ON THE GEOMETRIC DIMENSION OF STABLE REAL VECTOR BUNDLES
By Ricearp O. Hin, Jr.*

1. Let X be a finite t-dimensional CW-complex and let £ be a real m-plane
bundle with m > t. We say the geometric dimension of § = g.d. () <t — k or
codim (£) > kif thereisa (f — k)-plane bundle g suchthatf =9 @ (m —t + k)
where @ is Whitney sum and (m — ¢ + k) = X X R™ ***. Of course, by the
classification theorem for bundles (see [11], 19.3), ¢g.d.(¥) < t and codim (£)
> 0. ‘

In [3], Gitler and Mahowald proved the following:

TueoreMm A. If £ is trivial over the (¢ — 1)-skeleton of X, then codim (¢) >
min (@ — 2|logst | — &5, |8/2| —1) (where | z | is the greatest integer in x.)

We will prove the following results:

TrroreM 1. If HY(X; Z,) = 0, 0 < £ < gq, then codim (£) > min
(g — 2| logt| — 5,[t/2] — 1).

As-in [3], a sharper but more complicated result is proven, and this is stated
as Theorem 3.5.

In [7], Kervaire proved that if £ is a bundle over S*, its «" Pontrjagin class
P;(¢) € H*; Z) is divisible by d;(2¢ — 1)!, where d;is 1 or 2 as 7 is even or odd.
These numbers will arise later and we will let m; be the power of 2in (2 — 1)L
We also prove:

TaeoreM 2. If H (X; Z) has no 2-torsion for £ < q and H (X; Z») = 0 for
£=1,2 (8) and £ < qand if P;(£) is divisible by 2"%, wheren; = m; + 1 — 2¢ +
[(g + 1)/2], then codim (£) > min (g — 2|log" | — 5, [¢/2] — 1).

CorROLLARY 3. Ifdim X =t > 16 and H" (X;Z,) = 0,0 < m < t, and & is
any bundle over X (of dim. > t), then codim (¢) > [t/2] — 1.

Using the results of M. Hirsh [5], we get:

COROLLARY 4. If M’ is a differentiable manifold such that H™ (M; Z,) = O
0 < m < qorif M' and its Pontrjagin classes satisfy the hypothesis of Theorem 2,
then M' immerses in R*™°, where x = min (q— 2 |logst | — 5, [t/2 | — 1).

In particular, we get:

COROLLARY 5. Any lens space L, (p) = S /Z,, p odd, immerses in R*"**.

This result was proven by Uchida in [13], using the fortunate fact that the
(stable) tangent bundle of L,(p) is the restriction of the tangent bundle of
L1 (p) which allowed him to observe that all obstructions were zero.

* This research was partially supported by the U.S. Army Research Office (Durham)
and the N.S.F. It contains part of the author’s Ph.D. thesis [4] submitted to Northwestern
University under the direction of M. Mahowald.
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To prove our results, we will construct a sequence of spaces E, which are
total spaces of fibration over BSO, the classifying space for stable orientable
bundles. We denote by BSO[m] the (m— 1)-connected covering of BSO, i.e.,
Sfn:BSO[m] — BSO is a fibration, =; (BSO[m]) = 0, ¢ < m and m;(f,) is an iso-
morphism for ¢ > m. (See Hu [6].) Let P, € H*(BSO; Z) be the k" universal
Pontrjagin class and let v, generate H*(BSO[4k];Z) = Z. Then by [8],
H*(BSO; Q) is a polynomial ring freely generated by (the images under the
coefficient homomorphism of) the Py’s, and, as noted above fu (Pr) = ey,
where ¢, = == dx(2k — 1)!and dr = 1 or 2 as k is even or odd.

THEOREM 5. Forn = 4a + 5,0 < b < 3, let o(n) = 8a + 2° and let ¢, =
[l (n) — 11/4|, where | z | is the greatest integer in x. There is a sequence of spaces
E,,n > 1, where E; = BSO, E, = BSO[4] such that
1) Forn2= 2,p,: E, — E,,is a principal fibration with fiber a products of
K(Z., )’sand p,* is 0 mod 2 in dimensions < 2.

(2) Let g = po +++ opy : B, — BSO. Then g, 1s a rational and Z, equivalence,
for p a prime # 2.
(8) There is a natural map 1,: BSOlp(n)] — E, 0 that fomy = Quln -
4) Forn > 3, H*(Ba; Z3) = {®u<i<oH " (K (Z, 41); Z:)®H" (BSOlp (n)];
Z5)}, as rings and the factor { @ H* (K (Z, 43); Z)} ® 1 is also correct as a sub-
algebra over the mod 2 Steenrod algebra. For 1 < i < ¢, , denote by Bn,s € H* (B ;Z5)
the generator of 1Q -+ QH*(K(Z,41);%:) @ -+ @ landlet o, € H*™ (B, ;2,)
denote the generator of 1 @ H*™ (BO[e(n)];Z:). The above splitting is induced in
part by i, ;tn particular, i, (o, ) generates H*™ (BOlp (n); Z2). A map F:X — B,y
will Lift to By if and only of F* (Ba-1s) = 0 = F*(an1), 1 < 4 < Cae1.
(5) Note that by (2), H*(E. ; Q) is a polynomial algebra. We can choose x 1 €
H*(E,;Z), k > 0 so that

(a) When included into H*(E, ; Q), they freely generate the polynomial

algebra.
(b) For 1 _<_ k S Cny (xn,k)2 = ﬂn,k, 1 S k S Cn and 'I':f 41 = ¢(n)’
(xn,i)Z = On.

(c) pn*(xn—l.k) =22, 1 <k < cn
(d) Suppose k¥ = ¢, + 1L and n = 2 or 3 (4) so that 4k = ¢(n) and
H*(BSO[4k]; Z) = Z, generated by N . Then
(@) 4n* @np) = bidi, by € Z.
(1) 3% @ar) = bede, bi € Z.
(IIXI) By (3), arb = ex, 80 ax, bx ¥ 0 and both divide e, . By (b) and (4),
br 1s odd. ]
(Of course, (d) follows from the previous parts.)

Notation. If X and Y are topological spaces, we will write X = Y if they are
homeomorphic and X ~ Y if they are of the same homotopy type. If G and H
are groups, rings, modules, etc., we will write G@ = H if they are isomorphic.
If f and g are maps, we write f ~ ¢ if they are homotopic or f ~ = if f is null
homotopic. We denote the integers by Z, the integers mod p by Z,, and the
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rationals by Q. If x € H"(X; Z), then we denote the image of z under the co-
efficient homomorphism Z — Z, by (z),. A K (Il;n) is, as usual, an Eilenberg-
MacLane space of type (I, n). If o € H" (K (I, n); II) is the fundamental class
(see [10]) and f: X — K (II, n) is a map, then we call f*(a) the k-invariant of f.

2. Outline of the construction of the spaces E,’s.

In this section, we will outline the construction of the E,’s and intuitively
explain why they have the properties which we want. Unfortunately, although
the construction is fairly straightforward, the details are a little involved, and
we put this off to section 4. We first discuss the m-connective fiberings over BO,
since all spaces are constructed from them.

2.1. Wedenote by BO[m] the m-connective fibering over BO. Thus, 7; (BO[m]) =
0,2 < m and 7;(BO[m]) = m; (BO) if ¢ > m where this isomorphism is induced
by the projection of BO[m] — BO. In particular, BO[2] = BSO so that BO[m] =
BS8O[m], for m > 2.

Recall if we let 7 = 7, (BO), then we may construct BO[m -+ 1] — BO[m]
as the fibration induced from the loop-path fibration over K (r, m) by a map
BO[m] — K (x, m) (which induces an isomorphism in homotopy in dimension m).
By Bott periodicity [2], for & > 0,

Z2, k= 1, 2 (8)
7 (BO) = <Z ,k=0,4 (8)
0 , otherwise.

In particular, if we let o (n) = 8a + 2° forn = 4a + b, 0 < b < 3, then the
(n 4+ 1)-st non-zero homotopy group of BO is in dimension ¢(n) and so the
(n 4+ 1)-st different BO[m] is BO[e (n)].

In [12], Stong computed H*(BO[m]; Z,) and the induced homomorphism
Tm tH* (BO[e (m)]; Zs) — H* (BO[o (m + 1)]; Z,). For applications, one of the
most useful of his results is that 7,  is 0 (mod 2)in dimensions < 2™ (which is
quite a bit more than ¢ (m + 1)).

2.2 Suppose now that ¢(n) = 0 (4), so that, as noted above, BO[p(n + 1)]
is induced over BO[¢ (n)] by a map f:BO[e (n)] — K(Z, ¢(n)). Let us instead
look at the fibration ¢ui1:T»y1 — BO[p(n)] induced by a non-trivial map
g:BO[p(n)] — K(Zs, ¢(n)). - Then T, has the fortunate property that
H*(Tn) = H*(BOlp(n + 1)) ® H*(K(Z, ¢(n))(mod 2) and
¢ :H* (BO[p (n)]) — H*(BOle(n + 1)]) ® 1 looks as if it were =, *; in parti-
cular, it also is 0 in dimension < 2". This is proven in Lemma 4.2. Furthermore,
g :H*™ (BO[p(n)]; Z) = H*™ (Tys1; Z) maps Z — Z and is multiplication
by 2, essentially since this is what happens in the fibration K (Z,, m — 1) —
K(Z,m)— K(Z,m).

Therefore, let By = BSO, E. = BO[4] and p.: E» — E; be the natural fibration
with fiber K (Zy, n — 1). Let E; = T and ps = ¢;, above. Thus

H*(E;) =~ H*(BO[8]) @ H*(K(Z, 4)) (mod 2)
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Now, let ps:Ey — Ej; be the fibration induced by a map E; — K(Z,, 8) X
K (Z», 4) which is the g, above, on the H*(BO[8]) ® 1 factor of H*(E;) and
non-zero on the 1 ® H*(K (Z, 4) factor. We thus get

H*(E,) =~ H*(BO]]) @ H*(K(Z, 8)) ® H*(K(Z, 4))  (mod 2)

and p.* acts like g5 above on the H *(BO[8]) factor and is multiplication by 2
and therefore 0 (mod 2) on the H* (K (Z, 4)) factor. We construct p;: Bs — E,
by mapping E,— K (Z,,9) X K (Z:,8) X K (Z;,4) to be the map which induces
BO[10] — BO[9] on the H* (BO[9]) ® 1 factor, and the non-zero map of K (Z, 47)
— K(Z,, 4§) on the H*(K (Z, 4j)) factor, and thus get
H*(Es) =~ H*(BO[10]) ® H*(K(Z,8)) ® H*(K(Z, 4)).

In general, p.:E[n 4 1] — E[n] is constructed in exactly one of these two ways.
We can keep track of the free generators in H*(E, ; Z) using the Pontrjagin
classes, the knowledge that H*(E, ; Q) is a polynomial algebra and that p,*

multiplies them by 2, since that is what ¢* does, as noted above, as does the
projection map in the fibration K (Z,,4¢t — 1) —» K (Z,4t) — K (Z, 4¢).

3. Computing the geometric dimension

In [3], Gitler and Mahowald construct the following modified Postnikov tower
for the fibration

V. — BSO. > BSO

Tueorem 3.1. Let t < 2m — 1. Then there is a sequence of principal fibrations

s TS Ty s e Ty — Ty = BSO

together with map qs:BSO,, — T, which are also fibrations with fibers F, such that
(a) Fors > 1, @s1 ~ msqs (where go = q).

(b) Fors > 1, w is the pullback from the loop-path fibration over K,—1 (by a map
Ts — Ko, where each K, is a product of K(Z,, ©)’s wherem + 1 < ¢ < ¢
(¢) Each F;ismin{t — 1, m — 1 + q(s)} connected (mod p torsion, p > 2)
where q(s) ts gwen by the following table.

n=0 ’ n=1 l n=2 n=3
s=0 n+2s—1,s>0 2s+1 n+2s—1s>0 2s+1
s=1 n—+2s—2 2s n+2s—1 25+1
s=2 n-+2s —2 2s —1 n+2s—1 2s
s=3 n+2s—3 2541 n+4+2s—1 2s—1

where the congruences are taken mod 4.

Pick t < 2m — 1 and suppose s is big enough so that F, is t — 1 connected.
Let n be the largest integer such that 2" < ¢. By Theorem 5, ppi1:Eny — E,
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has the property pn:* is 0 in dimensions < 2" and thus in dimensions < ¢.
Therefore the composite pzo - -+ © Ppa1:Epy1 — BSO also induces the 0 homo-
morphism in dimensions < ¢ so by using 3:1(b), there is a lifting f1: Epy1— Th
of this composite. Similarly, p,,2” is 0 in dimensions < 2"**so that (fi° pay2)*is 0
in dimensions < ¢ so there is a lifting fo: Enp2 — Ts of fi0 p.42 . By induction we
construct a lifting fo: Enys — T's Of fo—1* Pnts . Since Fyis ¢ — 1 connected, the image
under f, of the ¢-skeleton of E,, lifts to BSO,, . Thus, by construction, if we let
r =mn+ s, wheren = |logz¢| and s = min {s | F, is ¢{-connected}, then this r is
the smallest r for which the ¢-skeleton of E, lifts.

Now let X be a CW complex of dim < {, z a stable orientable bundle over X,
and g,: X — BSO a map representing . We now have the following diagram:

Vm
!
T. <\——— BSO,, < F,
e
f' fl Tl

I

Eopyy— > Epp1 > Ey—— E, — BSO
F\\

i~
Oz "> gz

Diagram 3.2

Then, if we can lift g, to gs :X — E,.., we can assume g,'[X] is contained in
the t-skeleton of E,... so the above lifting of the ¢-skeleton of E,4, to BSO,,
carries g, [X] along, i.e., we then get a lifting of g, to a map X — BSO,, and con-
sequently codim (z) > ¢ — m. We now examine some cases that allow us to
obtain liftings g." and determine the relationships that are Theorems 1 and 2.

We have that for all r, E, — E,_; is a principal fibration with fiber a product of
K (Za, q:)'s with ¢; < ¢(r — 1), so that ¢,:X — BSO will lift to g, : X — E, if
H'(X;Z;) = 0for0 <7< ¢(r—1)+ 1. Sincep(m) = 8a + 2*if m = 4a + b,
0 < b < 3, it is easy to check that

2r+1, r=0 4)
(3.4) g=¢(r—1)+1=1<2r , r=1 (4)
2r — 1, r=234)

and we have the following theorem.

TrrorEM 3.5. If dim X = ¢, n = |log:t|, s = min {s|F, is t-connected},
and r = n + s, then if q is the integer given in 3.4 and H*(X;Z;) = 0,0 < ¢ < g,
then every real k-plane bundle over X with k > ¢ has codimension > t — m.

Since this is clearly cumbersome, we approximate this and prove Theorem 1.
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Byabove,g < 2r + 1 = 2(n+ s) + 1. By the table in 3.1 (¢), s < 1/2(¢t —
m) + 3/2. Thus ¢ < 2] log t| + (¢ — m) + 5,80 that £ — m > ¢ —
2| logz t| — 5. We thus have Theorem 1.

Suppose now that z is a (stable) orientable bundle over X, that ¢:: X —
BSO = E; classifies z, and that there is a lifting g, :X — E,_; of g1 (so we also
have maps g.: X — E, such that g, = psy1°gsr1, 1 < s < r — 1). By Theorem 5,
Jr- will lift to gr:X — E, if and only_if gr~1*(a¢r_1) =0 = g,_1*(ﬂ,-_1,.;), 1 < 7 <
¢r—1 . Now suppose in addition that H* (X ; Z) has no 2-torsion for7 < o (r — 1) +
1. By Theorem 5, (%r—1,:)2 = Bra,iforl <i < crandifo(r — 1) = 44, (®,_1,5)e=
1,5 80 gr_y will lift if and only if gr_s*(@,—1,;) is divisible by 2 for 1 < ¢ <
o(r — 1)/4 and if g,s* (ar—1) = 0, for somereason, if ¢ (r — 1) is not divisible
by 4. If o(r — 1) 52 0(4), then o(r — 1) = 1, 2 (8), so unless we have a & for
which we have some other reason to know that gra” (or-1) 18 0, we are forced
to assume further that H*(X; Z;) = Ofor7s = 1,2 (8) and 7 < r — 1. Since
Dra” @r2,s) = 2%r1,i, 1 < 4 < o(r — 2)/4, g will lift to gr, ie., gr—e will
lift to g, if and only if g,_o* (x,—s,;) is divisible by 4, 1 ' < i < o(r — 2)/4 and,
if o(r — 1) = 44, g, " (%,_1,:) is divisible by 2. Continuing like this, we find
g1:X — Ey = BSO will lift to g1: X — E, if and only if ¢,* (2,1) is divisible by
272 g™ (w3,2) is divisible by 2 "°gs"(2s.s) is divisible by 2%, ete., and in general
ifs<r—1,s=20r3 (4)and i = ¢(s)/4, then ¢,* (z,,;) is divisible by 2"°.

Suppose s = 2 or 3 (4), so that ¢ (s) is divisible by 4, and that g; has a lifting
gs. Let 7 = o(s)/4 and consider p;(z), the " Pontrjagin class of z. Let n,; be
the power of 2 in d;(2z — 1)! where d; = 1 or 2 as 7 is even or odd. Then by
[7], the image P; in H*(E,; Z) = (odd)-2"x,; so that P;(z) = (odd)2™
f.*(z,1) and so it is at least divisible by 2. Moreover, for s < r — 1 so that
i < o(r — 1)/4,if P;(z) is divisible by 2**"™, then we have g,* (z,,;) divisible
by 2 ", which is what we want. Using the formula for ¢ (n) it is easy to check
that s = 27 or 2¢ — 1 as 7 is odd or even, and if m; is the power of 2in (2 — 1),
then n; = m; or m; + 1 as ¢is even or odd. Consequently n; +r —s =m; + 1 +
r — 2; in either case. Therefore, if we argue as above, we have the following
theorem:

THEOREM 3.6. Suppose dim X = t, n = | logst |, s = min {s | F, ¢s t-connected}
r = n + s, and q is the integer given in 3.4. If H'(X; Z) has no 2-torsion for i < q
and H*(X;Z,) = 0fori= 1,2 (8) and i < q, and if = is k-plane bundle over X
with k > t which has its Pontriagin classes P;(z) divisible by 2™ for 1 <
i < q/4, then codim (z) >t — m.

Again, if we approximate in the same way as in the proof of Theorem 1 and
using 3.4, noting that r < (¢ + 1)/2, we have Theorem 2.
4. Details of the construction of the E,’s.
Recall, H *(BO; Z;) is a polynomial algebra over Z, with generators
w; € H'(BO),7 > 0, wo = 1 (see Milnor [8]). Stong defined, for each 7 > 0,
a class 8; € H*(BO; Z,) such that 8; = w; modulo products of lower dimensional
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w;’s, so that H*(BO; Z,) = Z[6;, 6, - - - ] also. To simplify notation, we shall
not distinguish between 6; in H*(BO) and its image in the cohomology of any
other space and we shall denote 7 (BO) by 7. We now summarize Stong’s
results in [12].

ProrosITION 4.1. Let pry1:BO[e(n + 1) — BO[p(n)] be the projection. It is
induced from the loop-path fibration over a K (rpwmy, n) by a map g.:BOlp (n)] —
K (Tpny, ©(n)) which induces an isomorphism in homotopy in dimension ¢ (n).
For m a positive integer, let a(m) denote the number of ones in the dyadic expansion
of m. Then

(a) H*(BOlp(®)]) = H* (K (tym) , ¢(n))/I (Quen)
® Zo[0; | a(f — 1) > n], as rings.

(8¢, b=0,3
whereQ,,=4Sq3,b=1 forn =4a+50<b<3
8¢, b = 2

and I(Que,) denotes the ideal in H* (K (tpmy, ©(n)) generalized by Q.e, and
0 = e, € H* (K (mpmy, ¢(V)).

(b) The first factor in (a) is contained in H* (BO[e(n)]) as a sub-A algebra,
where A 1s the mod 2 Steenrod algebra.
(¢) The Ker pos™ = Im g,* = the first factor, above,

® Zo[6: | a(@ — 1) = n] and the Lnip,y™ = Zs6; | a(G — 1) > n].

2'n+1

In particular, p.1™ is 0 in dimensions < and is onto if and only if n =

0,1, or 2.
(d) All the polynomial generators of H* (K (wywm) , o(n) — 1)) transgress in ppy1 .
(e) Let {E,, d,} be the mod 2 cohomology Serre spectral sequence for pni1. Then
E., is a polynomial algebra with all generators in E* or E,*°.

LeEMMA 4.2. Let n = 4a + b where b = 2 or 3, so that 1 = we) (BO) = Z. Let
m=o@) =8+ Land K = K(Z,m). Let 0K = K(Zo,m — 1) — Tpyy 2

BO[m] be the fibration induced from the loop-path fibration QK — LK 2 Kbya
non-trivial map f:BO[m] — K (which is unique up to homotopy). Then
H*(Tpi1; Z2) = H*(BO[p (n + 1)]; Z:) ® H*(K(Z, m); Z,), and this splitting
18 tnduced by a map 1:BOle (n + 1)] — Ty such that ¢ = pu.

Proof. From the long exact homotopy sequence for p and p; and the map be-
tween them induced by f, it follows that mm (Tmi1) = Z, and pgim; (Tmyr) —
m:(BO[m]) is an isomorphism for ¢ # m and is multiplication by 2 in dimension m.
Now consider the fibration

K(Z, m— 1) — BOlp(n + 1)] > BO[m]

which, as noted previously, is induced from the loop-path fibration over a
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K(Z, m) by a map fi:BO[m] — K(Z, m) which induces an isomorphism in
homotopy in dimension m. Let r: K (Z; m) — K(Z;, m) be a non-trivial map
(which is unique up to homotopy ). Consider the following diagram:

K(Z,m — 1) — BOlp(n + 1)] —— BOm —2> K(2,m)

jgl jig I lr

K(Zo,m — 1) —— T —2— BOm] —— K(Zs,m)
Diagram 4.3

Now, by above, r o fi is homotopic to f, and, since f; ¢ ¢ is nulhomotopic, f o ¢
is nulhomotopic. Therefore, there is a lifting of ¢ to ¢:BOlp(n + 1)] — Thys,
and, since g covers the identity of BO[m], this ¢ is a map of fibrations. From the
long exact homotopy sequences for p and ¢ and from the map between them in-
duced by g, it follows that gg:7:(BO[e(n + 1)]) — 7;(Tmy1) is an isomorphism
for ¢ > m (since pg and gy are isomorphisms for ¢ % m, and f and f; are non-
trivial).

Now mi(Thme1) = 0forz < mand Z & w0 (Tos1) X Hy (Tongr) & H" (Trppa 5
Z). Thus there is a map &: Tmy1 — K (Z, m) which induces an isomorphism in
homotopy in dimension m. Make 4 into a fibration, call its fiber F, and consider
the following diagram:

x ﬁ"
A
BOlp(m+1)] —L T, 4, 25 K (2, m).

Q)

Since hg is nulhomotopic, there is a map §:BO[p(m + 1)] — F such that §i is
homotopic to g. Since ¢ and 7 induce isomorphisms in homotopy in all dimensions
other than m and 7, (BOle(m 4 1)]) = 0 = =, (F), g induces an isomorphism
in homotopy in all dimensions. Since all spaces are the same homotopy type as
CW complexes (see Milnor [97]) 7 is a homotopy equivalence. i.e., up tohomotopy
we have

BO[(p(’ﬂ/ + 1)] _2) m+1 _h—)K(ZJ 7’)’L)

as a fibration.

We now show ¢*:H*(E,, ; Zs) — H*(BO[e(n + 1)]; Z,) is epimorphic.

In thecasen = 2,s0m = ¢(n) = 4and ¢(n + 1) = 8§, referring to diagram
4.3, ¢* is epimorphic, by 4.1, so easily g* is epimorphic in this case, since

* k%

qQ =4gp.

Suppose now that n > 3, so that ¢ (n) > 8. By our restrictions on #n,

H*(BOl¢ (n + 1)]) &2 H* (K (o (BO), 0 (n + 1))/IS¢*) ®

Zafbs | (G — 1) > n + 1]
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where 0 = ¢ € H*"*(K (rp@mn (BO), o(n + 1))) and H*(K( , ))/Iis
contained in H*(BO[p(n + 1)]) as a sub-A-algebra. Again, referring to dia-
gram 4.3 and by 4.1, the 1 ® Z,[0; | a(¢ — 1) > n + 1] factor is contained in
im ¢*, s0 it is contained in im g*, similarly to above. Consequently, it is sufficient
to find a 8 € H*™ (T,.,1) such that g*(8) = ¢« ® 1. Consider the cohomology
sequence for A.

* *

(44) - — H(Tpr) o H*"Y(K(Z, m)) & H*BOJp(n + 1)] €= H* (Tps1)

- whichisexactfork < o(mn+ 1) +¢(n) — 2.8incee(n + 1) > o(n) > 8,
thisisexact fork = ¢ (n - 1), so, to show the existence of a 8, it is sufficient to
show £*is 1 — 1in dimension ¢ (n + 1) + 1. Let 0 = z € H™ (K (Z, m);Z:) ~
Z, . By the exactness of 4.4 and since H* (BO[o (n + 1)]) = 0fork< ¢ (n + 1),
0%y =h*@z) € H Tpn) ~2Z,. By our restrictions on n, n = 4a + b, where
b = 2 or 3. Recall go(n) 8a + 2" Conmder the cohomology sequence for

p - & H*'Y(BOm]) < HYK(Zy, m — 1)) ¢~ H¥Tps) & --- which is
exact for k < 2m — 3 and therefore fork = ¢(n + 1) < o(n) + 4. 1f0 % 2z €
H™ (K (Z;,, m — 1)), then j*(y) = Sq'z = 0.

Caseb = 3. Then o(n + 1) =o@)+ 1 =m+ 1,s00(n +1) =m + 2
and H* "™ (K (Z, m)) = {Sq’z, 0}. Therefore, to show h*is 1 — 1, it is suffi-
cient to show Sq’y = 0. But ;*(Sq’y) = S’ (j*()) = Sq°Sq'z = 0, since
m = ¢(n) > 8, s0Sq’y = 0.

Caseb = 2. Theno(n + 1) = o(n) 4 =m-+ 5,850e(n+1)+1=m+5
and H*™™™ (K (Z, m)) = {Sq’z, 0}. Similarly to the above, j*(Sq’y) =
Sq°Sq'z # 0 (since m > 8), so 8q’y = 0.

Since 7pmin (BO) =~ Z or Zy, H* (K (Tytmsny (BO), ¢ (n + 1); Zs) is a poly-
nomial algebra with Sq’s’s as generators, where the I’s are certain admissible
sequences (see proof of 4.7), it follows that H™ (K (xpmsn (BO), o(n + 1))/
(ISq%.) is a polynomial algebra with generators {Sq’#¢}. Thus H™* (BO[e (n + 1)])
is a polynomial algebra with {Sq”: ® 1} U {1 ® 6;|a(¢ — 1) > n + 1) as a
set of generators. Therefore define ¢:H*(BOlp(n + 1)]) — H*(Tny) by
v(1®6;,) =¢"1 ®0)fora@— 1) > n + 1 (where the second 1 ® 6, here
is in H*(BO[m]), (see diagram 4.3) and ¢ (Sq”: ® 1) = Sq”’8, and extend ¢
as a ring homomorphism. Since ¢* o ¢ = 1, it not only follows that g™ is epimor-
phic, but we have ¢ is a ring-ecohomology extension of the fiber in the fibra-

h
tion BOJe (n + 1)] > B, — K (Z, m).

Lemma 4.2 now follows by the Leray-Hirsh Theorem (see Spanier [10, p.
258]).

Levma 4.5. Let n, m and p:Tpi1 — BO[m] be as in 4.2, Then
(a) p*iszero (mod 2) in dimensions < 2",
) H" (Twu; Z)=Zand p*:H"(BO[m]; Z) — H™(Tps1; Z) is multzplzca-
tion by 2:Z — Z.

Proof: (a) Let f:BO[m] — K(Z,, m) be the map which induces p, let
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g:BO[m] — K (Z, m) be the map which induces ¢: BO[¢ (n + 1)] — BO[m], and
let r:K (Z;m) — K(Zs, m) be a non-trivial map, so that rg ~ f. Then it is suf-
ficient to prove f*is onto in dimensions < 2" But, by 4.1, g™ is onto in dimen-
sions < 2" and * = ¢™™ and * is onto in all dimensions (mod 2).

(b) From the proof of 4.2, pg:mm(Tni1) — 7w (BO[m]) is multiplication by
2:Z — Z.8ince Ty and BOJm] are (m — 1) connected, the results follow from
the Hurewicz homomorphism, the universal coefficient theorem, and naturality.

Levmma 4.6. Forn > 1let K(Zo,n — 1) - E "gK(Z,n)- be the fibration in-
duced from the loop-path fibration over K (Z, n) by a non-zero map K (Z, n) —
K(Z,, n). Then E = K(Z, n) and both qg:7n (K(Zn)) — 7, (K(Zn)) and
¢“:H"(K(Z,n);Z) — H"(K(Z,n); Z) are multiplication by 2:Z — Z.

Proof: This is immediate from the long exact homotopy sequence of g, the
Hurewicz homomorphism and the universal coefficient theorem.

Lemma 4.7. Let F Leg5B be one of the fibrations

(1) K({Zy, p(n) — 1) — Tpy1 — BOlp(n)] of 4.2, where n = 4a + b,
b =2, 3.
(2) K () (BO), ¢(n) — 1) — BOJp(n + 1)] — BO[p(n)] of 4.1.
3) K(Zy,,n—1)—>K(Z,n)— K(Z,n) of 4.6.

Then: (a) The mod 2 cohomology of F, E, and B are polynomial algebras.
(b) Every polynomial generator of H* (F) transgresses.
(c) If E = {E,”* d,} is the mod 2 cohomology spectral sequence of m, then
E., is a polynomial algebra with oll the generators in E.* or E,*°

Proof: Case (b): By Adams [1, p. 10],
H*(K(Z,n); %) ~ Z5[8q"t |0 % « € H'(K(Zo,m)), I = (i1, "+, %)

is an admissible sequence, excess I < n].
By an almost identical proof,

H*(K(Z,n); Z2) ~ ZaSq't] 0% o € H*(K(Z,n)), I = (&1, -, %)

is an admissible sequence, excess I < n, %, > 2 or [ = . Since F = K (Z, n)
or K(Z:, n) in each of the above cases, and since ¢ transgresses and Sq’s com-
mute with transgression, (b) follows.

Case (a): This case now follows by the proof for (b), by 4.1 and by 4.2.
Case3 (¢). Let 0 5= v, € H*(K(Z,n);Z2) and 0 5 v, € H" (K (Zy,n — 1)).

A quick check shows that j () = Sqlc,,_l # 0 and that if Sq’¢, is one of the
polynomial generators of H* (K (Z, n)) given above, then j* (Sq’ta) = Sq'"tns
and this is one of the polynomial generators of H* (K (Zz, n)). Therefore, 7*
is1 — 1, B,** =~ im j* which is a sub-polynomial algebra of H* (F).
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Case 2 (c¢). This is just a restatement of part 4.1.
Case 1 (c): We have a map of fibrations

K(Z, o(n) — 1) —L K(Z, o(n) — 1)

I

BOlp(n + 1)] —— T

l» |-
BOlp(n)] —— BOlw(n)]

This is induced since the k-invariant for 7 is the mod 2 reduction of the k-in-
variant for p, and it follows that f* s 0. In particular, by the decompositions
given in the proof of (b),

H*(K(Zy,n); Z2) = H*(K(Z,n); Z2) ® ZalSq™"]

and f* is an iso on H*(K(Z, n); Z.) ® 1 factor (and 0 on the 1 ® Z,[Sq"!]
factor). Further, in , all the Sq’"'+’s transgress to 0, by the restriction on 7.

By 4.1, the conclusion (c) is true for the fibration p. It follows, by checking
elements, that the spectral sequence for = is exactly the spectral sequence for p
tensor the polynomial algebra Z,[Sq""], where of course 1 ® Z,[Sq"'] < E™*.
Since the tensor product of polynomial algebras is a polynomial algebra, the
result follows.

Lemva 4.8. Let R be a field and F —> T — B be a fibration such that H*(F; R)
is finite and B is the homotopy type of a 1-connected CW complex. Let E = {E,**, d,}
be the cohomology spectral sequence of = with coefficients in R, so E,"% =~
H?(B;R) ® H'(F; R). Suppose there are elements b; € H*(B; R), fr € H* (F; R)
such that their images freely generate Eo™™* as a polynomial algebra, i.e.,

EJS*~Rb;® 1,1 ®%|b;®1€ E*1Qf, ¢ ELY.
Then H* (T; R) = R[x*®;), t | 7* (&) = fil.

Proof: Let A be the (abstract) polynomial algebra R[b;, fi]. Grade 4, A =
{An}nso by b; € A, if b; € H'(B; R), fi € Anif fi € H"(F; R) and filter 4,
A=FADFAD:--,byfi € FoA (and not in F,4) for all f; and b; € F,A
(and not in F,.1) if b; € A, . Extend both multiplicatively. Take the obvious
homomorphism 4 — H*(T; R) and from the associated bigraded algebra into
the spectral sequence. The latter will induce an isomorphism onto E,*™* and
the results follow by the 5-lemma.

LemMa 4.9. Let B, B' be spaces of the homotopy type of 1 -connected CW complexes
and let F, F' be connected. Let F' Lr5Band F ER 7’ ks B’ be fibrations with
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the following properties:

(1) The mod 2 cohomologies of B, B', F, and F’ are polynomial algebras, with
H*(F; %) = Zlf], H*(F'; Z,) = Zlf{], H*(B; Z) = Zbil, and
H*(B';Z:) = ZJb/].
(2) All the Fs and f;”s transgress, and the f;’s are chosen so that zf (i) & 0,
then 7 (f;) = 7(f;) forj = 1.
(8) There are mod 2 cohomology ring isomorphisms

k:G*(B') - H*(B), ¢:H*(F')— H*(F)
with k(®:) = bs, g(f{) = fi, and which commute with the transgressions , T
of m, w, respectively.

(4) IfE = {E> d,} and E' = {E,”% d,} are the mod 2 cohomology spectral
sequences of w and r respectively, then E.,**isa polynomial algebra with all genera-
tors in B "™ or B,*°.

Then H*(T) and H*(T") are polynomial algebras, also, and there is a map of
spectral sequences ¢ = {Y,:E, — E, |7 > 2} which is an isomorphism for all v,
and this induces an h:H* (T'; Zy) — H*(T; Zy) which is a ring isomorphism and
which makes the diagram

H*(B') —— HYT) -1 H*(F)

I | J
H*(B) — H¥(T) —L> H(F)
commute,

Outline of Proof: By the previous lemma, H*(T') is a polynomial algebra and we
can choose classes t; € H*(T), by € H*(B) so that

EL* =71 @7%¢)], E."'=Zb ® 1] and H*(T)Zy(x* b)), t:).

To construct y, the third hypothesis gives a ¢» and a fairly straightforward,
though tedious, induction yields ¢,, r > 2. With ¥4 an isomorphism, hypoth-
esis (4) and the previous lemma quickly give the isomorphism A.

Theorem 5, the existence of the spaces E, and their properties, will follow from
the following proposition. For convenience, we restate the properties here, and
include a few more which will be needed in the proof.

ProrosiTioNn 4.10. Let n = 4a 4+ b, 0 < b < 3, o(n) = 8a + 2°,
= | (e(n) — 1)/4|, where |z | is the greatest integer < x. Then there is a se-
quence of spaces and maps Pay1iEnsn — En ,n 2> 1 such that:

(1) The map p. s a principal fibration with fiber = K(Zs, o(n) — 1) X
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Ih<i<e,K (Z2, 46 — 1) and hence is a rational and mod p equivalence, p an odd
prime.

(2) There is a natural map 2,:BO[p (n)] — E, such that 1,0 @nia = Dny1° Tas1,
where ¢n11: BOlp (n + 1)] — BO[p (n)] is the natural projection.

(3) With coefficients Z,, H* (E,) = H*(BOle(n)]) ® { @ H*(K(Z, 4i))}
as rings and the inclusion of 1 @ {®; H* (K (Z, 41))} is an A-algebra isomorphism
into. Further, 3, :H*(BO[¢ (n)]) ® 1 — H*(BO[p(n)]) is an isomorphism. We
will denote by «n. and B.u: the elements corresponding to the generators of
H*™(BOlp(n)]) @ land 1 @ --- ® H¥(K(Z,41)) @ --- ® 1, respectively.

(4) Mod 2, the induced homomorphism p,* is 0 in dimensions < 2" and in fact
s 0 on the factor 1 @ {®;H*(K(Z, 43)} given in (3).
(5) H*(E.; Q) is a polynomial algebra with one generator in each dimension
divisible by 4. We can pick . ; € H*(E, ; Z), i > 1, which when included into
H*(E, ; Q) generate the algebra, and which satisfy
(&) Fori < cn, Xn.i)e = Buusi € H*(By ;Z:) and if o(n) = 44, (Tn,i)2 = tn .
(b) For © < ¢(n)/4, pn+1*(xn.'i) = 2Tni1,i .

Proof: By induction on n we denote by v. the generator of
H*™ (BOlg (n)]; Z2) == Z»

Let E;, = BSO = BO|2], E; = BO[4] and p,: E; — E; be the map of 4.1. Recall,
H*(BSO; Q) is a polynomial algebra generated by the Pontrjagin classes
P, € H*. Since p. has fiber a K (Z, 1), so also is H* (B, ; Q). Thus for n = 2,
we can pick z,,; € H*(E,; Z), 1 > 1, which, when included into H* (&, ; Q),
generate the algebra, and we can pick 23, to generate H*(E, ; Z) & Z and thus
its image in H4(Ez 5 Zz) = Z,is Yo .

These cases now follow from 4.1.

Suppose now we have p,:E, — F,_, satisfying the proposition.

Let K = Thci<o, K(Z5,43), K = K(Z;,¢(n)) X K, and let k.:E, — K bea
map with k-invariants e, and Bun, 1 < 7 < ¢, . Define ppy1:E,y1 — E, to be the
pull back of the loop-path fibration over K. By construction, we have (1).

Case b = 0 or 1, so that ¢(n) = 8a + 2’ is not divisible by 4 and hence
H*™ (BO[¢(n)]; Z) = Z,. Thus the projection from the loop-path fibration
¢ni1:BO[p(n 4+ 1)] — BO[p(n)] is induced by a non-trivial map BO[e(n)] —
K (Z», ¢ (n)) with k-invariant v, . But by hypothesis, 4,* (@,) = 7va, so the com-
posite BO[p (n + 1)] — BO[¢(n)] — E, — K is nulhomotopic and we have a
lifting 4,41: BOlp(n + 1)] — E,.1. By construction, we have (2).

Consider now the fibration

K(Zy,¢(n) — 1) X Th<i<e, K(Z2, 41 — 1) — BO[p(n) + 1)]
X Thcice, K(Z, 46) = BOlg(n)] X Theic, K(Z, 4i)
which is the product of the fibration ¢,.1 and the fibrations



GEOMETRIC DIMENSION OF STABLE REAL VECTOR BUNDLES 55

K(Zs, 45 — 1) — K(Z,4i) > K (Z, 4i),1 < < ¢,. We will show that, mod 2.
the fibration p,41 looks like .

Let F:E, — Ii<i<,, K(Z, 42) be a map with k-invariants z,,:, 1 < ¢ < ¢,
By hypothesis, (#n:): = Brai, so FH*(MK(Z, 4i); Z,) — 1 ®
® H*(K (Z, 4i); Z,) is an isomorphism. Further, if we take Ili<i<., K (Z, 47)

1<i<¢n . ..
—=t=2m, K' = Ii<i<., K (Z>,4i) to be the product of the non-trivial maps

K(Z, 41) — K(Z, 43), then the composite B, — IIK (Z, 47) — K’ has k-in-

Dn F
variants 8,4, | =% < ¢, . Since the composite E’,..,.l"gi’ E, > 1UK(Z,4) - K
is nulhomotopie and since the product of the fibrations

K(Z:, 4 — 1) > K(Z, 4) —> K(Z, 4), 1< i< ¢

is a fibration over IIK (Z, 4¢) induced from the loop-path fibration over K’,
we get a lifting G: B,y — Mici<e, K (Z, 4¢). In fact, we get maps of fibrations

QK (Z,,0(n)) 2> 9K —2> oK’

l Lo

. ‘
BOlp(n + 1)] —=5 B, —— K (Z, 4i)

Qn-va Jpn+1 lnﬂ'i

F
BOlp(n));,, — E, — IK(Z, 4)
Diagram 4.11

where the left hand maps come from above. Since QK =~ QK (Z;, ¢ (n)) X QK' =
fiber of 7, ji* H* QK (Z:, ¢ (n)) ® 1 - H*(QK (Z; ;0(n)) and 7.*: H*(QK') —
1 @ H*(QK') are natural isomorphisms and we can define g:H *QK; Zy) —
H™ (fiber of m; Z:) by g = 1% ® (5:°)7Y, and this is an A-algebra isomorphism.
By hypothesis, part (3), we can define a ring isomorphism

k:H*(E, ; Zs) — H*(BOle (n)] X i<i<o, K (Z, 41); Z5)

by k = 4.° ® (F*)™ so that k is a ring isomorphism on each of the factors
H*(BOlp(n));Z:) ® land 1 ® --- ® H*(K(Z;4i);Z:) ® --- ® 1 and is an
A-algebra isomorphism on the latter factors. By construction and since
H*(QK; Z») and H*(fiber of =; Z,) are polynomial algebras on certain S,”’s on
the “fundamental classes” (see proof of 4.7), k and g commute with transgres-
sion. Let E = {F,, d,} be the mod 2 cohomology spectral sequence for =. Then E
is the tensor product of mod 2 spectral sequences for ¢, and 7;, 1 < 7 < ¢,,
all of which satisfy the hypothesis of 4.9, by 4.7.
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Thus, we apply 4.9 to =, p.., ¢ and k and get
hiH* (Bua 5 Ze) — H* (BOle (n + 1)1; Z2) © H (Thgice, K (Z;44); Z:)

which is a ring isomorphism and gives us our splitting. By the commutivity of
diagram we can take b = ,11* ® G*  (once we know an isomorphism commuting
with the diagram exists). For 1 < j < ¢, , we define 2,1 ; as the image under G¢*
of the “fundamental class’ in H* (m1<;<., K (Z, 41); Z) that comes from the funda-
mental class in HY (K (Z, 47); Z), and we define B4 41 to be the image of that
class reduced mod 2. Thus Puy1” @n;) = 2Tni1i, @nyri)s = Bajny and, for
1<7j<¢,1Q® -+ @ H(K(Z,4j); Z2) ® -+~ ® 1liesin H*(E, ; Z) as an
A-algebra (since @ is a map). Note that ¢,y1 = ¢, for this case. So at this point,
(3) and (4) follow from the above and from 4.5, 4.6, and 4.9. If b = 0 (where
n =4a + b, 0 < b < 3) so that H*™™ (BO[p (n + 1)]; Z) =2 Z,, then we pick
ony1 € HE™ ™ (Boyy 5 Z,) 50 that b (omys) = Yaga . Also, fori > ¢, ,4¢ > o(n + 1)
and we can pick 2, ; € H* (E, 11 ; Z) that satisfy (5) (essentially since H*(E, ; Q)
is a polynomial algebra). If b = 1, H*™™ (BOlp(n + 1)I; Z) = Z. For
4 > o(n + 1), we pick 2, € H* (B, ; Z) to satisfy (5) as above. Let
1 = ¢(n 4+ 1)/4. Recall, the image of the universal Pontrjagin class
P, ¢ H*(BSO;Z) is # 0 in H*(BO[¢(n + 1)]; Z) so its image is > 0 in
H*(E,41; Z), since the map BOle(n + 1)] — BSO factors BO[e(n + 1)]

— ... — BSO0, by construction and by hypothesis. Let z,41: € H* (B, ; Z)
be the image of P;, divided by the largest possible integer, so that .1, generates
a Z summand in H*(E, ; Z) and dpy1™ @nsa,:) # 0. It now follows that all of the
Zn,i’s generate the polynomial algebra H* (E,y1;@Q), since 4,41™ (2,.;) = 0 for
j < 1 (by connectivity). Let anps = @n41,i)s € H* (B, ; Z2), which is = 0 by
the universal coefficient theorem since z,.;,; generates a Z summand. Since
BOlp(n + 1)]is (¢(n + 1) — 1) connected and 4¢, < ¢(n + 1), any map
BOlp(n + 1)] — ILicic., K(Z, 4¢) is nulhomotopic. Consequently Go 4,11
is nulhomotopic 80 tn1"G* = 0. By the above splitting, H*™™ (B, ; Z,) =
oY (BOlen + 1)]; Z) @ 1 & 1 @ H ™™ (K (Z, 4i); Z:) (since
BOlp(n + 1)]is (¢p(n + 1) — 1)-connected) where the summand is the image
of G* and 4,41 of the first summand is # 0. It follows that 4,41™ (@ng1) # 0, SO
it generates H*™™(BO[p(n + 1)]; Zs) = Z, and ony lies in the
H?™ (BO[p(n + 1)]; Z,) ® 1 (really, at least has a non-zero component
there, but this part of the splitting involves a choice, and we could simply choose
ani1). We have now completed the cases b = 0 or 1.

Case b = 2 or 3; so that ¢(n) = 8a + 2° is divisible by 4 and hence
H*™ (BO[p (n)]; Z) = Z. Many of the details of these cases are similar to above,

’
Qn+1

and will not be repeated but just referred to. Let T\yu — > BO[p(n)] be the
fibration of 4.2, which is induced by a non-trivial map BO[p (n)] — K(Z:, ¢(n))
with k-invariant v, . Similarly to the above case, we get a map tnpt 2 Tnys — B
such that p,y1int1’ = agnpr - But by 4.2, there is & map juya: BO[e (n + 1)] — Thia
such that goi1= @uy10Jns1. If Welet tup1 = fny10 tns1 , we have (2).
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Consider now the fibration

K(Zyyom) — 1) X Thei<ea K(Za, 46 — 1) — Trpa
X Thice, K (Zs, 4) — BOlp(n)] X Theize, K (Z, 40)
which is the product of the fibration ¢.+17 and the fibrations

K(Z, 4 — 1) > K(Z,4) —— K(Z,4i), 1<7 < cn.
Let F:E, — Th<i<., K(Z, 47) be a map with K-invariants z,,:, 1 < ¢ < ¢,.
Similarly to the above case, we get a lifting G: En11 — Mi<i<,, K (Z, 44) and a

map of fibrations

Ji J2

QK (Zs, o (n) QK oK’
| | |
» ‘
Toi —2E.. 1K (Z, 43)

N

BOlp ()] —— E. - 1K (2, 4)

n

As above, we can define g: H* (QK; Z,) — H* (fiber of 7; Z») by g = j* ® (27,
a natural A-algebra isomorphism and a k = 4,* ® (F*) ™ “H*(H.; Z,) —
H*(BOle(n)] X T<i<., K(Z, 4i):Z,) A-algebra isomorphism on the factors
1Q -+ @ H*(K(Z, 4i); Z,) ® --- ® 1. As above, g and k commute with
transgression and if £ = {&,, d,} is the mod 2 cohomology spectral sequence for
, it is the tensor product of the spectral sequence for ¢,.i" and 7;, 1 < 7 < ¢,
all of which satisfy the hypotheses of 4.9, by 4.7. Thus, as above, we apply 4.9
to 7, gup1, g and k and get a ring isomorphism

b=t @ ((F) i H* (Bas1;Z2) > H* (Ti1 5 Z2) @ H* (hci<e, K (Z,41); Z2).

For these cases o(n)/4 = o1 = ¢o + 1 and since H*(Tpy; Z2) =
H*(BO[p(n +1)];Z.) @ H*(K(Z;0(n); Z;) asrings (4) follows from the above
and from 4.5 and 4.7, and the ring splitting part of (3) follows. '

Now similarly to the previous case for 1 < ¢ < ¢, we define x,41,: € H “(Bop132)
and Bugpsr € H(Bopr; Z.) using G*, and conclude (Znt1,i): = Batrai,
Dot @nri) = 2ny1i,and 1 @ -+ @ H*(K(Z, 40); Z,) ® -+ ® 1 lies in
H*(Bni1; Z,) as a sub A-algebra. We now have one more factor to take care of.

Let j = ¢(n)/4, let f:E, — K(Z, 4j) have k-invariant z,,;, fi:BO[p(n)] —
K (Z,47) have k-invariant a generator of H*™ (BO[4j]; Z) = Z and let f2: K (Z, 47)
— K(Z, 47) so that faofi = fo4, and recall the fibration K (Z., 4; — 1) —

K(Z, 47) —— K (Z, 47). We then get the following commutative diagram
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Ton A—’ E.. f
o |72 >
¢ K(Z, 4j) > K(Z, 45)
n+1 | . pn+1
BO[4j] — > E, ;o
N
K(Z, 4J)T’K(Z; 47)

Let e be the fundamental class in H* (K (Z, 4j); Z) and let e, be its reduction
mod 2. Let z,,; = f*(e), and B..,¢; = ¥ (e2), 80 that (&,,;)2s = Bues and Prys™ @n,;)
= 2,11,;. Let ¢ = fi*(e), so by 4.5, e generates H* (Tn11; Z2) =2 Z» . We need
t0 KnOW %y’ ¥ (Bas1,4i) = €. By hypothesis, (€,.;)2 = o and 3, * (@) 5 0. Thus f*
(e) = ap and 3,*f* = 0:HY (K (Z,41); Z») — H* (BO[44]; Z»). By commutivity,
YR =0, so LM HY(K(Z, 47); Z,) — HY(K(Z, 4j); 7). However, 7r,~f'2
= fyr; so that f, and f; are the same maps in the sense f,* = /™. Therefore, ¥
# 0 and smceH‘“(K(Z 47); Zz) &~ Z,, f,*(es) = e . Consequently, e = fi*(e;)
= ' (@) = G T (&) = ¥ (Byni1). Now by 4.2,1 @ H* (K (Z,4)); Z) lie
in H*(T\y1; Zs) as a sub A-algebra and the above ring splitting of H* (E,1; Zs)
involves choices of the generators so that they act correctly under 4,1 *. Con-
sequently, by the commutivity of the above diagram, we can pick the factor
1 ® HY(K(Z,47);Z:) ® -+ ® 1in H*(Bnp1; Z2) to be f*H* (K (Z, 45); Zs)
(which we recall is a polynomial algebra on certain S,”’s on e,). We thus have
this factor also as a sub A-algebra of H* (B, ; Zs).

If b = 3 so that H*™* (BOJo (n + 1)]; Z] = Z,, then we finish the proof in
the same way we did with the case b = 0, above.

If b = 250 that H*™™ (BOJp (n + 1)]; Z) = Z, then we proceed in essentially
the same way as in the case b = 1, above. We have now proven 4.10.
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