advantages. First of 
all, direct and simple proofs can be given of some of the interesting results, based 
solely on the normality of the field extensions under consideration. On the other 
hand, the properties of the topological Galois group play an essential role in 
many questions of Commutative Algebra and Algebraic Number Theory, so 
that the introduction of topological considerations in Galois Theory at the earliest 
possible moment may not be considered misplaced. 

2. Prerequisites and Notation 

We shall assume familiarity with the main properties of algebraic extensions, 
especially normality and separability; the most convenient references for our 
purposes are the texts by Bourbaki [1], Jacobson [4], Lang [5], and McCarthy 
[6] (in fact, all the background on algebraic extensions that we need here is con
tained in pp. 1-36 of [6]). We shall also assume familiarity with the most ele
mentary properties of topological groups; particularly suitable references on this 
subject are the texts by Bourbaki [2] and [3]. 

We now introduce some notation. Let K be a field; we denote by Aut (K) the 
group of all automorphisms of K; for every subgroup Hof Aut (K), we denote by 
I (H) the field of invariants of H (that is, the fixed field of H). If K is a field, and 
Lis a field extension of K, we denote by G (L/K) the subgroup of Aut (L) con
sisting of all K -automorphisms of L. 

An obvious fact, which will be used later, is the following: if K is a field, and 
if His a subgroup of Aut (K), then 

H ~ G(K/l(H)) and l(H) = l(G(K/I(H))). 

3. The Finite Topology 

In this section we consider a non-empty set X. We are concerned here with the 
description of a topology on the set of all mappings from X to X. 

For every mapping u from X to X and every finite subset E of X, we denote by 
(u; E) the set of all mappings from X to X which agree pointwise with u on E. 
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It is then easily verified that there exists a unique topology on the set of all 
mappings from X to X such that, for every mapping u from X to X, a fundamental 
system of neighborhoods of u is formed by the sets of the form (u; E), where E 
is a finite subset of X. 

This topology is said to be the finite topology on the set of all mappings from 
X to X. From now on we shall use the symbol M (X) to denote the topological 
space formed by the set of all mappings from X to X with its finite topology. 

Compactness of subsets of M (X) will play an essential role in the sequel. 
r - For this reason, it is important for us to observe that M (X) can be naturally 

identified with the product space !Lex D,,, where for each x E X we denote by 
D,, the discrete topological space having X as underlying set. 

4. The Topological Galois Group 

In this section we consider a field K and an algebraic field extension L of K. 

PROPOSITION 1. G(LIK) is a compact subset of M(L). 

Proof. First of all, we verify that G(LIK) is a closed subset of M (L). Thus 
let u E M (L ), and suppose that u is an adherent point of G (LIK); we want to 
show that u E G (LIK), or that u is a K-automorphism of L; since Lis algebraic 
over K, it suffices to show that u is a K-endomorphism of L. To do this, let 
x E Kandy, z E L; let us denote by Ethe finite subset of L consisting of x, y, z, 
y + z, yz; we then know that G(LIK) n (u; E) ;= ef,; let us chooser E G(LIK) 
n (u; E), so that r is a K-automorphism of Land u(u) = r(u) for everyu E E; 
but then u (x) = r (x) = x, u (y + z) = r (y+ z) = r (y) + r (z) = u (y) + u (z), 
and u(yz) = r(yz) = r(y)r(z) = u(y)u(z). 

To conclude this argument, we only need to verify that G(LIK) is contained 
in a compact subset of M (L ). For each x E L, let Xx be the set of all roots in L of 
the minimal polynomial of x over K, so that S,. is a compact subset of the dis
crete topological space L; applying now the natural identification of M (L) with 
a product space mentioned above, we deduce from the theorem of Tihonov that 
IL,eLS,. is a compact subset of M(L); but if u E G(LIK), then u(S,.) CS,. 
for every x EL, which showa that G(LIK) C lLeLSx. q.e.d. 

We now introduce the symbol N (LIK) to denote the collection of all sub
groups of G (LIK) of the form G (LIQ), where Q is an intermediate field between 
Kand L which is of finite degree over K. It is clear that N (LIK) ;= <J,, because 
G(LIK) E N(LIK); since G(LIPQ) = G(LIP) n G(LIQ) for every two inter
mediate fields P and Q between K and L, we see that the intersection of every 
two members of N(LIK) is a member of N(LIK); and since uG(L/Q)u- 1 = 
G(L/u(Q)) for every u E G(L/K) and every intermediate field QbetweenK and 
L, we see that all the conjugates of a member of N (LIK) are members of N (LIK). 

It then follows from the elementary theory of topological groups that there 
exists a unique topology on G(LIK) which is compatible with the group struc
ture and with respect to which N (LI K) is a fundamental system of neighborhoods 
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of the neutral element. This topology is said to be the Krull topology of G (LI K); 
whenever we consider G (LI K) as a topological group, it will be understood that 
it is provided with its Krull topology. 

PROPOSITION 2. The Krull topology of G(L/K) is the topology on G(L/K) in
duced by that of M(L). 

Proof. Let <T E G (LIK); we shall verify that the neighborhood filters of <T 
with respect to the two topologies in question are identical. 

Consider first an intermediate field Q between Kand L which is of finite degree 
over K; we can then write Q = K(E), where Eis a finite subset of L. It is 
evident that G(LIK) n (<T; E) C <TG(LIQ), hence we conclude that uG(LIQ) is a 
neighborhood of u with respect to the topology on G (LI K) induced by the 
topology of Jvl (L). 

Now let Ebe a finite subset of L. If we let Q = K(E), then Q is an interme
diate field between Kand L which is of finite degree over K. But it is clear that 
<TG (LIQ) c G(LIK) n (<T; E), which shows that G(LIK) n (<T; E) is a neighbor
hood of <T with respect to the Krull topology of G (LI K). q .e.d. 

PROPOSITION 3. G(L/K) is a compact topological group. 

Proof. This is clear from Propositions 1 and 2. 

PROPOSITION 4. If L is of finite degree over K, then G(LIK) is discrete; and 
conversely, if L is Galois over K and G(L/K) is discrete, then L is of finite degree 
over K. 

Proof. If Lis offinite degree over K, then G(LIL) E N(LIK), so that G(LIL) 
is open in G(L/K); but G(L/L) is a singleton, and we see that G(LIK) is 
discrete. 

Now assume that Lis Galois over Kand that G(LIK) is discrete. Then there 
exists an intermediate field Q between K and L which is of finite degree over K 
and such that G(LIQ) is a singleton; but then G(LIQ) = G(LIL), so that 
I(G(LIQ)) = I(G,(LIL)) = L; but Lis Galois over Q, so that 

Q = I(G(LIQ)) = L, 

which shows that L is of finite degree over K. q.e.d. 

PROPOSITION 5. If Lis normal over K, then a fundamental system of neighbor
hoods of the neutral element of G(L/K) is formed by the subgroups of G(L/K) of 
the form G(L/Q), where Q is an intermediate field between Kand L which is normal 
and of finite degree over K. 

Proof. In fact, if P is an intermediate field between K and L which is of finite 
degree over K, then there exists an intermediate field Q between P and L which 
is normal and of finite degree over K; since P C Q, we see that G(LIQ) ~ 

G(L/P). q.e.d. 
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The next result, which already gives part of the Galois. correspondence, is 
essential in what follows. 

PROPOSITION 6. If Lis normal over K, and if His a closed subgroup of G(LIK), 
then H = G(LI I(H)). 

Proof. Since I (H) is an intermediate field between Kand L, we lmow that L 
is normal over I (H) ; the preceding discussion also applies to the field J (H) 
and its normal extension L; in particular, by Proposition 2, it is clear that the 
Krull~fb/I-~) is induced by that of <J¢1Kt;irrtlie argument that ___ -·~-
follows, the topological group under consideration will be G (LI I (H)). 

We already know that the inclusion H CG (Lil (H)) holds; it shows, in par
ticular, that H is a closed subgroup of G (LI I (H) ). To show the opposite inclu
sion, take CT E G (LI I (H)); to show that CT E H, we only need to verify that CT 
is an adherent point of H (recall that the topology under consideration is the 
Krull topology of G (LI I (H))); and we shall do this by invoking Proposition 5; 
thus consider an intermediate field Q between I (H) and L which is normal and 
of finite degree over I (H); we need to show that H n CTG (LIQ) ,zf. rf>. 

The normality of Q over I (H) implies that if; ( Q) = Q for every 
if; E G(LII(H)); for every if; E G(L/I(H)), we denote by y;* the J(H)-auto
morphism of Q which if; defines by restriction. We thus have the mapping y; - y; * 
from G(L/I(H)) to G(QII(H)), which clearly is a homomorphism. Let us 
denote by H* the image of H under this homorphism; thus H* is a subgroup of 
G(QII(H)). 

We claim that H* = G(Q/I(H)): for suppose otherwise; then the finiteness 
of G (QII (H)) implies that Card (H*) < Card (G(Q/I (H))); it is evident that 
I (G(Q/I(H))) = I(H) and! (H) C I(H*) C Q, we then deduce from a theorem 
of Artin (an elementary proof of which is given in [6], Theorem 3, p. 35; other 
proofs are given in [I], (4], and [5]) that [Q:I(H*)] = Card (H*) < 
Card (G(Q/I(H))) = [Q:I(G(Q/I(H))] = [Q:I(H)] = [Q:I(H*)][l(H*): 
I(H)], whence [I(H*):I(H)] > 1 and I(H) c l(H*); now choose an 
x E I (H*) such that x Ef I (H); then x E Q and there exists a y; E H such that 
y; (x) ,zf. x; but y; * E H*, so that 1/-'* (x) = x, which is impossible because y; (x) = 
y;*(x). 

Since CT E G(LII(H)), we have CT* E G(QII(H)), so that CT* EH*. Choose 
1/; EH so that CT*= y;*; then CT(x) = CT*(x) = y;*(x) = y;(x) for every x E Q, 
which means that (CT- 1y;)(x) = CT-1 (y;(x)) = x for every x E Q; thus 
u -if E G (LIQ), so that y; E H n CTG (L/Q); it follows that H n CTG (LIQ) ,zf. <t,. 

q.e.d 

Remark. In the proof just given, essential use has been made of a theorem of 
Artin. This result of Artin is derived in [4] as a consequence of the theorem of 
Jacobson-Bourbaki, which seems to us to be the best approach, as the latter is 
also useful in the Galois theory of purely inseparable extensions of exponent 
one; this material is beautifully presented in [4]. 
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PROPOSITION 7. If Lis normal over K, and if His a subgroup of G(L/K), then 
G(L/ I(H)) is the closure of Hin G(L/K). 

Proof. Let F be the closure of H in G (LI K). Then F is a closed subgroup of 
G(LIK), and from Proposition 6 it follows that F = G(LII(F)). But H c F, 
so thatJ(H) ~ J(F) andH C G(L/I (H)) c G(LII(F)) = F;but G(LII (H)) 
is a compact, and hence closed, subset of G (LIK), so thatG(LII (H)) = F. q.e.d. 

PROPOSITION 8. If Lis normal over K, and if His a subgroup of G(LIK), then 
the following conditions are equivalent: 

(i) l(H) = I(G(LIK)). 
(ii) His dense in G (LIK). 
(iii) if Q is an intermediate field between K and L which is of finite degree 

over K, then every K-automorphism of Q is the restriction of an element of H. 

Proof. The equivalence between (i) and (ii) follows trivially from Proposi
tion 7. 

We now prove that (ii) implies (iii); let Q be an intermediate field between 
Kand L which is of finite degree over K, and let er E G (QI K); since Lis normal 
over K, there exists r E G(LIK) which is an extension of er; by (ii), we know 
that r is an adherent point of H; thus H n rG (LIQ) -:;c. <J,, and it is clear that 
every element of H n G(LIQ) is an extension of u. 

To prove that (iii) implies (ii), we must verify that every element of G (LIK) 
is an adherent point of H; thus let if; E G (LI K), and let Q be an intermediate field 
between K and L which is normal and of finite degree over K; the normality of 
Q over K implies that if; (Q) = Q, which shows that if; defines, by restriction, a 
K-automorphism y; * of Q; by (iii), there exists an element of H which is an ex
tension of if;*; and since it is evident that every such element of H belongs to 
H n if; G(LIQ), we conclude that H n if; G(LIQ) -:;c. <J,. q.e.d. 

5. The Galois Correspondences 

The general Galois correspondences can now be derived directly as easy con
sequences of the resuits of the preceding section. 

THEOREM 1. The f ollCYWing assertions are valid for every field K: 
(i) if His a subgroup of Aut (K) which is a compact subset of M (K), then K 

is Galois over I ( H). 
(ii) if Eis a subfield of Kover which K is Galois, then G (Kl E) is a subgroup of 

Aut (K) which is a compact subset of M (K). 
(iii) the mapping H - I (H) from the set of all subgroups of Aut (K) which 

are compact subsets of M (K) to the set of all subfields of Kover which K is Galois 
is bijective; the mapping E - G (Kl E) from the set of all subfields of K over which 
K is Galois to the set of all subgroups of Aut (K) which are compact subsets of 
M (K) is bijective; and these mappings are mutually inverse. 
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Proof. In order to establish this result, we only need to verify the following 
statement: if His a subgroup of Aut (K) which is a compact subset of M (K), 
then K is algebraic over I (H), and H = G (K/I (H) ). 

Let x E K; identifying M (K) with a product space in the way indicated 
earlier, the projections of Hon the factor spaces are compact, and hence finite; 
in particular, the set {o-(x) I <J' E H} is non -empty and finite; let us write n = 
Card ({<J'(X) j <J' EH}) and {<J'(x) I <J' EH} = {x1, ···, Xn}; we now consider 
the polynomial!= (X - x1)(X - x2) • • • (X - Xn) E K[X]; it is clear that f 
is invariant under every element of H, so that the coefficients off belong to 
I (H); since f ¥ 0, and f (x) = 0, we conclude that x is algebraic over I (H). 

We then know, in particular, that K is normal over I (H); it is evident that H 
is a closed subgroup of G(K/I(H)), hence we conclude that H = G(K/I(H)). 

q.e.d. 

THEOREM 2. If K is a field, and if L is a Galois field extension of K, then the 
mapping H-+ I(H) from the set of all closed subgroups of G(L/K) to the set of 
all intermediate fields between K and L is bijective, the mapping Q -+ G (L/Q) from 
the set of all intermediate fields between K and L to the set of all closed subgroups 
of G(L/K) is bijective, and these mappings are mutually inverse. 

Proof. It is only necessary to observe that the mappings involved are restric
tions of the mutually inverse bijections associated to Las in Theorem 1. q.e.d. 

Remark. Let us mention at this point that Theorem 2 is, in some sense, the 
best possible result on the correspondence between intermediate fields and sub
groups. The reason for this is that the Galois group of a Galois field extension of 
infinite degree is known to be non-denumerable (this is not difficult to establish; 
consult the first exercise in the appendix of (1]); and from this fact one can easily 
deduce that such Galois groups admit non-closed subgroups. 

6. Homomorphisms of Topological Galois Groups 

Let us introduce at this point the following notational convention: if Sand T 
are non-empty sets such that S ~ T, and if (J' is a mapping from T to T such 
that (J' (S) C S, then <J's will denote the mapping from S to S defined by restric
tion of u. 

THEOREM 1. If K is a field, if L is a field extension of K, if M is a field exten
sion of L, and if Land Mare normal over K, then we have: 

(i) if u E G (M /K), then u (L) = Land uL E G (L/K). 
(ii) the mapping u-+ uLfrom G(M/K) to G(L/K) is a surjective contin

uous homomorphism, G (M / L) is its kernel, and it induces an isomorphism of 
topological groups from G(M/K)/G(M/L) to G(L/K). 

Proof. The first part is an obvious consequence of the normality of L over K. 
Let A be the mapping u-+ uL from G(M/K) to G(L/K); it is evident that 
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A is a homomorphism, and that G (M / L) is its kernel; and the normality of M 
over K implies that A. is surjective. 

To verify that A is continuous, we only need to observe that, if Q is an inter
mediate field between K and L which is of finite degree over K, then 
A(G(M/Q)) C G(L/Q). 

The isomorphism from G(M/K)/G(M/L) to G(L/K) induced by A is con
tinuous; since G(M/K)/G(M/L) is compact and G(L/K) is separated, it fol
lows that it is also a homeomorphism. q.e.d. 

THEOREM 2. If K and L are fields which admit a common field extension, and 
if L is normal over K n L, then we have: 

(i) KL is normal over K. 
(ii) if u E G(KL/K), then u(L) = Land uL E G(L/K n L). 
(iii) the mapping u -i- <TL from G(KL/K) to G(L/K n L) is an isomor

phism of topological groups. 

Proof. The first two parts are clear. Let A be the mapping u - u L from 
G(KL/K) to G(L/K n L); it is clear that A is an injective homomorphism. 

To show that A is continuous, we only need to observe that, if Q is an inter
mediate field between K n L and L which is of finite degree over K n L, then 
KQ is an intermediate field between K and KL which is of finite degree over K, 
and A(G(KL/KQ)) ~ G(L/Q). 

We need to verify that A is surjective. Let H be the image of A; the continuity 
of A implies that H is a compact subgroup of G (L/ K n L); it then follows that 
His a closed subgroup of G(L/K n L), and thus H = G(L/I(H)). 

We now claim that I(H) = I(G(L/K nL)). Indeed, the inclusion 
I (H) :::) I (G(L/K n L)) is evident. Now let xEI(H); then x E L and uL (x) 
= x for every u E G(KL/K), so that x E KL and u(x) = x for every u E 
G(KL/K); since KL is normal over K, this means that xis purely inseparable 
over K; denoting by p the characteristic exponent of K, we have xpn E K for 
some n > 0; but then xpn E K n L, so that x is purely inseparable over K n 
L, which implies that x E I(G(L/K n L)). 

We then have H = G(L/I(H)) = G(L/I(G(L/K n L)) = G(L/K n L), 
which means that A is surjective. 

Since A is continuous and bijective, G(KL/K) is compact, and G(L/K n L) 
is separated, it follows that A is also a homeomorphism. q.e.d. 

THEOREM 3. If K is a field, if L and M are field extensions of K which admit a 
common field extension, and if L and M are normal over K, then we have: 

(i) LM is normal over K. 
(ii) if u E G(LM/K), thenu(L) = Landu(M) = M, anduL E G(L/K) 

and <TM E G(M/K). 
(iii) the mapping u- (uL, crM)from G(LM/K) to G(L/K) X G(lvl/K) 

is an injective continuous homomorphism. 
(iv) if K = L n M, then the mapping u - (uL, uM) from G (Llvf /K) to 

G(L/K) X G(M/K) is an isomorphism of topological groups. 
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Proof. The first two assertions are clear. Let A be the mapping u-+ (uL, uM) 
from G(LM/K) to G(L/K) X G(M/K); it is evident that A is an injective 
homomorphism. 

To show the continuity of A, we only need to observe that, if P is an inter
mediate field between K and L and Q is an intermediate field between K and M, 
and if P and Q are of finite degree over K, then PQ is of finite degree over K, 
and A(G(LM/PQ)) ~ G(L/P) X G(M/Q). 

In order to prove the last assertion, we assume that K = L n M. First of 
all, it is easy to see that A is surjective: for let (A, o) E G(L/K) X G(M/K); 
then A E G(L/L n M) and o E G(M/L n M), and from Theorem 2 we see that 
A = TL and o = VIM for some r E G(Lkl/M) and if; E G(LM/L); and if we put 
u = rif;, then it is clear that u E G(LM/K) and A(u) = (uL, uM) = (A, o). 
Thus A is a bijective continuous homomorphism from G (LM/K) to·G (L/K) X 
G(M/K); since G(LM/K) is compact and G(L/K) X G(M/K) is separated, 
we see that A is also a homeomorphism. q.e.d. 

THEOREM 4. If K is a field, if Lis a Galois field extension of K, and if V and 
Ware closed subgroups of G (L/K) such that G (L/K) = VW and that V n Wis 
the trivial subgroup of G (L/K), then K = I (V) n J (W) and L = I (V)I (W). 

Proof. First of all, we have K = I(G(L/K)) = I(VW) ~ I(V) n J(W). 
And also, since V and Ware closed subgroups of G(L/K), we have V n W = 
G(L/J(V)) n G(L/J(W)) = G(L/I(V)I(W)); since V n Wis the trivial 
subgroup of G (L / K) and L is Galois over I (V )I (W), we conclude that L = 
I(V n W) = J(G(L/J(V)J(W)) = I(V)J(W). q.e.d. 
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