
A COHOMOLOGY-COMPUTING COVER FOR 
PSEUDOCONCA VE FAMILIES 

BY HARVEY BAKER 

In this paper we will construct an acyclic cover for any family of pseudocon
cave analytic spaces, with which we can compute the cohomology of the family 
for suitable indices. The results are of possible application to the proof of the 
coherence of direct image sheaves for pseudoconcave families. (For a discussion, 
see [6].) Before we state the main theorem, we will need some definitions. The 
notational pattern established here will be used throughout the paper. 

Let q,:X-+ R be a twice continuously differentiable function (hereafter a c2 
function) on a domain X c C". Then"' is strongly q-pseudoconvex if, for each 
z E X, the complex Hessian 

H,,(z) = ( a2"'-) 
iJz,iJz; • 

has n - q + 1 positive eigenvalues. A real-valued function"' on an analytic 
space x is strongly q-pseudoconvex if for each z in X there is a neighborhood U of 
z, a domain D in C", and an analytic map h: U-+ D (called a chart on X) such 
that h sends U biholomorphically to a closed subvariety of D, and the function 
"' o h-1 extends to a strongly q-pseudoconvex function~ on D. For q = 1, we say q, 
is strictly plurisubharmonic. 

Let X be an analytic space and, for z E X, let :rT. be the space of derivations on 
the ring e. (where fl is the structure sheaf of X). Let dimt.(X) be the complex 
dimension of :rT.; we call :rT. the tangent space of X at z, and dimt.(X) the 
tangential dimension. We set dimt(X) = max {dim.t.(X): z EX}. 

Remark. For z E X, there is a neighborhood of z biholomorphic to a closed 
subvariety of a domain in C" if and only if n ~ dimt. (X). (See [3], p. 153.) 

Let S be a coherent analytic sheaf on X, and let h: U-+ D be a chart for X, 
with D c C". We can extend the sheaf h*(S) on h(U) by zero to obtain a co
herent sheaf Son D. For z in U, there is a neighborhood D' of h(z) and a free 
resolution 

0-+fl'P,J-+ ••• -+f!'PO-+S-.+Q 

of S over D'. Let d(z) be the minimum length needed, and define dih.(S) = 
n - d(z). This number is independent of the choices we have made (see [1], 
p. 196). 

Let/: X-+ Y again be an analytic map of analytic spaces. Then/: X -+ Y is a 
family of analytic spaces if it has the following local cross-product structure. 

For each z E X there exists a neighborhood U of z, domains D1 in C" and D2 
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in~ and charts h: U - Di X D2 and 1i:f(U) - D2 such that the following 
diagram commutes: 

U ~ Di X D2 

fl l projection 

1,, 
f(U)---► D2 

Further, f: X - Y is called a q-pseudoconcave family if there exists a function 
cp: X - R ( called an exhaustion function) and real numbers r* , r1 in RU { - oo , oo } 

with r* < r§ (called concavity bounds) such that 
(1) if cp(z) E (r*, r,), there exists a neighborhood U of z such that 

rp I (U n ri (f (z))) is strongly q-pseudoconvex; 
(2) for each r > r* and each compact set KC Y, the setr 1 (K) n rp-1 ([r, CX))) 

is compact. 
For f: X - Y (with cp, r*, r,) a q-pseudoconcave family, let X" = cp -i ( (r, <X) ) ), 

let Xu = r1 (y) andXIB = r1 (B), let X/ = Xu n X", and let dih,/<S) = 
min {dih.(S): cptz) = rand f(z) = y}. 

A q-pseudoconcave family f:X - Y admits a holomorphic 1-fibering at the 
points r E (r*, r1 ) and y E Y if there exists a neighborhood X of cp-1 (r) n 
Xu = oX/ and analytic familiesJ:X - Y and g: Y -f(X) such that 

1) x-~'--r 
Y .. . 

IS commutative; 
✓ • 

f(X) 
2) if dimtu(Y) = N and dimt(X) = n + N, then dimt (Y) ~ N + q - 1; 
3) for y E -Y, the function cp IF1 (y) is strictly plurisubharmonic. 

MAIN THEOREM. Let f: X - Y be a q-pseudoconcave family of analytic spaces 
wii,h exhaustion function rp and concavity bounds r* , r, . Suppose the family f:X - Y 
admits a holomorphic 1-jibering at the points r E (r*, r,) and y E Y. Then for 
Sa coherent analytic sheaf on X, there is a Stein open neighborhood B of y, a finite 
collection P,(t) of holomorphic polyhedra with P, c Xu, and a number TE (0, 1) 
such that, for any t E [T, 1], 

X' I B c U, {P,(t) X B} and H;(X" I B, S) ·'.:::'. H;({P,(t) X B}, S) 

for j < dihu' (S) - dimtu (Y) - q. 

1. Our method of proof will be to extend certain intermediate results in An
dreotti and Grauert ([ll), constructing a special open cover with which we can 
compute the cohomology of SIX". In this section we will prove the key proposi-
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tion of the paper; after it is completed, we will extend the result to families to 
obtain a proof of the main theorem. 

PROPOSITION 1. Let X be a domain in C" (n :2:: 2), and let V be a cl,osed analytic 
subvariety of X. Let cp: V-+ R be a continuous function on V, and let ti, · • • , ~k 

be points in V n cp-1 (0). 

Assume for each ~i there is a neighborhood Ui of ~i and a c2 stridr,y plurisub
harmonic function 'Pi: ui -+ R such that 'Pi I u. n V = cp I ui n V. Let X° be the 
set {z E niui: 'Pi (z) > 0 for at least one i}. Then for each point ~dhere is a funda
mental system {Pi} of Stein neighborhoods of ~i in Ui such that: 

(I) H0 (P1n ... nPt,6)1:::::.H 0 (P1n ... nPtnX°,e)ifk<n; 

(II) H;(Pi n • • • n pk ·n X°, e) = 0for 0 < j < n - k. 

Proof. Take a particular~., an extension cp, in U,, and assume~. = 0 E C". 
Let cp, be called cp. The Taylor expansion of cp at 0 can be written 

cp(z) = 2Re(~;cp;(0)z; + ~i.;'P.;(B)z.z;) + ~,.;cp.;(B)z,z; 

where 

cp;(x) = (::}., cp,;(x) = CJ!2:z)., cp.;(x) = CJ!2:z).,, 

and 8 = rz for some r E [0, 1). 
As H,, is positive definite near 0, th.er~ is a neighborhood U of 0 and a constant 

a > 0 such that, for z, z', z" E U, we have 

Ha(z)(z' - z") :2:: a II z' - z" II 

where II z II = sup, I z, j. Using the uniform continuity of the second deriva
tives, we can shrink U so that 

I 'Pi;(z) ..,... 'Pi;(z') I < 2: 2 

forz,z'E Uandl:::;;i,j=:;;n.Let 

f (z) = ~; 'Pi (0 )z; + ~,.; 'P•i (0 )z,z; ; 

if f ¢, 0 on U, then the above inequalities guarantee that, on the analytic hyper
surface {f = 0} n U, we have cp (z) :2:: ½a II z 113 > 0 for z ;= 0 . If f = 0, then 
cp (z) > cp (0) for all z E U - { 0}, so we can take any analytic function f which 
is zero at 0, to conclude that on {f = 0}, we have q,(z) > cp(0). Shrink each 
coordinate function in C" so that we may assume { II z II < l} is relatively com
pact in U. 

Choose e > 0 sufficiently small that the following are sa~ed: 
(1) For all c E C with I c I < e, the boundary o{f(z) = c, II z II < l} of the 

set {f(z) = c, II z II < 1} ·is contained in X0 ; 



PSEUDOCONCAVE FAMILIES 

(2) For each a = 1, • • • , n, the set 

{z E U:jf(z) I < e, ½ < I za I< 1, l z, I< 1 for i Fa} 

is relatively compact in X 0• 
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Let zo(z) = (2/(z) - e)/(2e - f(z)); then we have {z:jf(z)I < e} = 
{z: I zo(z)I < 1} and {z:f(z) = ½e} = {z:Zo(z) = 0}. By our choice off and U, we 
have <p(z) > 0 on the set {z E U:f(z) = ½e}; hence there exists a constant 
0 < b < 1 such that the open set {z: I zo(z)I < b, II z II < l} is relatively compact 
inX 0.LetP = {z E U:lzo(z)I < 1,jz.j < lfori = 1, ... ,n}. 

Let ~1 , • • • , ~1r, be points as in the statement of the proposition, with exten
sion functions <P1, • • • , 'Pk. Construct a polyhedron P, around each point ~. 
with respect to rp;,; let P = P1 n · · · n P,. and assume P_ F {Zf. Further assume 
k < n. The polyhedron P is defined as 

p = {z E U1 n ... n Uk:lz/1 < lforj = 1, ••• ,kandi = 0, ••• ,n} 

where P; = {z E U1:I z.' I< 1 for i = 0, • • ·, n}. The set {z/;j = 1; • • ·, k 
and i = 0, • • • , n} is a collection of k (n + 1) holomorphic functions ori U = 
U1 n · · · n U1r, satisfying the following conditions: 

(i) {½ < jz/1 < 1} n Pc X° for each a E {l, ... , n} and each 
(3 E {1, .. • , k}; 

(ii) { I z/ I < b; for j = 1, .. • , k} n P C X°; 
(iii) The map z - (z/ (z)) is a biholomorphic map of P onto a closed sub

variety of the polydisk {II w II < 1} in c!:Cn+l). 

Take o > 0 sufficiently small that, for each j = 1, • • • , k, the set 

P;,a = {lz/1 < 1 + ofori = 0, ••• ,n} 

is still contained in U; . 
Let 11; be the compact subset of P;,a defined as 

11; = {z E P;,a:rp;(z) ~ 0 and I z/ I ~ 1 for i = , .. • 0, n}; 

by the results of Narasimhan ([4]), we see that each 111 coincides with its proper 
envelope e..1 with respect to P ;,a . Hence we can construct a decreasing sequence 
Q; .• of polyhedra in P;,a such that Q;,a+l C: Q;,. and n. Q;,. = 11;. Each Q;,. 
is of the form 

Q;,, = {z E P;,a: I J;,,,.1 < ½ for i = 1, .. • , r;,.}; 

without loss of generality we may assume I/;, •.• I < 1 on P;,a for each i. 
Let Pa = P1,a n · · · n P1r,,a , let A = 111 n · · · n /11r, , let Q. = Q1,. n · · · n Q,.,., 

and let r, = r1,, + · · · + r1r,,, . Let W, = P - (P n Q,); this is an increasing 
sequence of open sets in Pa such that U. W, = P n:XO. • •. · • 

For D (1) the polydisk of radius 1 in ct<n+i>+r., we have a map t,: P - D (1) 
defined by 

t.(z) = (z/(z), ... ,z,."(z),f.,1(z), ... ,f.,r,(z),z/(z), ... ,zo"(z)). 
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Take a strictly increasing sequence {R.} of real numbers such that 
R1 > max {½, b1, • • • , b,.} and lim. .. 00 R. = 1. Choose each R. sufficiently large 
that, for D (R.) the polydisk of radius R., we have: 

(a) t,(P) n D(R.) ;e 0; 
(b) t,-1 (D(R.)) C ta+1-1(D(Ra+1)); 
(c) U.t.-1 (D(R.)) = P. 

For a particular s, look at the domains 

Aa = {½ < lw«I < 1} nD(R.);a E {1, ... ,k·n + r.} 

Ao = {I w,..,.+,.+; I < b; for j = 1, .. • , k} n D (R.) 

and let z. = U .. -o""+r•A ... We have guaranteed that t,(W.) n D(R.) c z. and 
that M. = t,- 1 (Z.) '-C P n X°. The set {M.} is an increasing sequence ofopen 
sets such that U. M. = P n X0• Lets be fixed, and remove it from the notation. 

Let I be the sheaf of ideals defined in D (1) by the analytic subvariety t (P). 
By Proposition 1 of [1], we have a free sheaf resolution 

O-+ft"-+ ... -+0" 0 -+J-+O 

over D(R). We know that dih(I) = k(n + 1) + r - d; if dih(t(P)) is defined 
to be dih(I) - 1, then, by Proposition 3 of [1], we also have that dih(t(P)) = 
dim(t(P)) = n; hence d = (k - l)(n + 1) + r. 

Lemma 1 of [1] states that, for Z of this form, H"(Z, 0) = 0 for 
i ;e O, k•n + r. From the appropriate large rectangular diagram, we can then 
conclude that • 

H'(Z, I)'.:::'. HHd(Z, 0"") 

for i > 0 such that kn+ r > i + d = i + (k - 1) (n + 1) + r, in other words, 
for O < i < n - k + 1. Ask < n, we get in particular that H1 (Z, I) = 0. 
Hence we get the following commutative diagram: 

0-+ H°(D (R), I)-+ H°(D(R), 0)-+ H0 (P n r 1 (D (R) ), 0)-+ 0 

! ! ! 
0-+ H°(Z, I)-+ H°(Z, e)-+ H0 (M, e)-+ 0 

Both rows are exact, and the first two vertical arrows are isomorphisms by Har
togs Theorem (see [3], p. 21); hence the last vertical arrow is also an isomor
phism. Note that this implies M ;e 0. 
From the exact sheaf sequence 

0-+ I-+ 0-+ e/ I-+ 0 

we get the long exact cohomology sequence 
• • '+1 

••• -+ H'(Z, e)-+ H'(M, e)-+ H' (Z, I)-+ ••• 

where the outside groups are both zero for O < i < n - k. Thus H'(M, e) = 0 
bO<i<n-~ • 
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In conclusion, we have constructed an increasing sequence {M,} of open sets 
in P such that 

(a) U, M. = P n X0, M. is compact, and M, c M,+1 for alls sufficiently large; 
(b) H 0 (t,- 1 (D(R,)), 0) = H 0 (M., 0); 
(c) H\M., 0) = 0 for O < j < n - k. 

We are now able to apply Proposition 9 of [I] to obtain the desired conclusion. 

Remark. The proof of this proposition is essentially that of Lemma 2 (p. 222) 
of [l]; all we have done is extend it to intersections of neighborhoods constructed 
with respect to different strictly plurisubharmonic extensions. 

2. We now extend the result of section 1 to a q-pseudoconcave family f: X - Y. 
For y E Y, let N = dimt11 (Y) and let n = dimt (aXy'), where ax/ = 
{z E Xy:cp(z) = r}. Weassumethatffactorsasg 0 JnearcJX/, whereJ:.x - f 
and g: Y - f (X) are analytic families as in the statement of the main theorem. 
We can cover ax/ by open sets U1 as follows: 

Let A1 = {w E cn-q+l: II W II < I} 
A2 = {w E cq-l:11 w II < I} 
As = {w E CN.: II W II < 1} 

For each point z E ax/ there is a neighborhood U, of z in X and chart mappings 
h. , ii, , h. such that 

u. h, 
.11 X A2 X as ---

11 lproj 

f(U.) h. 
A2 X As ---

gl lproj 

f(U.) h. 
As ~ 

is commutative. 
Further, the function cp O h,- 1 is the restriction of a C2 function q, on .11 X A2 X 

Dos such that, on each fiber A1 X ( w1} X { w2}, q, is strictly plurisubharmonic. 
For Sa coherent analytic sheaf on X, let S be the trivial extension of the shPaf 

h.*(S) (on h,(U,)) to all of A1 X Li2 X As. For U, sufficiently small, S has a 
resolution 

Q - t)ppd - •" • - 0ppO - s - 0 

over A1 X A2 X As, where d = N + n - dih.(S). As cJX/ is compact, we can 
take a finite subcover {Ui:i = 1, · • ·, s} of the cover {U.}. 

LEMMA. If U; n U; -:;,!-fo, then for each z E Ui n U; there are neighborhoods 
V .t and V / of h; (z) and h1 (z) in A1 X Li2 X As , and a biholomorphic map h;J; V ,t -
V/ which extends the map h1 o h;- 1 : V/ n h;(Ui n U;) - V/ n h;(Ui n U;). 
Further, we can guarantee h;; is fiber-preserving. 
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Proof. The first part is Satz 17, p. 26 of [5]. We can guarantee that h;; pre
serves fibers by starting in Ll3 , and extending step-wise. 

Take a refinement { W;} of the cover { U.t} which has the following property: 
For each W; there is a u,(j) such that the set St(W;, {W;}) = u {Wk:wkn 

W; ¢ ,0} is contained in U,uJ . (This is called a star-refinement of { U;}; see 
for example, [2], p. 167). 

For each z E ax,/, choose a W; such that z E W; , and look at h,uJ (z). By 
the above lemma, we can move a neighborhood V,ui' (k) of h,c;J (z) biholomor
phically to a neighborhood of h. (z) whenever z E U,. . Let V,u/ be the inter
section of the neighborhoods V,u/ (k) for all k such that z E Uk . By shrinking 
V,u/, we can assume h,uJ- 1 (V,w•) c W1. .Call V,u/ just. v•. 

For each z E ax,/, construct a polyhedron P' c V' of the following sort: 
P' = Po' X Ll/ X Lla1 where Po• is a polyhedron centered at h (z) in the 1-pseu

doconcave fiber through h (z ), constructed as in section 1, and where Ll/, Ll/ are 
sufficiently small polydisks in Ll2, Lla so that, for each w2 E Ll/ and each wa E Lla', 
the functions defining Po• X {w2} X {wal in Ll1 X {w2} X {wa) satisfy the same 
properties (1) and (2) required of the functions defining P 0". 

Let P1, • • ·, P, be a finite collection of these polyhedra such that {h-1 (P;)) 
covers ax/. If h~1 (P1 ) n · · · n h- 1 (Pk) ¢ ,0 (where h is the appropriate chart 
map), then we know that h-1 (P1 ) U · • · U h- 1 (P,.) c U; for some j. Hence 
z1, • • • , Zk E U;, so we can move each P; to the copy of Ll1 X Ll2 X Lla associated 
to the chart h;: U; - ..11 X Ll2 X Lls. We now assume we have P1, • • • , P,. c 
Ll1 X Ll2 X Lla, with P = P 1 n · · · n P,. ¢ ,0. Each P; is constructed with re
spect to an extension cp; of cp. If we let P' = P n { cp; > r, for at least one i), then 
we have the following extension of proposition J: 

PROPOSITION 2. (I) H 0 (P, 0) ,,..._, H0 (P", 0) if O < n - q - k + l; 
(II) H1 (P', (')) = 0 for O < j < n - q - le + l. 

Proof. This is Proposition 12 of [l], except that we apply the proof to inter
sections as well, using proposition 1. 

PROPOSITION 3. Let S be the coherent analytic sheaf from above; then 
(I) H 0 (h-1 (P), S) 1::::.H0 (h- 1 (P) n X', S) if O < dihy' (S) - N - q - k + .l; 

(II) H 1(h-1 (P) n X', S) = 0 for O < j < dih/(S) - N - q - k + l. 
Proof. This is Theorems 9 and 10 of [1], again applied to intersections. 
Cover Xy' by open sets P; C X' such that P; is biholomorphic to a closed 

subvariety of D (l) X Ll; , where D (l) is the polydisk of radius 1 in some cm 
and Ll; is a Stein neighborhood of yin Y .. Then the sets {P;} U {h-1 (P;)} cover 
the compact setX' n r 1 (B) for Ba sufficiently small Stein neighborhood of y. 
Take a finite subcover of the cover {P; I B} U {h-1 (P;)I B) and call it {P 1 , : • • , 

P,}. By including C1 in Cl+k in a nice fashion, we can assume we have a map 
g;:P; - D (1) X B for D (l) c cm, with m independent of i, and with g.(P;) a 
closed analytic subvariety. Further, there exists an Ro < 1 such that, for any 
R E [Ro, 1], the sets P;(R) = g;- 1 (D (R) X B) still cover iC I Band still satisfy 
the conclusions of Proposition 3. 
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PROPOSITION 4. Let B1 be a Stein open set in B, and let R E [Ro , 1]; then 

Hi(X' I B1, S),..,, Hi({P.(R) 1'B1}, S) 
for 

j < dih,,'(S) - N - q. 
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Proof. We wish to show that Hi(X' I B1, S) ~ Hj({X' n P,(R) I B 1}, S) ~ 
Hi ({P,(R) I B 1}, S) for j < dih,,'(S) - N - q. By (II) of proposition 3, the 
first isomorphism is a special case of Leray's Theorem for acyclic covers (the 
construction of the desired isomorphism requires the vanishing of cohoniology 
precisely where we have shown it). 

Result (I) of proposition 3 shows that 

c"ctx' n P,(R) 1 B1}, s) ~ c"({P.CR) 1 B1}, s) 

fork < dih,,' (S) - N - q; as the restriction isomorphisms are compatible with 
coboundary maps, we get the second isomorphism. 

CENTRO DE lNVESTIGACI6N DEL JPN, MEXICO. 
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