A COHOMOLOGY-COMPUTING COVER FOR
PSEUDOCONCAVE FAMILIES

By HARVEY BARER

In this paper we will construct an acyclic cover for any family of pseudocon-
cave analytic spaces, with which we can compute the cohomology of the family
for suitable indices. The results are of possible application to the proof of the
coherence of direct image sheaves for pseudoconcave families. (For a discussion,
see [6].) Before we state the main theorem, we will need some definitions. The
notational pattern established here will be used throughout the paper.

Let ¢: X — R be a twice continuously differentiable function (hereafter a C*
function) on a domain X < C". Then ¢ is strongly ¢-pseudoconvex if, for each

2 € X, the complex Hessian
_( %
Hy(2) = (aziaz,),

has n — ¢ 4+ 1 positive eigenvalues. A real-valued function ¢ on an analytic
space « is strongly ¢-pseudoconvex if for each z1in X there is a neighborhood U of
2, a domain D in C”, and an analytic map h:U — D (called a chart on X ) such
that & sends U biholomorphically to a closed subvariety of D, and the function
@ b~ extends to a strongly ¢-pseudoconvex function ® on D. For ¢ = 1, we say ¢
is strictly plurisubbarmonic.

Let X be an analytic space and, for z € X, let xT’; be the space of derivations on
the ring O, (where 0 is the structure sheaf of X). Let dimt,(X ) be the complex
dimension of xT, ; we call xT; the tangent space of X at 2, and dimt,(X) the
tangential dimension. We set dimt(X) = max {dimt,(X): z € X}.

Remark. For z € X, there is a neighborhood of z biholomorphic to a closed
subvariety of a domain in C" if and only if n > dimt, (X). (See [3], p. 153.)

Let S be a coherent analytic sheaf on X, and let h:U — D be a chart for X,
with D < C". We can extend the sheaf h4(S) on h(U) by zero to obtain a co-
herent sheaf § on D. For z in U, there is a neighborhood D’ of A (z) and a free
resolution

0-50%—> ... 50" -8 -0

of 8 over D'. Let d(z) be the minimum length needed, and define dih,(S) =
n — d(z). This number is independent of the choices we have made (see [1],
p. 196).
Let f: X— Y again be an analytic map of analytic spaces. Then f: X — Y isa
family of analytic spaces if it has the following local cross-product structure.
For each z € X there exists a neighborhood U of z, domains D; in C" and D-
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in C" and charts h:U — Dy X D, and h: f(U) — D, such that the following
diagram commutes:

U—h>D1 X D,

f ‘[ 1proj ection

A

) -, b,

Further, f: X — Y is called a ¢-pseudoconcave family if there exists a function
¢:X — R (called an exhaustion function ) and real numbers 4 , 7gin RU{ — 0, 0}
with 7y < 7g (called concavity bounds) such that

@) if ¢(z) € (rg, rg), there exists a neighborhood U of z such that
e| (U N f(f(2))) is strongly g-pseudoconvex;

(2) foreachr > ryand each compact set K © ¥, the setf ™ (K) N ([r,  ))
is compact.

Forf: X — Y (with ¢, 74, 7%) a ¢-pseudoconcave family, let X™ = ¢ ((r, )),
let X, = () and X|B = f(B), let X,” = X, N X", and let dih,’ (S) =
min {dih,(S) :ez) = r and f(z) = y}.

A g-pseudoconcave family f:X — Y admits a holomorphic 1-fibering at the
points 7 € (r4, ry) and y € Y if there exists a neighborhood X of ¢ () N
X, = 80X, and analytic families f: X — ¥ and g: ¥ — f(X) such that

I .y
Y V . .
is commutative;
N

fX)
2) ifdimt,,(}’) = N and dimt(X) = n + N, then dimt (¥) < N + ¢ — 1;
3) for § € ¥, the function ¢ | /™ (§) is strictly plurisubharmonic.

1) X

Main TaroreM. Let f:X — Y be a g-pseudoconcave family of analytic spaces
with exhaustion function ¢ and concavity bounds 7+ , rg . Suppose the family f: X — Y
admits a holomorphic 1-fibering at the poinis r € (r«, rg) and y € Y. Then for
S a coherent analytic sheaf on X, there is a Stein open neighborhood B of y, a finite
collection P;(t) of holomorphic polyhedra with P; C X, , and a number T € (0, 1)
such that, for any t € [T, 1],

X'|B c U; {P;(¢) X B} and H’(X"|B, S) =~ H' ({P;(t) X B}, S)
forj < dih,(S) — dimt, (¥) — q.

1. Our method of proof will be to extend certain intermediate results in An-
dreotti and Grauert ([1]), constructing a special open cover with which we can
compute the cohomology of S | X". In this section we will prove the key proposi-
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tion of the paper; after it is completed, we will extend the result to families to
obtain a proof of the main theorem.

ProrosiTioN 1. Let X be a domain in C* (n > 2), and let V be a closed analytic
subvariety of X. Let ¢: V — R be a continuous function on V, and let &, -+ , &
be points in V N ¢ (0).

Assume for each ; there is a neighborhood U; of & and a C° stm’cﬂy plurisub-
harmonic function ¢;: U; — R such that o; | U; NV = ¢ | U; N V. Let X° be the
set {z € N;U;tpi(2z) > O for at least one }. Then for each point &; there is a funda-
mental system {P;} of Stein neighborhoods of &; tn U, such that:

@O BE:N---NP,0)=H®PN---NP.NX0)ifk < n;
(I @ N---NP,NXS0)=0for0<j<n-—k

Proof. Take a particular £;, an extension ¢; in U;, and assume &; = 0 € C".
Let ¢; be called ¢. The Taylor expansion of ¢ at 0 can be written

0 (2) = 2Re(Z; ;i (0)2; + Zij 0ii (8)2i2;) + Zi,5 i (8)2:%;

pi(2) = (—af> pii(z) = ( o > pii(2) = ( ik
’ 0z; . Y 0z; 024 2’ H 02;0%; )’

and & = rz for some r € [0, 1).
As H, is positive definite near 0, there is a neighborhood U of 0 and a constant
a > 0 such that, for 2, 2/, 2" € U, we have

Hi@)E —2")>a|d =2

where || z|| = sup;|2;|. Using the uniform continuity of the second deriva-
tives, we can shrink U so that

where

a
| pii(2) — @ii(d)] < o

2
forz,z € Uand 1< 14,7 < n. Let
@) = 250i(0)2; + Zi,j0i;(0)2:2; ;

if f # 0 on U, then the above inequalities guarantee that, on the analytic hyper-
surface {f = 0} N U, we have o (2) > %a| z|* > Oforz = 0. If f = 0, then
¢(z) > ¢(0) forallz € U — {0}, so we can take any analytic function f which
is zero at 0, to conclude that on {f = 0}, we have ¢(2) > ¢(0). Shrink each
coordinate function in C” so that we may assume {|| z || < 1} is relatively com-
pact in U.

Choose ¢ > 0 sufficiently small that the following are satisfied:

(1) For all ¢ € C with | ¢| < ¢, the boundary 8{f(z) = ¢, || 2]] < 1} of the
set {f(z) = ¢, || z]] < 1} is contained in X°;
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(2) Foreacha = 1, -+ | n, the set
e U:|f@e)| <eit<|za]<1,|z|<1foris# a}

is relatively compact in X°.

Let 20(z) = (2f(z) — €)/ (2 — f(2)); then we have {z:|f(z)] < ¢ =
{z:] 20(2)| < 1} and {z:f(2) = %e} = {2:20(2) = 0} . By our choice of f and U, we
have ¢(2) > 0 on the set {z € U:f(z) = %e¢}; hence there exists a constant
0 < b < 1such that the open set {z:| 20 (z)| < b, || 2 || < 1} is relatively compact
in X" Let P = {2z € Ut|2@)| <1,|z|<1lfori=1,---,n}.

Let &, -+, & be points as in the statement of the proposition, with exten-
sion functions ¢, * -+, ¢ . Construct a polyhedron P; around each point &;
with respect to ¢; ;let P = P; 1 -+ N P, and assume P ,@’ Further assume
k < n. The polyhedron P is deﬁned as

= (e€ N -~ NUs|e/| <ilforj=1,---,kands =0, ,n}

where P; = {z € Uj:|2’| < 1fori = 0, ---, n}. The set {z;j = 1‘, e , k
and 7 = 0, ---, n} is a collection of k¥ (n + 1) holomorphic functions on U =
U, N -+ N U, satisfying the following conditions:

() (3 <|z’| <1} NP eX° foreach « € {1, -+, n} and each
pefh by '

Gi) {|=’| < bjforj=1,--- ,k} NP €X’;

(iii) The map z — (2 (z)) is a, biholomorphic map of P onto a closed sub-
variety of the polydisk {| w || < 1} in C***7, :

Take 8 > O sufficiently small that, for eachj = 1, - -+ , k, the set
P;; = {lzijl <1l1+4é8fori=0,---,n}

is still contained in Uj; .
Let A; be the compact subset of P;; defined as

A;j = {2 € Pisip;(2) S,Oandlz;"l <lfori=,:::0,n};

by the results of Narasimhan ([4]), we see that each A; coincides with its proper
envelope A; with respect to P;; . Hence we can construct a decreasing sequence
Q.. of polyhedra in P;; such that Qj.1 € Qj. and N, Q;, = A;. Each @,
is of the form : :
QJ‘,a = {Z € Pi,szlfi,s,il < % for ¢ = 1: Tty Tj,a};

without loss of generality we may assume | f;,;| < 1 on P;; for each 7.
LetP.;=P1,5ﬂ ﬂP“,letA A1n ﬂAk,letQ, Ql, an,,
andletr, = 1, + -+ + 7,.Let W, = P — (P Q,); this is an mcreasmg
sequence of open sets in P; such that U, W, = P N X°.
For D (1) the polydisk of radius 1 in C**™ %" we have a map t,:P — D 1)
defined by

ts(Z) = (Z II(Z)J .' "y znk(z); fsnl(z); e ,fsﬂ's (Z), zﬂl(z)’ T, zok(z))'
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Take a strictly increasing sequence {R,} of real numbers such that
Ry > max {}, b1, -+, by} and lim,». B: = 1. Choose each R, sufficiently large
that, for D (R,) the polydisk of radius R, , we have:

(@) t(P) ND(R,) # &;
(b) ta_l (D (Rs)) 1= t3+1—1 (D (Rs+1));
@) U,t, 7 (D(R,)) = P.

For a particular s, look at the domains
Ai =3 <|we| <3 NDR);x € {1, -+ ,kn+ 7
4o = {Iwk'ﬂ+7‘a+il < bJ' fOI‘j = 17 Ty k} nD(Rs)

and let Z, = U,—0""™4. . We have guaranteed that t,(W,) N D(R,)  Z, and
that M, = t,(Z,)-< P N X°. The set {M,} is an increasing sequence of open
sets such that U, M, = P N X°. Let s be fixed, and remove it from the notation.

Let I be the sheaf of ideals defined in D (1) by the analytic subvariety ¢(P).
By Proposition 1 of [1], we have a free sheaf resolution

0—-0"— .- 50" >I—-0

over D (R). We know that dith (I) = k(n + 1) + r — d;if dih (¢ (P)) is defined
to be dih (I) — 1, then, by Proposition 3 of [1], we also have that dih (t(P)) =
dim(@#(P)) = n;henced = (k — 1)(n + 1) + 7.

Lemma 1 of [1] states that, for Z of this form, H*(Z, ©) = 0 for
1 # 0, ken 4 r. From the appropriate large rectangular diagram, we can then
conclude that

H'(Z,I) =~ H*(Z, o™)

for?i> Osuchthatkn +r>7+d=7+4+ (k — 1)(n + 1) + r, in other words,
for 0 < i <n —k+ 1. Ask < n, we get in particular that H' (Z, I) = 0.
Hence we get the following commutative diagram:

0> HDR),I)— HDR),0) > HPNDR)),0) >0
) ) !
0—-H'(Z,I)— H (Z,0) > H' (M, 0) >0

Both rows are exact, and the first two vertical arrows are isomorphisms by Har-
togs Theorem (see [3], p. 21); hence the last vertical arrow is also an isomor-
phism. Note that this implies M = .

From the exact sheaf sequence

0-I—-0—>0/I—>0
we get the long exact cohomology sequence
- > H'(Z,0) > H M, 0) > HY(Z,I)—> -

where the outside groups are both zero for 0 < ¢ < n — k. Thus H' (M, 0) = 0
for0<i<n—k. '
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In conclusion, we have constructed an increasing sequence {M,} of open sets
in P such that
(a) U, M, = PN X", M, is compact, and M, C M, for all s sufficiently large;
(b) H' (& (D(R.)), 0) = H (M, , 0);
(¢) H*(M,,0) =0for0<j<n—k
We are now able to apply Proposition 9 of [1] to obtain the desired conclusion.

Remark. The proof of this proposition is essentially that of Lemma 2 (p. 222)
of [1]; all we have done is extend it to intersections of neighborhoods constructed
with respect to different strictly plurisubharmonic extensions.

2. Wenow extend the result of section 1 to a ¢g-pseudoconcave family f: X — Y.
For y € Y, let N = dimt,(Y) andlet » = dimt(@X,"), where dX,” =
{z € X,i0(2) = r}. We assume that f factors as g o f near X,”, where f: X — ¥
and g: ¥ — f(X) are analytic families as in the statement of the main theorem.
We can cover 0X,” by open sets U; as follows:

Let Ay = {w € C" ™ |w| < 1)

A= f{weCw| <1

A = {we C: ||w]| <1}
For each point z € X" there is a neighborhood U, of zin X and chart mappings
h., h., h. such that

Uz—hz-—)Ale2XAs

proj

~ ~

f(U.) —i-» Ar X A

g proj
ilz

f ( Uz) — A3
is commutative.

Further, the function ¢ o k. is the restriction of a C* function ® on A; X A, X
Ag such that, on each fiber A, X {wi} X {w.}, ® is strictly plurisubharmonic.

For 8 a coherent analytic sheaf on X, let S be the trivial extension of the sheaf
h.*(8) (on k. (U.)) to all of Ay X As X As. For U, sufficiently small, S has a
resolution

0—>0pt— - - >pP—>8—0

over Ay X A; X Az, whered = N + n — dih.(S). As 0X,” is compact, we can
take a finite subcover {U;:2 = 1, - - - , s} of the cover {U,}.

LemMa. If U; N U; = &, then for each z € U; N U, there are neighborhoods
Viand Viof hi(z) and h; (2) in Ay X As X Az, and a biholomorphic map hy;; Vi —
V7 which extends the map h; o b :V: N he(U; N U;) — V7 Nk (U; N UY).
Further, we can guarantee h;; is fiber-preserving.
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Proof. The first part is Satz 17, p. 26 of [5]. We can guarantee that hi; pre-
serves fibers by starting in A, and extending step-wise.

Take a refinement {W;} of the cover {U;} which has the following property

For each W; there is a U, such that the set St(W;, {W:}) = U {Wy: Wi
W; # &} is contained in U,y . (This is called a star-refinement of {U.}; see
. for example, [2], p. 167).

For each z € dX,’, choose a W; such that z ¢ W;,and look at hyp (). By
the above lemma, we can move a neighborhood Vi’ (k) of hs;, (z) biholomor-
phically to a nelghborhood of h.(z) whenever z € Uy . Let V,;® be the inter-
section of the neighborhoods V(" (k) for all k such that z € Uy . By shrinking
V,(j)z, we can assume hs(,‘)—l (Vg(j)z) c W,. Call Vs(j)z just, Ve

For each z € BX,, , construct a polyhedron P° C V* of the following sort:

" P* = Pf X A X A where Py isa polyhedron centered at A (z) in the l-pseu—
doconcave fiber through h (z), constructed as in section 1, and where Ay, A’ are
sufficiently small polydisks in A; , As so that, for each w, € A," and each ws € Af,
the functions defining Py* X {wy} X {ws} in Ay X {wn} X {ws} satisfy the same
properties (1) and (2) required of the functions defining Py".

Let Py, .-+, P, be a finite collection of these polyhedra such that { P}
covers 0X," If ' (Py) N -« N (P:) % & (where h is the appropriate chart
map), then we know that A (Py) U-.- U »7(Py) < U; for some j. Hence
21, -+ ,2 € Uj;,s0 we can move each P; to the copy of A; X Az X A; associated
to the chart h;: U; — Ay X A; X As.. We now assume we have Py, -+, P, C
Ay X Ay X Az, with P = P, N --- | P, . Bach P;is constructed with re-
spect to an extension ¢; of ¢. If we let P" = P (1 {¢; > r, for at least one 5}, then
we have the following extension of proposition 1:

PropostTion 2. (I) H'(P,0) = H'P,0)if 0 <n — ¢ — k+ 1;
ADHP,0)=0for0<j<n—g—Fk+1

Proof. This is Proposition 12 of [1], except that we apply the proof to inter-
sections as well, using proposition 1.

"~ ProrosiTion 3. Let S be the coherent analytic sheaf from above; then
I H°_( (P),8)=H (KW *(P)NX,8)if0<dih, (S) —N —qg—Fk+1;
(I) @ P)NX,8) =0for 0 <j < dih/(8) — N — ¢ —k -+ 1.

Proof. This is Theorems 9 and 10 of [1], again applied to intersections.

Cover X,” by open sets P; C X' such that P; is biholomorphic to a closed
subvariety of D(1) X A;, where D (1) is the polydisk of radius 1 in some C”
and A; is a Stein ne1ghborhood of y in Y. Then the sets {P;} U {7 (P;)} cover
the compact set X™ N~ (B) for B a suﬂime'ltly small Stein neighborhood of Y.
Take a finite subcover of the cover {P; | B} U {h™(P;)| B} and call it {P,, -- -,
P,}. By including €' in C** in a nice _fashion, we can assume we have a map
g::P; — D (1) X B for D(1) < C™, with m independent of 4, and with g;(P;) a
closed analytic subvariety. Further, there exists an By < 1 such that, for any
R € [Ro, 1], the sets P;(R) = g; (D (R) X B) still cover X" | B and still satisfy
the conclusions of Proposition 3.
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ProposiTION 4. Let B be a Stein open set in B, and let R € [Ro , 1]; then

H'(X"| B, 8) = H' ({P;(R) | B}, 8)
for
j < dihy (8) — N — q.

Proof. We wish to show that H(X" | B!, §) =~ H'({X" N P;(R) | B}, 8) =
H ({P;(R)|B"Y, 8) for j < dily’(8) — N — q. By (II) of proposition 3, the
first isomorphism is a special case of Leray’s Theorem for acyclic covers (the
construction of the desired isomorphism requires the vanishing of cohomology
precisely where we have shown it).

Result (I) of proposition 3 shows that

C*({X" N P:(R)| BY}, 8) = C*({P:(R) | B'}, 8)

for k < dih,” (S) — N — q; as the restriction isomorphisms are compatible with
coboundary maps, we get the second isomorphism.

CENTRO DE INVESTIGACION DEL IPN, Mfixico.

REFERENCES

[1] A. ANprEOTTI AND H. GRAUERT, Théorémes de finitude pour la cohomologie des espaces
complezes, Bull. Soc. Math France 90 (1962), 193-259.

[2] J. Ducunbar, Topology, Boston, Mass., Allyn and Bacon, 1966.

[3] R.C. Gunnine aAND H. Ross1, Analytic Functions of Several Complex Variables, Engle-
wood Cliffs, N. J., Prentice-Hall, Inc , 1965.

[4] R.NARAsIMHAN, The Lew problem for complex spaces, Math. Annalen, 142 (1961), 355—65

. [5] H.OrLIEKLAUS, Einbettung komplexer Riume in komplex-projektive Raume, Schr Math.
Inst. Univ. Miinster, 23 (1962).

[6] Y. T. Stu, A pseudo-concave generalization of Grauert’s direct image theorem, Ann., Scuola.
Norm. Sup. Pisa, 24 (1970), 279-330 and 439-89.





