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I. Introduction 

Let h , 1/k , and 'Yk denote the Hopf real, complex, and quaternionic line bundles 
over RP\ OP\ and QPk respectively. To determine the real geometric dimensions 
of mh , m1/l, , and m-y,. for m > k is the generalized vector field problem. In this 
note we apply complex K-theory following the procedure of [ll to produce ele-
mentary proofs for the following theorems. ' 

THEOREM A. Suppose 2mrik has real geometric dimension ~ 2t _ + e where 
_ ~ =: 0 br l, Ther,, c·i+i (2m;,,.) is divisible by 21. • 

' . '· ' ' ' ~.. i . 
THEOREM B. S?-i,ppose m-yk has real geometric dimension ~ 4t + e or 4t + 2 + e 

where e = 0 or 1. Then ei+;(m-yk) is divisible by 221 in the first case and by 22i-1 in 
the second case. 

' . : 

A strong generalization of Theorem A and a weaker version of Theorem B were 
communicated to me by S. Gitler and M. Mahowald. 

2. Preliminaries 

Let KU denote the complex K-theory functor. Lett denote the complexifica
tion of a vector bundle~- Then ri/ = 1/k EB 'iik where 1/k ® ,;;,. = 1 and -y,.0 = 2-yk. 
KU(CP,.) = Z[y]/(yk+1l and KU(QP") = Z[z]/(i+ 1) where y = 1/k - 1 and 

- k • z: = -y,. - 2 from [3]. Note:in KU(C..P ) thaij 

(2.1) - - 1 -y • 
y = 1/k - = 1 + y • 

Let Xi denote the extension of the i-th exterior power on complex vector 
bundles to KU. For arbitrary x in KU(X) we define Xt(x) = I::.o X'(x)ti 
where tis an indeterminate. Properties of exterior powers imply that 

(2.2) 

Let RSpin (n) denote the complex representation ring of the spinor group 
Spin (n). RSpin(2n) = Z[X1, • • ·, X"'-2, A2,.+, A2,.-] and RSpin (2n + 1) = 
Z[X1, • • • , X"-1, A2,.+1J from [2]. Further, 

(2.3) 
i*A2,.+ = i*A2 .. - = 2n-t-l(A2t+ + A2t-) 

where i:Spin(2t + e) - Spin(2n) denotes the standard embedding fore = 0 
or 1. We define X1 = 2;:: 0 Xi and L1 = 2;~:o ( - 1 /x •. Then the equalities 

(2.4) X_1 = (A2,.+ - A2,.-)2 and X1 - X_1 = 4A2,.+A2,.-
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hold in RSpin (2n) for even n by [1]. Applying the a construction gives relations 
in KU (BSpin (2n)) corresponding to (2.4) for n even. Let Cr,s denote the bi
nomial coefficient G). 

PROPOSITION 2.5. Ai(nrJkc) = ((1 + t)2 + ty2/(l+y)f and Ai(n--y/) = 
((1 + t)2 + tz) 2n. ' • 

Proof. t-.1(nrJ/) = Ai(nrJk E9 nrik) = (t-.i(rJ1c)t-.i(tik)Y' = (1 + t(y + y + 2) + 
t2)" = ((1 + t) 2 + ty2/(l+ y)tby (2.1) and (2.2). Similarly, At(n'Y/) = 

At(2n'Yk) = At('Ykr = (1 + 'Ykt + t2 )2n = ( (l + t)2 + tz)2n_ 

3. Proofs. 

Proof of A, Set n = 2m and consider the following diagram where e = O or 1. 

(3.1) 

BSpin(2t + e) 
y -l?r 

k n'f)k 
CP ~ BSpin(2n) 

By hypothesis the classifying map for nrJk has a lifting g. Let P2n denote the uni
versal bundle over BSpin(2n). Note that Ain (nrJk) = D.2n-(nrJ1c) since 1r * A2n +(p2n) 
= 1r*A2n(P2n) by (2.3). Thus [2A2n+(n'l)k)]2 = A1(n1)/) by (2.4) and A2n+(n1Jk) 
is divisible by 2n-t-1 by (2.3). Since t-.1.(nrJ1cc) is not in ICU(CP"), 22m-t divides 
Vt-. 1(nrJ1cc) = (2 + y )2m (1 + y)-m by (2.5) = 27-o s;yi where Si = 2l-o 
(-1 )H2 2m-t C2m,tCm-t+i-l,i-t• Note that 22m-t divides St+l so 2· divides 
C2m,t+1 . Inductively we assume 2f-l divides C2m,t+i-I . Then 22"'-t divides 
02 "'-<•+iJC th t 23 di "d C s· (2 ) C t+i .:..·· 2m,t+i SO a VI es < - 2m,t+f. 1nce Ct+i m'f)k = . 2m,t+if3 

-* k where {3 generates H (GP ), Theorem A is proved. 

Proof of B. Assume first that m'Y1c lifts to BSpin(4t + e) fore = 0 or 1. Then 
v't-.1(m'Y1cc) is divisible by 22"'- 2 t by the argument for Theorem A. By (2.5) 
Vt-.1(m'Ykc) = (z + 4r = 2~-o Cm,;22m-2izi. It follows that Cm,t+i and hence 
the symplectic Pontrjagin class e1+i(m'Y1c) is divisible by 22i. 

In the second case m')'1c lifts to BSpin(4t + 2 + e) withe = 0 or 1. Thus 
A4m +(m')'1c) is divisible by 22"'- 2,-2 by (2.3) so -Vt-. 1(m'Y1cc) is divisible by 22m-2t-i_ 
It follows that Cm, t+i is divisible by 22i-l for t + j ~ k so Theorem B is proved. 
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