
CODIMENSION ONE ANOSOV FLOWS 

BY ALBERTO VERJOVSKY 

Introduction 

One of the main objectives in the Qualitative Theory of Dynamical Systems 
is the study of the orbit structure of difl'eomorphisms and flows, and their classi
fication under the equivalence relation given by topological conjugacy. Great 
progress has been made in the case of Anosov Systems (see [1] and [29] for 
definitions and background). It was proved originally by Anosov that Anosov 
Systems on compact manifolds are C1 -structurally stable ( there are also proofs 
of this fact by Moser [21] and Mather [201). 

For codimension one Anosov diffeomorphisms, Franks [9] has given a prac
tically complete solution to the classification problem. He proved that a codi
mension one Anosov diffeomorphism on a compact manifold M is topologically 
conjugate to a hyperbolic toral isomorphism, provided that the nonwandering 
set of the diffeomorphism is all of M. Furthermore, he proved that two codi
mension one Anosov difl'eomorphisms are topologically conjugate if and only if 
they are 1ri-conjugate. Later, it was proved by Newhouse [22] that a codimension 
one Anosov diffeomorphism on a compact manifold has as its nonwandering set 
the whole manifold. 

For codimension one Anosov flows, one does not have such a complete classi
fication theorem as the one given by Franks for diffeomorphisms. This paper 
gives some contributions in this line. 

In this work, we obtain among others, the following results: 

THEOREM 1.1. If f1:M-+ Mis a codimension one Anosov flow in the compact 
manifold M, then n(f1) = M. Here n(f1) denotes the nonwandering set. 

COROLLARY 1.1 The periodic orbits off t are dense in M and f I is topologically 
transitive. 

THEOREM 3.1. The universal covering space of M is diffeomorphic to euclidean 
space. 

THEOREM 3.3. The center of 1r1(M) is either trivial or else it is free cyclic. 

THEOREM 3.4. If dim M = 3 and if the center, L, of 1r1(M) is free cyclic and 
1r1(M)/L is torsion-free then 1r1(M)/L is isomorphic to the fundamental group of a 
compact. surface M2, of genus greater than one. Furthermore, if aE H2(M2, Z) 
denotes the central extension 

a:0-+ Z-+ 1r1(M) -+ 1r1(M2) -+ 0, 

then M is dijf eomorphic to the principal circle bundle over M 2 associated with a. 
Hence, M admits a principal S1 action. 
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THEOREM 4.1. f,:M--+ Mis wpowgically equival,ent t,o the suspension of a hyper
bolic wral isomorphism if and only if H1(M, R) = R and every periodic orbit 
represents a nontrivial el,ement of H1(M, R). 

The results in this paper are contained in my doctoral dissertation written at 
Brown University. I wish to thank my adviser Mauricio Peixoto and my col
leagues at I.M.P.A. in Brazil. I would like to thank J. Palis for suggestions and 
encouraging conversations. To Sheldon Newhouse I here express my gratitude 
for his paper [22], that was the starting point of my thesis. I also would like 
to thank C. Camacho, B. H. Lawson, C. Robinson, and J. Sotomayor, for many 
helpful conversations. 

§1. Preliminaries 

In all that follows M will be a C~ manifold which is connected and without 
boundary. TM will denote the tangent bundle of Mand T,.M the fibre at x. If 
g:M--+ Mis a C' map (r ~ 1) we will denote by D,.g the derivative at x and by 
Dg: TM--+ TM the derivative bundle map induced by g. 

DEFINITION 1.1. Letf1:M--+ M be a C' flow (r ~ 1), generated by the vector 
field X; we say thatfi is an Anosov flow if: 

(1.1) X(m) ,e. OV m EM. 

(1.2) There exists a continuous splitting of TM into a Whitney direct sum, 
TM = E ® E"' ® E1, which is invariant under Dfi and E1 denotes the 
line bundle spanned by X. 

(1.3) There exists constants C, C1, A > 0 such that for every t > 0 
a) II Dfi (V) II ~ Cl' II VII if V E E"' 
b) II Dfi (W) II :s; C1e->.1 II W II if WEE' 

where II · II denotes the norm induced by a riemannian metric. 

Examples of Anosov flows can be obtained by suspension of Anosov diffeo
morphisms and by the geodesic flows of compact, connected, riemannian mani
folds with negative curvature. The article [34] is an extensives study of Anosov 
flows on infra-homogeneous spaces. For further details, general information, 
references and terms not defined here we refer to the papers [1], [2], [12], [29]. 

Given a flow F 1:M--+ M we denote by O(F1) itsnonwandering set. Explicitely. 
O(F 1) is defined by O(F,) = h E M: Given any neighborhood U of x and T > 
0, there exists t0 X T, such that F, 0 (U) n U r5-0'}. We also denote by O(X) 
the nonwandering set of the flow generated by the vector field X. 

An Anosov flow f 1:M--+ Mis said to be of codimension 1 if either dim E" = 
1 or dim E' = 1. 

It has been conjectured that if f 1:M--+ Mis an Anosov flow, then O(fi) = 
M. The following theorem asserts that such is the case if ft is of codimension 1. 

THEOREM 1.1. If f 1:M--+ Mis an Anosov flow of codimension 1 in the compact 
manifold M (this is always the case if dim M :s; 4), then O(f1) = M. 
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Anosov flows satisfy Axioms A' and B' of Smale (see [29] for the definition of 
these axioms). This is a consequence of the C'1 -structural stability of Anosov 
flows and a general density theorem of Pugh [27]. Hence, we have the following: 

COROLLARY 1.1. If f1:M - Mis a codimen~ion 1 Anosov flow then the periodic 
orbits off I are dense in M and f I is topologically transitive. 

Before giving the proof of Theorem 1.1, we will need several results valid for 
any Anosov flow. The proof of Theorem 1.1 will be postponed to §2. 

SPECTRAL DECOMPOSITION THEOREM (Smale [29]). If f 1:M - Mis an Anosov 
flow, then fl(f 1) is the disjoint union of closed, invariant, indecomposable sets: 

fl(f1) = flo LJ • • • LJ flm, 

Furthermore, f1 I ft; is topologically transitive. The sets fl;, (0 ~ j ~ m) are 
called basic sets (see also [23]). 

DEFINITION 1.2. A codimension k foliation of class e•, s ~ 0, of an n-dimen
sional manifold M, is a decomposition, i!, of Minto disjoint, connected subsets, 
called the leaves of the foliation, such that for each m E M there exists locale• 
coordinates (x1, • • ·, Xn) so that in a neighborhood of m the leaves are described 
by the equations X1 = constant, • • ·, Xk = constant. 

The following is the Stable Manifold Theorem for codimension 1 Anosov 
flows (see [1], [15] and [16]). 

PROPOSITION 1.1. If f 1:M - Mis a e• Anosov flow on M with r ~ 2 and dim 
E" = 1, then the distributions E" and E' are uniquely integrable with leaves of 
class er. More precisely, there exist foliations 'U and S called the strongly unstable 
and strongly stable foliations, respectively, so that 

a) Both 'U and Sare invariant under the flow: 

ft(u(x)) = u(fi(x)) 

f1(s(x)) = s(fi(x)) 

where, for z E M, u(z) and s(z) denote the leaves through z of 'U and S, re
spectively. 

b) u(x) = u(y) if and only if lim1➔00 d(f_1(x),f-1(y)) = 0 
s(x) = s(y) ifandonlyif Iimt➔oodUt(x),ft(Y)) = 0 

where the distanced is the one given by the riemannian metric on M. 

c) Each leaf u(x) is a e• injectively immersed copy ofR (R denotes the 
real line). Analogously, each leaf s(x) is a er injectively immersed 
copy of R n- 2• Furthermore, the foliations 'U and S are tangent to the 
continuous distributions E" and E', respectively, and their leaves are 
e• -close on compact sets. 

It follows from the invariance of 'U and Sunder the flow that there is another 
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pair of foliations 'U and S, tangent to Eu E9 E1 and Es E9 E1, respectively, and 
whose leaves u(x) are defined by 

u(x) UtER {u(fi(x))} = ul/E'Y(X) {u(y)} 

s(x) UiER {s(f1(x))} = UvE'Y(xJ {s(y)} 

where 'Y(x) denotes the orbit throught x. Clearly, we have that f 1(s(x)) = s(x) 
and ft(u(x)) = u(x), for all t E R. 

If u E 'U and X1, X2 E u, then from inequalities (1.3) it follows easily that for 
every t > 0 

(2.1) d(jt(u);ft (x1),ft (x2)) 2: Cit d(u; x1, x2) 

(2.2) dU-t (u); f-t (x1), f-1 (x2)) s c-l e->.t d(u; X1, X2). 

Similarly, ifs E Sand x1, X2 E s, then 

(2.3) d(jt(s);ft(X1),ft(x2)) S C'e->.t d(s; x1, x2) 

(2.4) d(j_t(s); f-1(x1), f-t(x2)) 2: (C')- 1/t d(s; x1, x2). 

Where d(u; ·, ·) and d(s; ·, ·) denote the distances, induced on the leaves of 
'll and S, respectively, by the riemannian metric in M. 

Using these inequalities, the contraction mapping theorem and the invariance 
of 'U and S, the following is easy to prove: 

PROPOSITION 1.2. The leaves of 'U (respectively S) are C' immersed submanifolds 
diffeomorphic ( with their intrinisc topology) to either R2 ( respectively Rn-I) or R 
X S1 ( respectively R n- 2 X S1). The latter cases hold if and only if the leaf contains 
exactly one periodic orbit. Furthermore, if the periodic orbit 'Y belongs to the leaf u 
( respectively s) then the holonomy group of u ( respectively s) is isomorphic with Z 
and 'Y represents a generator. Evidently, 'Y is also a generartor of 71"1 ( u) ( respectively 
71"1 ( s) ) . The germs representing nontrivial holonomy are local generic contractions 
or expansions. 

Remark 1.2. Hirsch and Pugh [15] have proved that in our case Sis a C1 folia
tion, that is to say, E' E9 E 1 is a C1 distribution. However, J. Plante [26] has 
examples where S is not C1. Hirsch and Pugh require r 2: 2. 

Let f1:M - M be a codimension one Anosov flow generated by the vector 
field X. By the C1-structural stability theorem there is no loss of generality if we 
assume that ft is of class C"'. Since the roles of Eu and Es are reversed when we 
replace X by -:-X we can assume also that dim Eu = I. Again, there is no loss 
of generality if we assume that Mis orientable and Eu is an orientable line bundle 
since we can achieve this by taking double coverings. 

By Proposition 1.1, each u E 'U is diffeomorphic to R. We say that Yi < Y2 for 
two distinct points of M, if Y1 and Y2 lie on the same leaf u E 'U and if the 
oriented arc from Y1 to Y2 has the orientation of u. If y1 < Y2 we let 

[y1, Y2] = {y E u:y1 S y S Y2}. 
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The length of [y1, Y2] will be denoted by t[y1, Y2]. If y E u and a > 0 we will 
denote· by y + a (respectively y - a), the unique point of u such that y + a> 
y (respectively y - a < y) and t[y, y + a] = a (respect1vely t[y - a, y] = a). 
Analogously, we define the half-open intervals [Yi, y2), (yi, Y2], ( - oo, y], [y, oo ), 
(-,-.oo,,'/)), (y, oo ). For a subset A Cu we define sup A and inf A, in the obvi
ous way. 

The following proposition guarantees that we can take sufficiently big product 
neighborhood sets [29]. We let 

B" = {(x1, X2, • • ·, x,.) = x E R":xi2 + · · · + x..2 ~ l} 

PROPOSITION 1.3. (i) Given u E 'U and Y1, Y2 E u with y1 < y2, there exists a 
homeomorphism cp:B"-1 .X B1 - V, where V is a closed neighborhood of (Yi, Y2) 
such that • • 

a) For every t E B1, cp(B"-1 X {t}) C § (cp(O, t)) 
b) For every x E B"- 1, cp({x} X B1) cu (cp(x, O)) 
C) [y1, Y2] = cp({ O} X B1). 

(ii) Given § E ~, y E § and a topological embedding h:B"- 1 - § such that h(ko) 
= y for some ko E B"- 1: then there exists a homeomorphism if;:B"-1 X B1 ➔ W 
such that 

a') if;(B"-1 X {O}) = h(B"- 1 ) 

b') For every t E B1, 1/l(B"-1 X {t}) c § (1/l(ko, t)) 
c) For every k E B"- 1, 1/;({k} X B1) cu (-.J;(k, 0)). 

We will not prove this proposition. We only indicate that part (i) is proved 
in exactly the same way as the proof of the long flow box theorem given in (25]. 
For part (ii) we remark that h is right and left displaceable in the sense of 
Novikov (see §3 of [24],) because B"- 1 is simply connected, and from this the 
existence of 1/1 follows directly. The sets V and Ware called product neighborhoods 
relative to [y1, Y2] and h(B"- 1), respectively. 

If K is a subset of M we let 

u(K) = U,,EK u(x), s(K) = U,,eK s(x), 'il(K) 

= u .. EK' 11,(x), and §(K) = u.,EK §(x) 

If K is invariant, then u(K) = 'il(K) and s(K) = §(K). In particular §(x) 
= §(-y(x)) and 'il(x) = 12(-y(x) ), where -y(x) will always denote the orbit 
through x. 

If O(f1) = Ou U : • • Uom is the spectral decomposition for O(f,), then a basic 
set~ for which u(Oi) = Oi is called a sink and a basic set O; for which s(O;) = 
O; is called a source. It is a well-known fact that among the basic sets there is at 
least ·one which is a sink and at least one which is a source. It is easy to see that 
if~ is a source then u(O,) is open and that if U; is a sink then s(fi;) is open. 
Therefore if we show that some source !lo is also a sink then we would. have 00 

= u(Uo) = s(U0) and Oo would be both open and closed. Since Mis connected, 
Theorem 1.1 would follow. This is the key observation of Newhouse in (22]. The 
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proof to be given in §2 is modeled after his. Considerable difficulties arise from 
the fact that in our case the foliations 'U and Shave nontrivial holonomy. 

§2. Proof of Theorem 1.1 

Let Do be a source. We will show that Do must also be a sink. The key lemma is 
the following: ' 

LEMMMA 2.1. (1) If X E Do then (x, 00) n s(x) ~ 0. 
(2) If x E Do then ( - oo, x) n s(x) ~ 0. 

We will only prove part (1) since the proof of part (2) is similar. For the 
sake of simplicity we will divide the proof of Lemma 2.1 in various steps. 

Proof of Lemma 2.I when dim M > 3. Let A = {x E Do: (x, oo) n s(x) = 0}. 
We have to show that A is empty. Suppose A ~ 0. We will arrive to a contra
diction through a series of propositions. 

PROPOSITION 2.1. A is a closed invariant set. 

Proof. From Proposition 1.3 it is evident that A is closed, and it is obvious 
that A is invariant. 

PROPOSITION 2.2. A consists entierly of periodic orbits. 

Proof. Let x E A. Let y be a point in the a-limit set of 'Y(x). Let V(y) be a 
product neighborhood around y. If 'Y(x) is not compact then limt-+oo d(s(x); x, 
f- 1(x)) = oo and therefore, if 'Y(x) is not compact there exists To < 0 such that 
(fr 0 (x), oo) n s(x) ~ 0, contradicting the invariance of A. Therefore, 'Y(x) 
is compact. 

Let xo E A and 'Y = 'Y(xo) the periodic orbit through Xo. Since Do is a source 
s(x 0 ) c D0. Since 'Y is the unique periodic orbit contained in s(xo) we have that 
for every X E s(xo) - 'Y, (x, 00) n s(xo) ~ 0. Let us set r = s(Xo) - 'Y = s( 'Y) 
- 'Y· We define the function <p: r --+ R by <p(x) = inf { C[x, y]: y E (x, oo) n s(-y)}. 

PROPOSITION 2.3. 'P( x) > 0 for all x E r. 
Proof. If <p(x) = 0 for some x E r, then it would follow that s(x 0) would self

accumulate and, using long product neighborhoods, one could prove that (x0, 

oo) n s(xo) ~ 0 which would be a contradiction. 

PROPOSITION 2.4. For x E r let m(x) be the point in (x, oo) such that,{ [x, m(x)] 
= <p(x). Then there exists a fixed y E M such that m(x) E s(y) for all x E r. In 
other words: all the points m ( x) lie in the same stable leaf when x varies in r. 

Proof. Since we are assuming that dim M > 3, it follows by the Jordan
Brower separation theorem [32), that r is connected. If z E Mand we let V. = 
{x E r:m(x) E s(z)} then by Proposition 1.3, it follows easily that V. is open 
in r. If s(z1) ~ s(z2) then V,1 n V, 2 = 0- This finishes the proof since r is 
connected. Hence, we have a well-defined map m:r --+ s(y). It is an obvious 
consequence of its definition that m is injective. 
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PROPOSITION 2.5. Let y be as in Proposition 2.4. The function m:r -+ §(y) 
has the following properties: 

a) m preserves the flow: m(f1(x)) = f 1(m(x)) 
b) m is a homeomorphism onto its image 
c) § ( y) contains a periodic orbit -y1 

d) m(r) = §(•Yi) - 'Y1, 

Proof. Parts a) and b) are obvious consequences of the definition of m and the 
theorem of invariance of domain (since mis injective). 

Proof of c). Given a periodic orbit 'Y, off 1, a subset F c t(-y) is called a" fence" 
for 'Y if Fis a topological submanifold of §(-y), homeomorphic to s"- 8 X 81, 
and such that every orbit in t(-y) - 'Y intersects Fin exactly one point. Fences 
associated to periodic orbits always e:,tjst and, in fact, they can be taken as 
boundary components of fundamental domains. Let F be a fence for 'Y and 
let us assume that s(y) does not contain a periodic orbit; then it is easy to see 
that there exists a point Yo E t(y) such that m(F) n s(yo) = f2J. By b) it fol
lows that m(F) is a topological submanifold of t(y) homeomorphic to sn-a X 
81, and by a), an orbit in t(y) which intersects m(F) has exactly one point of 
intersection. Then one can define a continuous and injective map ~:m(F) -+ 

s(yo) given by ~(p) = -y(p) n s(yo). The compactness of m(F) and the theorem 
of the invariance of domain lead to a contradiction since s(yo) is, by Proposition 
1.1, homeomorphic to R"- 2. Therefore t(y) must contain a periodic obit 'Yl• 

Obviously we have m(F) n 'Yl = f2J. 
Proof of d). Let ff be a fence for-y1. The proof of d) reduces to show that m(r) 

containsff.Letutdefinea map 11:m(F) -+ff by11(p) = -y(p) n ff. Themap 11 
is injective and continuous and the theorem of invariance of domain implies 
that 11(m(F)) = ff. Using a) we conclude that ff c m(r). This finishes the 
proof of Proposition 2.5. 

Let us set H = U.,er [x, m(x)] and let us fix x1 E r. For each z E [x1, m(x1)] 
let H. denote the connected component of s(z) n H which contains z. The rest 
of the steps for the completion of Lemma 2.1 (still under the assumption that 
dim M > 3) aim at proving that for each z E [x1, m(x1)] there exists a single 
erbit 'Yz E s(z) such that H. = s(z) - 'Y• and that, furthermore, 

U .. ec:•1, m(,Y1)l'Y• C il(-y). 

Hence, in particular, 'Yi c 'll(-y), which is an absurdity. We observe that, under 
the assumption that A ¢ f2J, 'Yi must be different from 7. This is a consequence 
of the fact that a periodic orbit must have a homoclinic point and therefore if 
'Y were equal to 'Yl then, for all X E 'Y, (- oo, x) n s(-y) ¢ f2J, and one can 
cheok that this is in contradiction to the way that the function 'P, in Proposi
tion 2.2, was chosen. 

PROPOSITION 2.6. For each z E [xi, m(x1)] the map 1r.:H.-+ r defined by r.(w) 
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= x if w E [x, m(x)], is a covering map. The flow restrict,ed to r lifts, under.-., 
to the flow restrict,ed to II •. Clearly 1r,- 1 (r) is an open invariant subset of H •.. 

Proof. It is easy to see that 1r. is surjective. Every point in r is evenly covered. 
To see this it is enough to consider for each x E r a product neighborhood rela
tive to the segment [x, m(x)]. The other assertions are self-evident. 

PROPOSITION 2.7. For each z E [x1, m(x 1)], the set §(z) - H. is a non-empty 
connect,ed, closed and invariant subset of §(z). • 

Proof. The invariance of §(z) - H. and the fact that H. is open in §(z) fol
lows implicitly from Proposition 2.6. Therefore it is only left to us to prove· that 
§(z) - H. is connected and non-empty. First, let us suppose that §(z) d~·not 
contain a periodic orbit. In this case §(z) is diffeomorphic to R"- 1. Let Ji' be a 
fence associated to 'Y· It is easy to see that 1r.- 1(F) is connected. Let P. = ,r.~ 1(F) 
and let us define the injective and continuous map 1/;.:P. - s(z) by 1/;.(y) = 
s(z) n -y(y). Here we are using the fact that every orbit in s(z) meets F., in.at 
most one point, and meets s(z) in exactly one point. Again by the theorem of 
invariance of domain it follows that if;. is a homeomorphism onto its image. The 
set P. is a covering space of F homeomorphic to S"- 3 X R. Let µ.: S"-a X R -
P. be a homeomorphism. For each real number t, i/t.(µ.(S"- 3 X {t})) is a home
omorph of an (n - 3)-sphere in s(z), and therefore is the boundary of a com
pact, connected set which we will denote by A/. We can assume that if t1 ~ t,. 
then A,i" C A,/. Therefore, the sequence {A,."}, n = 1, 2, • • ·, is a nested se
quence of compact and connected sets. Hence W1 = n:-1 A,." is non-empty, 
compact and connected. On the other hand, using the one-point compac·tifica
tion of s(z) one sees that W-1 = s(z) - U-;;:_1 A,." is either empty or else is 
a nonempty coilnected set. 

Claim. W-1 is empty. Let us suppose the contrary and let x E W-1, y E W1. 
Then limt-.cc d(§(z); fi(x), ft(y)) = 0. Since §(z) is simply connected, andF~ is 
a connected submanifold of codimension one in §(z), we have that §(z) - F. is 
the disjoint union of two open sets Vo and V1, and we can assume that x E Vo 
and y E V1. From the compactness of F one can verify that P. has a uniform 
tubular neighborhood T. totally contained in H •. Since limt-.oo d(§(z); J,(x), 
fi(y)) = 0, and/,(x) E Vo,f,(y) E Vi for all t, ther~ exists to> 0 such that 
f1 0(x) andf,o(y) belong to H •. This implies that x, y E 1/t.(µ.(S"-3 X R)) which 
is absurd. Hence W-1 must be empty. 

If we set W. = {'Y(y) :y E W1} then W. is also connected and §(z) - H. = 
W •. This finishes the proof when §(z) does not contain a periodic orbit. If §(z) 
does contain a periodic orbit then by considering the universal covering of §(z), 
and lifting the flow, the metric, and the sets H., P., and proceeding as before, we 
prove that §(z) - H. is connected and non-empty in all cases. 

PROPOSITION 2.8. For each z E [x1, m(x 1)], the set §(z) - H. consists of a single 
orbit 'Y•· 
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Proof. By Proposition 2.7 the set s(z) - H, consists of either a single orbit or 
an uncountable number of orbits none of which is isolated. Let Ai = ( z E [x1, 

m(xi)]:s(z) - H, consists of a single orbit} and A2 = lz E [xi, m(x1)]:s(z) ..,..: 
Hz consists of an infinite number of orbits}. Since Xi E Ai, A1 ;= 0- Obviously 
Ai n A2 = !Zf. Using product neighborhoods one sees that Ai is open and. if A 2 

;= 0 it also would be open. Since [xi, m(x1)] is connected, the proposition follows. 

PROPOSITION 2.9. LJ,E[,; 1 , m(,, 1)1 'Y• C u(-y). 

Proof. For each y E M let CY = {z E [x1, m(x1)]:'Y, c u(y)}. Let z E C11 and 
yo E ,y.. Let K be a disc that contains Yo and z in its interior. Let V be a product 
neighborhood relative to K. Then it becomes clear that for every z E [x1, m(x1)] 
n V, we must have 'Yz = 'Y(P) with p E s (z) n u(y), therefore z E Cy. Hence, 
Cy is open in [x1, m(x1)]. If u(y1) ;= u(y2) then CYl n Cv2 = 0. Since [xi, ri1(x1)l 
is conncected it follows the proposition, because 'Yx1 = 'Y c u( 'Y). 

The assumption that A ;=¢leads, by Proposition 2.9 to the absurd conclusion 
that u('Y) contains two distinct periodic orbits. Hence A = 0 and we have 
completed the proof of Lemma 2.1 when dim M > 3. 

Proof of Lemma 2.1 when dim M = 3. Let A be defined as above. Then if 
A 7'°' 0 again A is a closed invariant set that consists of periodic orbits .. Let 
xo E A. Then s(xo) is an embedded copy of S 1 >< R and the periodic orbit -y(x0 ) 

separates s(xo) into two connected components W1 and W2 each of which is an 
embedded copy of si X R. 

For every x E W1 we define the functions 'P and m as above. We can do this 
since W1 is connected and so there exists a pointy E M such that m(x) E s(y) 
for all x E W1. 

The map m:W1 - s(y) is a homeomorphism onto its image, and this map 
preserves the flow. Let F be a simple closed curve, contained in W1 that is trans
versal to the flow; then m(F) is a simple closed curve in s(y) such that if it inter
sects an orbit then it has a unique point of intersection and rn(F) is collaredby 
the flow. 

PROPOSITION 2.10. There exists a periodic orbit 1 C §(y). Furthermore, rn(W1 ) 

is equal to one of the connected components in which 1 divides §(y). 

Proof. If s(y) does not contain a periodic orbit, then m(F) is the boundary•of 
a 2-disc, since, s(y) with its intrinsic topology is diffeomorphic to R2. The index 
of the vector field ( we restrict ourselves to the flow in s(y)) with respect to m(F) 
is different from zero, since, under the circumstances, we can homotop m(F) to 
a differentiable simple closed curve transversalto the flow (a topological manifold 
which is collared by a differentiable flow can be isotoped to a differentiable mani~ 
fold transversal to the flow. See [37)). But this contradicts the Poincare Index 
Theorem since there are no singularities. Hence, s( y) must ·contain a periodic 
orbit which we call -y. 

Now, let W1 and W2 be the two connected components in which 'Y divides 
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s(y)and let us assume that m(W1) c W1. Since 1 is a generic, attracting, periodic 
orbit in s(y), there exists a differentiable simple closed curve a, contained in 
W1, such that every orbit in W1 intersects a in exactly one point. Let ll:a-+ m(F) 
be the map definedbyll(x) = -y(x) n m(F). Thenll is continuous and injective 
and we must have ll(a) = m(F). Therefore W1 = m(W1) and the proposition 
has been proven. 

Let H = U,,Ew1 [x, m(x)]. Let us fix io E W1. For each z E [xo, m(xo)] let H. 
be the connected component of H n s(z) that contains z. For each z E [io, m(xo)] 
let 1r.:H,-+ W1 be the map defined by1r.(y) = xif y E [x, m(x)]. Then the proof 
given in Proposition 2.6 works as well to prove the following: 

PROPOSITION 2.11. The map 1r.:H.-+ W1 is a covering projection for each z E 
[xo, m(xo)]. The flow lifts, under 1r., to the flow restricted to H., and 1r.-1(W1) is an 
open and invariant subset of H •. 

Since dimM = 3, it follows that for each y EM, any orbit in s(y) separates 
s(y) in exactly two connected components. 

PROPOSITION 2.12. For each z E [xo, m(xo)] there exists an orbit 'Yz c s(z) such 
that H. is one of the connected components in which 'Y• divides s(z). 

Prooj. Let F C W1 be a simple closed curve transversal to the flow in W1. 
One proves easily that 1r.-1(F) is connected. There are two cases 

a) 1r.-1(F) lifts to a simple closed curve in H •. In this case, proceeding as in 
Proposition 2.10, one proves that there exists a periodic orbit 'Y• in s(z) 
such that H. is one of the connected components in which 'Y• divides 
s(z). For such a z 'we have proved the proposition. • 

b) H. does not contain a periodic orbit. In this case 1r.-1(F) is homeomorphic 
to Rand this curve is collared by the flow in s(z). Let g,:1r,-1(F)-+ s(z) 
be defined by 

g.(y) = -y(y) n s(z ). 

Then g. is continuous and injective and g.( 1r,-1(F)) is an open interval in s(z,) 
(here we think of s(z), with its intrinsic topology as being homeomorphic to the 
real line). Using the fact that Fis compact one shows that 1r.-1(F) has a uniform 
tubular neighborhood totally contained in H •. 

We claim that s(z) - g1 (1r.-1(F)) is connected. If this were not the case, then 
one can pick zo, z1 E s(z) - g.(1r,-1(F)) lying in different components. Since 
1r~1(F) has a uniform tubular neighborhood, there would exist T > 0 such that 
jp(zo) andfT(z1) are contained in H., which is a contradiction. Therefore either 
g.(1r-1(F)) = s(z) or else there exists a point a E s(z) such that g,(1r-1(F)) is 
onll of the components of s ( z) - { z}. Thus to prove the proposition we only need 
to prove the following: • 

Claim. s(z) - g.(1r.-1(F)) "i'5-flJ. To prove this claim let us consider the set 
N = U.,E, [x, m(x)]. This set is homeomorphic to S1 X [O, l]and it is filled with 
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the oriented and regular family of curves 1r11- 1(F), for y E [x0, m(io)]. This family 
determines a continuous fl.ow on N without fixed points. Since each curve 1r11-\F) 
obviously admits a transversal segment, we can apply Poincare-Bendixon theorem 
to conclude that the a-limit sets and w-limit sets of such curves are periodic orbits 
of this continuous fl.ow. Therefore, there exists a sequence of points { y,} contained 
in 1r,- 1 (F), converging in M to a point zo E N, and a periodic orbit 'Y•o contained 
in S(zo) such that H, 0 is one of the connected components of S(zo) - 'Y•o· Let 
ii E 'Y•o and Ka closed disc in S(Zo) that contains y and Zo in its interior. Let V be 
a stable product neighborhood relative to K. Let n be large enough so that y,. E V. 
Then one sees that-y(p) n s(z) E s(z) - g.(1r.- 1 (F)) for some p E V n S(y,.) n 
,O,(y). This proves the claim. 

For each z E [io, m(xo)] let 'Y• be as in Proposition 2.12. Using exactly the same 
arguments as in Proposition 2.9, one proves: 

PROPOSITION 2.13. UaE[:i:o,m(:i:o)l 'Y• C ,0,(-y(xo)). 

Thus if A -:;6-fZJ we arrive to the absurd conclusion that ,O,(xo) contains two dis
tinct periodic orbits -y(Xo) and 'Y· Therefore A = fZJ and we have proved Lemma 
2.1 for every dimension of M. 

Hence, for every x E Oo we have 

(x, oo) n Oo -:;6-fZJ 
and·· 

(-oo, x) 0 Oo -:;6-fZJ. 
From the fact that Oo is compact we conclude immediately the following 

LEMMA 2.2. There exists (3 > 0 such that if Y1, Y2 E u(Oo) with. Yi < Y2 and if 
-l[Yi, Y2l > /3 j then [y1, Y2l n Oo 'F-fZJ. 

Now we are able to prove Theorem 1.1. 

Proof of Theorem LL Let Oo be a source and x E Oo arbitrary. Let Y1, Y2 E u(x) 
and Y1 < Y2• By the expanding property of the foliation, there exists T > 0 such 
that-l[fT(Y1),fT(Y2)] > (3. ThusbyLemma2.2 [fr(y1),fT(Y2)] n Oo -:;6-fZJ. There
fore [y1, Y2] n Oo -:;6-fZJ. Since this happens for every pair Y1, Y2 E u(x), with Y1 < 
Y2, it follows that u(x) n Oo is dense in u(x). Since Oo is closed it follows that 
u(x) c Oo. Since x was arbitrary u(Oo) = Oo. Therefore Oo is also a sink. Thus 
Q(f 1) = M. The theorem is proved. 

§3. The Universal covering of a manifold supporting a codimension 
one Anosov flow 

In his paper on foliations [24] Novikov proves that a compact manifold M 
admitting a codimension one Anosov fl.ow has trivial second homotopy group 
( therefore when dim M = 3 the universal covering of M is contractible). In this 
chapter we prove a sharper result proving that in fact, the universal covering of 
such a manifold is euclidean space. In particular, M is aspherical. From this re
sult we derive some consequences related to the fundamental group of M. The 
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center of the fundamental group is either trivial or else free cyclic. When dim M 
= .3 and the center, L, is non-trivial, then Mis diffeomorphic to a principal circle 
bundle over a compact 2-dimensional manifold V, of genus greater than one, 
provided that 1r1(M)/L is torsion-free. This circle bundle is classified by a E 
H\V, Z), corresponding to the central extension 0-+ Z-+ 1r1(M)-+ 1r1(V)-+ 0. 
- First we will introduce some notations and prove several facts related to the 
associated foliations in a codimension one Anosov flow. From now onf 1:M-+ M 
will denote a smooth codimension on Anosov flow defined in the compact n
dimensional manifold M. We will always assume that dim Eu = 1. We will pro
vide the universal covering of M with the complete riemannian metric which is 
the lifting of a fixed riemannian metric in M. We will always assume that M is 
oriented and that E" is an oriented line bundle. If we liftf1 to the universal cover
ing of M then this lifted flow is Anosov with respect to the lifted metric and we 
introduce an ordering in its one dimensional strongly unstable leaves as in chap
ter one, and use similar notations. 

The following lemma about the C1 codimension one foliation S can be. proved 
by the methods of Lemma (5.1) of [9] (see also [13]). 

LEMMA 3.1. Let j: S1 -+ M be a smooth immesrion of the circle into M, which i1s 
transversal to the leaves of S. Then j represents a nontrivial element of 1r1 (M). 

LEMMA 3.2. For each leaf § E S the inclusion map i: § -+ M. induces a mono
morphism i.:1r1(§)-+ 1r1(M). 

Proof. Clearly, we only need to prove this lemma when§ contains a periodic 
orbit~- In such a case 'Y represents a generator of 1r1(§) and therefore we only 
need to show any non-zero multiple of 'Y is not homotopic to a constant in JJ.1. 
It is easy to see that 'Y is freely homotopic to a smooth curve f c u(-y) which is 
transversal to S. Hence by Lemma 3.1 no non-zero multiple of 'Y can be homotopic 
to a constant. 

In all that follows M will denote the universal covering of M, with covering 
proj~ction p:M-+ M. Let us denote by W the foliation in M which is the lifting 
of the stable foliation Sand by w(x) the leaf through a point i E M. The one 
dimensional foliation in M which is the lifting of 'U will be denoted by 'll and the 
leaf through i by u(:r). Let us identify 1r1(M) with the group of covering (deck) 
transformations of the covering p:M-+ M. Then each a E 1r1(M), thought of as 
a diffeomorphism a: M -+ M, preserves the leaves of W and 'll. Furthermore, for 
each x E M, a :u(x) -+ u(a(x)) and a:w(x) -+ w(a(x)) are orientation-preserv
ing isometries. 

As a corollary of the previous lemma we have: 

COROLLARY 3.1. Each leaf w E Wis a properly embedded copy of R"- 1. 

Remark 3.1. If h: R -+ M is a smooth embedding of the real line which is trans
versal to W then h(ti) and h(ti) lie in different leaves of W if t1 ,.,; ti. Otherwise, 
there would exist a simple closed curve transversal to W and homotopic to a 
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constant. One gets a contradiction if one applies the arguments of Lemma 5,1 in 
[9]. Therefore, each w E W does not self-accumulate. 

LEMMA 3.3. If S E s then S is dense in M. 

Proof. Let D denote the closure of§. It suffices to show that Dis open in M. 
LetC = {x E M:u(x) n S ~ .0'}. Then, Cis openinM. Lets prove thatC = D. 
If x ED, let V be a product neighbrohood of x. Then S () V ~ .0' and u(x) n 
Sn V ~ _0'. Hence x E C. On the other hand, let x E C be a point belonging 
to a periodic orbit of period T > 0 and let y E u( x) n S. Since lim,,.. .. f-nT(Y) = x, 
it follows that x E I). By Corollary 1.1 the periodic orbits are dense. Therefore 
C c D. So we have that D = C. 

Remark 3.2. Analogously, each 1l E <it is dense in M. The following is obvious: 

LEMMA 3.4. Foreachx EM, U .. e..1cM> a(w(x)) is dense inM. 

Remark 3.3. We observe that the leaves of the strongly stable or strongly 
unstable foliations may not be dense in M. Such is the case if the flow is a suspen
sion. 

Let ii E • 'U and f1, f2 E ii with f1 < X2, Let 

A(x1, X2) = U1 1<1<11 w(z). 

COROLLARY 3.2. The set {a(A(x1, f2)):a E r1(M)} is an open oovering of ft 
The following is a description of the holonomy of s: 

PROPOSITION 3.1. Let w E W be such that there exists a nontrivial a E r 1(M) 
such that a(w) = w then: 

i) w is the lifting of§ E S where § contains a periodic orbit 'Y· Let T >. 0 be 
the minimal period of 'Y· 

ii) The subgroup of 1r1(M) that leaves wfixed, which we wiU denote by G(w), 
• is free cyclic. Let x E w be such that p(x) E y. Then if /3 is an appropriate 

generator of G(w ), we have (3"(x) = j,.T(x) for all n. • 
·iii) If x E wand p(x) E 'Y then for every y E ii(x) and every integer n, 

/3"(w(y)) n ii(x) ~ .0. 
iv) Each (3" E G(w) defiermines a 0 1-dif!eomorphism ~ .. ii(x) -+ u(x) de

fined by hfl"(Y) = /3"(w(y)) n ii(x). 

This map has x as its unique fixed point and it is generic. The correspondence 
fJ'' --+ hfl" sets an isomorphism between G ( w) and the free cyclic subgroup of 
Diff1(ii(x) ), generated by hf!, If Wis of class C' with r ~ 1 then hfl is also of class 
C'. 

In all that follows d will denote both the distance given by the fixed riemaimian 
metric in Mand the distance in M which is obtained by lifting the•riemannian 
metric in M to M. 

We will denote by W and <ii the foliations which are the lifting of S and 'U. 
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respectively. Their leaves through a point x E M will be denoted by w(x) and 
u(x), respectively. It follows from Corollary 3.1 and Remark 3.1 that for each 
x E M, w ( x) and u ( x) are properly embedded copies of R n-z and R 2, respectively. 
Given two points x, y E w E 'W, d( w; x, y) will denote the infimum of the lengths 
of piecewise smooth paths which lie in wand join x and y. By hyperbolicity we 
havelimt-+ood(w;Jt(x),J1(y)) = limt-+ood(Jt(x),ft(y)) = 0forallw E 'Wand 
all x, .y E w. 

PROPOSITION 3.2. Given N > 0, there exists T > 0 such that d(J 1(x), x) > N 
for all t such that I t I > T; and all x E M. 

Proof. It suffices to show that given N > 0, there exists T > 0 such that 
d(Jt(x), x) > N for all t > T and all x E M. Let us assume the contrary. Let 
K C M be a compact fundamental domain (i.e. a compact set K such that 
p(K) = M). Then, under the assumption, there exists a sequence tn-+ oo and 
a sequence {xnl in K such that x,.-+ y for some y E Kand d(li,,(x,.), x .. ) ::; N. 
Let C be a product neighborhood which contains y in its interior. We can assume 
that the sequence {xnl is contained in C. Then, frn(C) n K ~ !Zf, where K = 
{x E M:d(x, K) =:; N}. But one can see immediately that this implies that 

u(y) self-accumulates which is a contradiction since u(y) is a properly embedded 
copy of R2. 

Remark 3.4. From Proposition 3.2 it is very easy to prove that given any com
pact set K c M and N > 0, there exists T > 0 such that K n ]1( w(K)) = f2f 
for all t with It I > T, where w(K) = U.,Ex w(x). 

PROPOSITION 3.3. If w E 'W is such that there exists a E 11'1 (M) with a( w) = w, 
then, given N > 0 arbitrary, there exists an integer m > 0 such that d( w, an( w)) 
> N for all w cw and every n E Z such that In I > m. 

Proof. For each o, 11 > 0 and w Cw let A( 11, w) = { x E w:x = Ji(Y) for some 
y E wand I t I ::; 71}. Let A.( w) = {x E ·w:d (x, w) ::; o}. A simple argument using 
Remark 3.4 shows that given o > 0 there exists T > 0 such that A~( w) c 
A(T, w), for all w contained in w. By Proposition 3.1 there exists r ~ 0 such that 
a"(w) = fnr(w) for all n E Z. From this the proof is immediate. 

Our next aim is to compare the growth of d(w, x, y) with respect to d(x, y). 
This is done by means of Lemma 3.5 below. First, we will need some more defini
tions and propositions. 

Letµ. > 0 and Qµ = { ( x, y) E M X M: x, y E s for some s E S and d ( s; x, y) 
= µ.}. If we define 11': Qµ -+ M by 11'( x, y) = x, then using the exponential map we 
see that, for smallµ., 11' is a continuous locally trivial fibre bundle over M with fibre 
S"- 3• We take such aµ and observe that Qµ is a compact subset of M X M. 

Remark 3.5. It follows directly from hyperbolicity that if x, y E M are such 
that x ~ y and x, y E s for some s Es, then there exists t ER such that (f 1(x), 
f1(y)) E Q,.. Furthermore, given T > 0 there exists 7/ > 0 such that if x, y E M 
are any pair of points which lie in the same strongly stable leafs E S and have the 
propertythatd(s;x,y) > 71,then(ft(x),f1(y)) E Q,.forsomet> T. 
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For each (x, y) E Q", let D(;i:, y) denote the set of smooth paths a:l -. M 
such that a(O) = x, a(l) = y, and a is homotopic with end-points fixed to a path 
p:I -.M such thatp(J) c s(x). 

Given a curve a:I-. M let a(r) = a.(r) + a,.(r) + a1(r) denote the de
composition of the tangent vector a( r) into its components with respect to the 
splitting TM = E' EB E" EB E 1. 

For any smooth a: I -. M let 

.C(a) = f~ II a(r) II dr, 

denote its length and let 

.e.(a) = H II a.(r) II dr. 

P1WPOSITION 3.4. There txists 8 > 0 such that any smooth a such that (a(O), 
a(l)) E Q" and .C,(a) < 8 does not belong to D(a(O), a(l)) (i.e., a is not homotopic 
with end-points fixed to a curve lying entirely in a strongly stabl,e kaf). 

Proof. Let u c M be an unstable leaf in M. Let q,:,a, X D"- 2 -. M be a diffeo
morphism onto a tubular neighborhood of u obtained, as usual, via the exponen
tial map. More precisely, let ( V1( x), • • • , V ,._2( x)), x E u, be a smooth trivializa
tion of the normal bundle. of u by an orthonormal framing. Let D "- 2 = { ( t1, • • • , 

t,.-2) E R"- 2: I;;- 2 t.2 ::;; 1} and let q,:,a, X D,._2-. M be defined by 

4>(x, (t1, • ·: , t..-2)) = expz (I;;- 2 et;Vi(x) ). 

Then for e > 0 sufficiently small 4> is an embedding onto a closed uniform tubular 
neighborhood, 'O, of u. It is a simple matter to see that we can choose e small so 
thatforanyx E uthesetA(x) = {y E w(x):d(w;x,y) =µ}is disjoint from 'O. 
We go through all this because we want to emphasize the following facts which 
are easily verified: • 

There exist constants k1, k2 > 0 such that for any x E Interior ('O) and v E 
T..M 

k1 II D.,4>-1(v) 111 5 II VII 5 ~ II Dz4>-1(V) 111 

where II· 111 denotes ~e norm with respect to the product metric in u X Dn- 2• 

Therefore, there exists 8 > 0 such that if a:I-. Mis any curve such that a(O) 
E u and .C,(a) < 8 where 

t,(a) = H II a,(r) II dr 

and a.( r) denotes the strongly stable component of the tangent vector corre
sponding to the splitting TM= E" $ E" EB E1 ; then 

Hence, no such path can be the lifting of a path in M which is homotopic, with 
end points fixed, to a curve lying in a strongly stable leaf. 
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Since p(u) is dense in M, it follows that any curve a such that a E O(x, y) 
for some ( x, y) E Qµ. must necessarily satisfy .e. (a) ~ o. • 

This proves Proposition 3.4. 

PROPOSITION 3.5. Given k > 0 there exists T > 0 such that if ( x, y) E Qµ. and 
a E n(x, y) then .t(f_ioa) > k for all t > T. 

Proof. Let us choose a riemannian metric for which E' and E" EE> E 1 are or
thogonal. Naturally, such a metric may only be.continuous. Let t(a) denote the 
length of the smooth curve a with:respect to this new metric. There exist constants 
k1, k2 > 0 such that k1 II ii II ::S; II v II ::S; k2 II ii II, where II II denotes our original 
smooth norm and 11-11 denotes the norm for the new metric. Let £,(a) = n II ah) II dr. Then there exists 8 >Osuch that if (x, y) E Qµ. and a E n(x, y) 
than £.(a)· > 8. Therefore for such a, .t(f_ 1oa) ~ k1t<f-1oa) ~ k1£. (j_ 1oa) ~ 
ml 1 for suitable positive constants K and>. which are obtained by hyperbolicity 
and the comparison of norms. Hence, we can take T > (1/>.) log (k/K8) .. 

LEMMA 3;5. Given· k > 0, there exists c > 0 such that for all w E 'W and all 
x, y E w such that d(w; x, y) > c, we have d(x, y) > k. • 

•• Proof The proof follows directly from Proposition 3.5 and Remark 3:5. 
Let z E M be arbitrary. Since Mis simply connected and w(z) is a closed, sim:c 

ply connected smooth submanifold of codimension one in M it follows that there 
exists two open, connected, simply connected and disjoint sets V1(z) and V2(z) 
such that M - w(z) = V1(z) U V2(z) and 0V1(z) = aVi(z) = w(z). Hence, if 
z1 and· ii lie in the same leaf u E '11 and if z1 < z2, then there exists an open and 
connected set B(z1, 22) such that (z1, 22) C B(z1, Z2) and aB(z1, Z2) = w(z1) LJ 
w(z2). Obviously, B(z1, z2) is saturated by the leaves of W. With these notations, 
together with the definition given below Remark 3.3, we have the following: 

PROPOSITION 3.6. For all u E 'ti and all x, y E u such that x < y we have the 
identity: B(x, y) = A(x, y). 

Proof. Clearly, A(x, y) C B(x, y). Therefore it is only left to prove that if 
x1 E .B(x, y) thenw(x 1)n (x, y) ~ 0- Letusassumethe contrary. Let£= 
{x1 E B(x, y) :w(x1) n (x, y) = 0}. Then if L -#-0 we will arrive to a c\ontra
diction. If aL is the topological boundary of L, then using long product neighbor
hoods one sees that iJL is a union of leaves of W and, by hypothesis aL ~ 0. 
Let z E iJL. It follows immediately from the definitions of B(x, y) and L that 
z E B(x, y) and w(z) n [x, y] = 0. For every o > 0 there exists z1 ,;tf z such 
thatz1 E (z - o,z + o)andw(z1) n (x,y) ~ .ef;Wecanassume,withoutlossof 
generality, that z1 E (z - o, z) (the arguments below are exactly the same when 
z1 E (z, z + o) ). Hence, w(22) n (x, y) c;tf 0 for all z2 E [z1, z). This follows 
trivially from the fact that each w E 'W separates M and also from the fact that 
A(x, y) is connected. Therefore, we have a one-to-one, continuous map lf':[z1, z) 
➔ (x, y) defined by i/l(zo) = w(zo) n (x, y). That this map is well-defined.and 
one-to-one follows from Remark 3.1. Since W is a C1 foliation it follows that, in 
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fact; if; is a C1 map. Let x1 = f(z1) and x2 = sup f([z1, z) ), then [x1, x2] c [x, y]. 
Let cp: [xi, x2]---+ R be defined by cp(z) = t where tis the unique real number such 
that ]i(r1(z)) E w(z). Then using long product neighborhoods one sees that cp 

is continuous. We claim that under our hypothesis 

SUPzE[x1,z2) lcp(z) I< 00• 

If this were not the case, then we could take w E W such that w contains a point 
x such that the orbit through p(x) is periodic or prime period, say, r > 0 and such 
that w n [x1, x2) ~ 0- We can do this because the periodic orbits are dense in M. 
HI <p(z) I were unbounded, then since p(w(x)) is dense in Mand p(w(x)) = 
Uo<;<rfi(p( w(x)); and also because d([x1, x2], [z1, z]) < oo we would conclude the 
existilll.ce of N > 0 such th;1t d(w, an(w)) < N for arbitrarily large values of n, 
where a E 'll"1(M) is such that a(w(x)) = w(x), as given by Proposition 3.1. This 
would wontradict Proposition 3.3. Hence I cp(z) I is bounded, and it is easy to see 
that this implies that 

SUPzE[x1,z2) d(z,Jcp(z)(r1<z))) < oo. 

0~ th~ other hand if L ~ 0 

SUPzE[o:1,z2) d(w(z); z, Jcp(z)(r1(z))) 

has to be unbounded, because if it were bounded then using a stable long product 
neighborhood, relative to a closed disc contained in w(z), which contains z, and 
which has sufficiently large diameter one could prove immediately that z E w(x2) 
which would be a contradiction. Thus if L ~ 0 we have a contradiction be
c1;:1,-use Lemma 3.5, implies that 

SUPzE[x1,x2) d(z,Jcp(z)(V1-1(z))) = oo. 

Hence, A(x, y) = B(x, y). Using Proposition 3.6 the following proposition fol
lows. easily. 

PROPOSITION 3.7. Let Xi < Yi, i = I, • • • , m be points in M such that N = 
Uf-1 A(x;, y;) is connected. Then for any two points b1, b2 E N with w(b1) ~ w(b2), 
there exists an embedding µ:I---+ M, transversal to 'W, such that µ(O) = b1, µ(I) = b2 
and µ(I) c N. 

PROPOSITION 3.8. Let w1, w2 E 'W be such that w1 ~ w2. Then, there exists an 
embedding µ:I---+ M such thatµ is transversal to 'W, µ(O) E w1, and µ(I) E w2. 
Furthermore any two such embeddings meet exactly the same leaves of 'W. 

Proof. Fix x, y E M with x < y. Let x1 E w1 and X2 E w2. Let o:I---+ M be a 
path such that o(O) = x1 and ll(l) = X2. Then, by Corollary 3.2, compactness, 
and connectedness of I, there exists a1, • • • , a,,. E 'll"1(M) such that N = 
Uf=i a;(A(x, y)) is connected and ll(I) C N. By Proposition 3.7, there exists 
µ:I---+ M, transversal to 'W, such that µ(O) = x1 and µ(I) = X2. That any two 
smooth paths, transversal to 'W, which join w1 with w2 must meet the same leaves 
of 'W is an easy consequence of Proposition 3.6. 
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We can introduce a total order in W. We say that w1 < w2 if there exists a 
positively oriented transversal µ.:I --t M such that µ.(O) E W1 and µ.(l) E W2. The 
relation "~" is obviously reflexive, transitive and antisymmetric by the previ
ous propositions. 

PROPOSITION 3.9. There exists a smooth embedding h:R --t M such that h(R) 
'intersects, transversally, every leaf of 'W. 

Proof. Let s be the set of all embeddings h: R --t M which are transversal to 'W. 
We introduce a preordering in Sas follows: we say h1 ~ ~. if for every t1 E R 
there exists~ E R such that w(h1(t1)) = w(~(~) ). Given a totally ordered sub
set of S it is easy to construct an embedding h: R --t M which is an upper bound 
for that subset. Thus, by virtue of Zorn's Lemma, there exists a maximal element 
h E S. This maximal embedding meets all leaves of W. 

COROLLARY 3.3. There exists a C1 submersion g:M --t R such that 'W = 
{g-1(t) :t E R}. That is to say, 'W comes from a c1 submersion onto the real line. 

Proof. Let .e = h(R) where h:R --t M is an embedding that meets, trans
versally, every leaf of W. Let g:M --t R be given by g(x) = h- 1(w(x) n .e). 
Then g satisfies the requirements in Corollary 3.3. because W is a 0 1 foliation. 

COROLLARY 3.4. There exists a monomorphism k:'lf'1(M) --t Dijf1 (R) given by 
K(a) = goaoh where hand g are as in the previou8 corollary. For each a E 'lf'1(M), 
k( a) : R ---+ R is a 0 1 dijf eomorphism that has either no fixed points or else the fiud 
points are generic. 

Proof. That k is a homomorphism follows from the fact that 'lf'1(M) acts on W. 
If the kernel of k were nontrivial then every leaf of 'W would not be simply con
nected, which is absurd. If k( a) has a fixed point then due to the holonomy of W 
this fixed point has to be generic. 

By Corollary 3.3, there exists a 01 submersion g:M --t R which induces W. 
Next we show that each compact set in M is contained in an open subset of M 
which is diff eomorphic to euclidean space. We will also show that g is locally 
trivial. All of this is accomplished by means of the global hyperbolicity of J,. 

We recall that we had provided M with a fixed, smooth, riemannian metric 
( , ). Let 'V be the smooth riemannian connection given by this metric. The con
nection 'v induces a connection 'V ( s), in each leafs E S. We have a C1 map Ha: Ga 
--t M, where Ga = {v E E' EB E1 : II v ll ~ o} is the o-disc bundle associated with 
the C1 riemannian bundle E" EB E1 and where the riemannian metric in E' EB E1 
is the one induced by ( , ). This map is given explicitly by 

Ha(v(x)) = exp., (v(x)), 

where v( x) is a vector in the fibre over x, and exp., is the exponential map at x. 
of the leaf s( x), with respect to 'V ( s( x)). For o > 0 sufficiently small Ha maps, 
for each x E M, the ball 

B.(x) = {v(x) E E.," EB E/: II v(x) II ~ o}. 
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diffeomorphically onto a closed ball which lies in s(x) and contains x in its in
terim. Let (-,-) be the metric in M which is the lifting of ( , ), to the universal 
covering p:M -M. Then pis a local isometry with respect to these two metrics. 
Let E' EB E1 be the bundle in M which covers E' EB E1 and, so, is tangent to 'W. 
Using a similar definition as that of H 0, we obtain a C1 map F0 : G0 - M, where 
G. = { v E Jl• EB E1: II ii II ::; o}. Here II - II denotes the norm with respect to 
(-, ), and we are taking o as above. Clearly, poF0 = H 0o(Dp I G0). Then, F0 

maps 

B.(x) = {v(x) :v(x) E Er/ EB E/: II v(x) II ::; o}. 

diffeomorphically into a closed ball in w(x). 
Let h: R - M be an embedding which meets, transversally, every leaf of 'W. 

Let T:R X R - M be defined by T(t1, t2) = f12 (h(t1) ). Then Tis a proper em
bedding of R2 into M which is also transversal to 'W. Let 

P. = {v(x) E G.:x E M, (v(x), .X(x)) = O}. 

where ..X(x) (d/dt)(f1(x)) lr-o, Then, P. is a C"" bundle over M with typical 
fibre the closed ( n - 2 )-disc, 

nn- 2 = {a E Rn-2 :11 a II ::; 1}. 

andprojection1r(v(x)) = x. LetK. = {v(x) E P.:x E T(R 2)}. Then K.isthe 
total space of the bundle 1r I K.:K. - T(R 2 ). Since T(R 2 ) is contractible this 
bundle is trivial. Hence, K. is diffeomorphic to R2 X Dn- 2• Let F = F0 I K 0• For 
o > 0 sufficiently small, Fis a C1 embedding. Therefore, F(K.) is also C1 diffeo
morphic to R2 X Dn- 2• We denote by A 0 the interior of F0(K 0). We have that A 0 
is C1 diffeomorphic to elucidean space through a C1 diffeomorphism that takes the 
foliation induced by 'W in A 0 to the foliation in Rn whose leaves are the hyper
planes X1 = constant. 

If we let 'Y1 1 = {T(t1, t2):t2 ER}, then N11 = F(K.) n w(h(t1)) is a closed 
tubular neighborhood of the curve 'Y 11, considered as a submanifold of w( h( t1)). 
In fact, what we are just doing is to obtain a tubular neighborhood, in w( h( t1)), 
by means of Fermi coordinates. 

It follows from the compactness of Mand from the fact that p:M - Mis a 
local isometry, that N11 is a uniform tubular neighborhood, in w(h(t 1)), of the 
curve 'Yti• Hence, for any point x E w(h(t 1)) there exists to > 0 such that f1(x) 
E Niu for all t > to. To see this consider the strongly stable leaf through x, 
w(x), and let fj = w(x) n 'Yti• Then sincelim1 ..... "" d(f1(x), li(f})) = 0, it follows 
that for some to > 0, Ji(x) belongs to the e-neighborhood of 'Ytu for all t > t0• 

PROPOSITION 3.10. Every compact set K c M is contained in an open subset 
which is diff eomorphic to euclidean space. 

Proof. Let K c M be any compact set. By the above remarks, for every x E M 
there exists t( x) > 0 such that li( x) is contained in A. for all t > t( x). Since K 
is compact, there exists T > 0 such that J T( K) c A •. Therefore K c f-T( A 0). 
The proposition follows sinceJ_T(A.) is diffeomorphic to euclidean space. 
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We recall the following lemma of Brown and Stallings [6] [31]: Let M be a 
paracompact manifold such that every compact subset is contained in an open 
set di:ffeomorphic to euclidean space. Then M itself is di:ffeomorphic to euclidean 
space. 

THEOREM 3.1. If f1:M-. Mis a codimension one Anosov flow on the compact 
manifold M, then the universal covering of M is dijfeomorphic to euclidean space. 

The following is a sharper result: 

THEOREM 3.2. There exists a C1-dijfeomorphism f:M-. R", taking leaves of 'W 
onto the hyperplanes X1 = constant. 

Proof. To prove the theorem it suffices to show that there exists a complere 
nonsingular, smooth vector field defined in all of M, which is transversal to 'W, 
and such that every orbit of this vector field meets every leaf of W. This is ac
complished by constructing a suitable vector field in Aa and then "blowing up" 
this vector field to all of M, by means of it, 

Since Mis compact and ft Anosov, it is easy to see that there exists T > 0 
such that j,(Aa) c Aa12, where A.a denotes the closure of Aa. Then, N = As -
fT(A.a), is a fundamental domain, in the sense that for every x E M - T(R2) 
there exists a unique integer m such thatjm,(x) EN. Then, via F:Ka-. M, and 
using the fact that F is essentially a C1 diffeomorphism from R2 X D"- 2 into M 
which takes { point} X D"- 2 into leaves of 'W, one can easily construct a complete, 
smooth vector field Y in a neighborhood of the smooth manifold with bounwy 
A, with the following properties: 

i) Y is transversal to W 
ii) Every orbit of Y meets every leaf of W 

iii) There exists a neighborhood, 'O, of a(jT(Aa)) such that for every x E 'U 

Y(x) = Dj,( Y(f-(x)) ). 

Define the vector field Z: M -. TM by 

{ 
Y ( x) if x E A.a • 

Z(x) = pi-(Y(i-mix))) if x El: A.andm is the unique integer such that 
fm,(X) EN. • 

It follows directly from the constructions above that Z is a well-defined, complete, 
nonsingular smooth vector field such that every orbit of Z meets, transversally, 
every leaf of W. Thus, we have proved the theorem. 

We observe that Theorem 3.2 implies immediately that g:M-. Risa locally 
trivial fibre bundle. 

Remark 3.6. Theorem 3.1 is false if the Anosov flow is not codimension one. 
For example, if T1(M) is the unit sphere bundle of a compact, smooth manifold 
M with negative sectional curvature and if n = dim M > 2, then, since 

'lf'n-1(T1(M)) = Z, 

T1(M) cannot be covered by euclidean space. 
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We have the following obvious corollary: 

COROLLARY 3.5. If n = dim M ~ 4 and M admits an Anosov flow then M = R". 

COROLLARY 3.6. Let f1:M - M be a codimension one Anosov flow on the com-
pact, connected, smooth manifold M. Then 

1) Mis an Eilenberg-MacLane space K(1r1(M), 1) 
2) 1r1(M) has finite cohomological dimension. 
3) 1r1(M) has no elements of finite order. 
4) Let dim M = n. Then, every locally-flat embedding f: sn-i - M can be ex

tended to an embedding of the closed n-disc, H:D" - M. Therefore Mis ir
. reducible. 

5) If x E M is such that s( x) does not cont,o,in a periodic orbit then any a E 
1r1( M, x) can be represented by a smooth curve transversal to S. 

Proof. We will only prove 4), since 1), 2) and 3) are standard (see [17]) and 
5) follows from the fact that a(w) ~ w for all a E 1r1(M) where w E "W denotes 
a lifting, to M, of s(x). 

By Theorem 3.1 there exists a covering map 1r:R" - M. We recall that a topo
logical embedding f: sn-i - M" is said to be locally-fiat, if for every x E sn-t 

there exists a neighborhood 'O of f(x) in M", and a homeomorphism of pairs 

(See [18]) 

Now, let f: S"- 1 - M be a locally flat embedding. Since n 2 3 by hypothesis, 
there exists an embeddingJ:S"- 1 -R" such that 1roj = f. We have thatJis also 
locally flat since 1r is a local homeomorphism. By Schoenflies Theorem (M. 
Brown [5]),j extends to a topological embedding F:Dn - R". Then F(D") pro
jects into M, under 1r, in a one-to-one fashion. Otherwise, there would exist a 
nontrivial a E 1r1(M) such that a(F(D")) n F(D") ~ fZf. Therefore, either 
a(F(D")) c F(D") or else a-1(F(D")) c F(D"). By Brower's Fixed Point 
Theorem, a would have a fixed point. This would be absurd. Thus 4) is proven 
by setting H = 1roF. 

Now we will assume that f 1: M - M is a codimension one Anosov flow, such 
that sis a C2 foliation. Then, "W is also a C2 foliation. By Corollary 3.4, there 
exists an injective representation k: 1r1(M) - Diff2(R). In the following theorem 
"7e will think of each o: E 1r1(M) as a C2-di:ffeomorphism a:R - R. In all that 
follows L will denote the center of 1r1 ( M). 

THEOREM 3.3. The center of 1r1(M) is either trivial or else it is free cyclic'. 

Proof. Suppose Lis non-trivial and let a E L be a non-trivial element. Then a 
cannot have a fixed point. Let us suppose the contrary and let a( t) = t Then 
~c;msidering either o: or o: -1, we can assume that a( t) < 1 and that U c R is a 
neighborhood oft such that n,.>0 an( U) = {t}. Since the periodic orbits are dense 
in M, there exists a nontrivial fl E 1r1( M), and l E U, l ~ t, such that /3( l) = l. 
This contradicts Kopell's Lemma 1 (a) in [19]. Therefore o: has no fixed points. 
Let 'Y E 1r1(M) and t E R be such that 'Y(t) = t and let L(t) be the orbit oft 
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by the center of 7r1(M). Then for any l E L(t), -y(t) = l. It is easy to see that if 
L ,£. Z, then L(t) is dense in R. Since 'Y has only isolated fixed points, it follows 
that L must be isomorphic with Z. 

COROLLARY 3.7. If L ~ Z, then there exists a monornorphisrn k:7r1(M)/L -
Dif/2 ( S1) such that if k (a) : S1 - S1 has a periodic point, then either k (a) is struc
turally stable or else a is an element of finite order in 1r1(M)/L. Furthermore, 7r1(M)/ 
L is not abelian. 

Proof. Let a:R - R be a generator of L. Since a has no fixed points we may 
assume, using a new reparametrization of R if necessary, that a is the translation 
a(t) = t + 1.Foreach/9 E 1r1(M)/L,wedefinek(i9°):S 1-S 1byk(i9°)(e2 .. 11) = 
e21rif3Ctl, where ,B:R - Risa representative in the coset /9. It is easy to verify that 
k is well defined and a monomorphism. The rest of the corollary follows from the 
holonomy properties of S and Kopell's Lemma. 

THEOREM 3.4. If dim M = 3 and L = Z then M admits an effective action of S1 

without fixed points. If 7r1(M)/L is torsion free, then 7r1(M)/L is isomorphic to the 
funtlamental group of a compact surface M 2, of genus greater than one. Furthermore 
if a E H 2 (M2, Z) corresponds to the central extension a:0 - Z - 7r1(M) -
1r1(M2) - 0, then Mis diffeornorphic to the principal circle bundle, t associated to 
a. Hence, M admits a principal circle action. Both foliations S and 'U can be made 
transversal to the orbits of this circle action by differentiable isotopies of Mand there 
is an inequality lx(nJ ~ lx(M 2)1, where x(O and x(M 2) denote the Euler Char
acteristics of the circle bundle and M2, respectively. 

Proof. By W aldhausen ( [35], [28]) every irreducible, orientable, closed three 
manifold, which is aspherical and with non-trivial center in its fundamental 
group, admits a smooth and effective action of S1. By the results of Conner and 
Raymond [7] [28] it follows that if L ~ Z, then this action must be principal 
and that M --+ M / S1 is classified by the extension a E H 2 ( M 2, Z). William Thurs
ton's Thesis [33] says that under our hypothesis the foliations S and 'U can be 
made transversal to the orbits of this principal circle action. The inequality 
follows from a result of Wood [38]. 

Remarks 3.7. Theorem 3.1 says that if f 1:M - Mis a codimension one Anosov 
flow, with M compact, then 71'1 ( M) is a uniform space form. It is not known which 
discrete groups can act freely, properly discontinuously and uniformly in R" 
( see Wall [36] for space form problems). It is known [36] that a free poly-cyclic 
group of rank n (a P-group of rank n, [36]) acts freely, properly discontinuously 
and uniformly in Rn. 

We conjecture that if 1r1(Mn+1) is a P-group and if Mn+i admits a codimension 
one Anosov flow ft: Mn+i - Mn+i then f I is topologically conjugate to the sus
pension of a codimension one hyperbolic toral isomorphism. Clearly, if f 1: M"+1 -

Mn+i is topologically conjugate to a hyperbolic toral isomorphism f: Tn --+ T", 

then, since 7r1(M) ~ Z" X 1Z (semidirect product), 7r1(M) is a P-group of rank 
n. 
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If dim M = 3 and if 71"1 ( M) is a P-group then it follows from a theorem of 
S~ [30] ( we recall that Mis irreducible) that M fibres over S1 with the torus 
T2 as fibre. When dim M > 5 and 7r1(M) is a P-group it follows from Farrell's 
thesis ([81 [36]) that M fibres over S1• Thus the conjecture seems to be true. 
We also conjecture that Theorem 3.4 remains true when dim M > 3. That is to 
say, if ,r1(M)/L ~ Z then M admits an effective, ·smooth action of S1• Theorem 
II.7 of [11] somewhat supports this 'conjecture. 

§4. Existence of global cross-sections for codimension one Anosov flows 

In this chapter we give a necessary and sufficient condition for the existence 
of a smooth global cross-section for a codimenison one Anosov flow f1:M--+ M. 
The conditions are given in terms of the first integral homology group of M, and 
also in terms of the way in which the periodic orbits, oriented by the flow, and. 
considered as integral 1-cycles, enter into this group. 

Since the periodic orbits are dense in M, one expects, intuitively, that if the 
periodic orbits are, homologically positive multiples of a particular one, then the 
flow admits a global cross-section. This is the germ of the idea that led us to 
Theorem 4.1. 

If a codimension one Anosov flow f1:M--+ M admits a global cross-section 
l:"- 1, then the Poincare map J:l:"- 1 --+ l:"- 1 induced on this cross-section is a 
codimension one Anosov diff eomorphism. Since O(f 1) = M we have that O(f) = 
l:"-1. Then it follows from Franks (Theorem 6.3 of [9]), that l:n-i is homeo
morphic to the (n ,_ 1)-torus, Tn-I = S1 X • • • X S1, and that f is topologi
cally conjugate to the hyperbolic toral isomorphism induced by f*:H1(l:"- 1, Z)--+ 
H1(l:"- 1, Z). From this we conclude that if a codimension one Anosov flow 
admits a global cross-section l:"- 1, then it is topologically equivalent to the sus
pension of a hyperbolic toral isomorphism. 

Dejinuion 4.1. Given a diffeomorphism f: N" --+ N", let N"+1(f) be the smooth 
manifold obtained as the quotient space of N" X R under the free and properly 
discontinuous action of Z given by~,,.(x, t) = (j(x), t + m), m E Z. 
Let 'iJ!1(f) :N"+1(f) --+ N"+1(f) be the flow induced by the flow ~1(x, s) = (x, 
t + s). Then, ('iJ!1(f) ;,N"+1(f)) is' called the BUSpensionflow associated withf. 

Definition 4.2. Let g1:N" --+ N" be a nonsingular, smooth flow on the com
pact, connected smooth n-manifold N. A compact, connected, codimension one 
smooth submanifold l:"-1 c N" is called a cross-section for Yi if 

1) l:"-1 meets transversally the flow. 
2) For every x E l:"-1, there exists t(x) > 0 such that g,\,_>(x) E l:"-1. 

If l:"- 1 is a cross-section for g1:N"--+ N", then there exists a smooth repara
m.etrization {/1:N"--+ N" such that {/1(2':"-1) = 2':"-1. Then {/1: l:"- 1 --+ l:"- 1 is a 
diffeomorphism called the Poincare map of (g1; 2':"-1; N"). For each x E N" 
there exists a unique t(x) E (O, 1] such.that {/1c .. >(x) E 2':"-1, and the smooth 
map F:N"--+ S1 given by F(x) = e2"''1<"'> is a locally trivial submersion. Therefore, 
if g,:N" --+ N" admits a cross-section l:"- 1, then N" fibres over 81 with fibre 
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2:"-1, and N" is obtained from 2:"-1 X I by attaching di:fferentiably the ends 
through 01. As a di:ff erentiable manifold, N" depends only on t"- 1 and the 
pseudo-isotopy class of 01-Furthermore, 'lrl ( N") = 7r1 ( 2: .. -l) X " z (semidirect 
product), where~: z-Aut (1r1(2:"-1)) is given by 

~-(m) = (01"').:1r1(2:"-1) -1r1(2:"- 1). 

If f:N"-. N" is a di:ffeomorphism and (w,(f), N"+1(f)) its suspension flow 
and if 1r:N" X R-. N"+1(f) denotes the quotient map, then 1r(N" X {0}) pro
jects onto a cross-section for'f!,(f). We have a natural fibering F1 :N"+ 1(f) -. S1 

given by FJ( 1r(x, t)) = e2 ... ,. 
jf a flow g,:N" -. N" admits a ·cross-section 2:"-1, with Poincare map 01: 

i".,..1 -. 2:"-1, then there exists a di:ffeomorphism h:N"-. 2:;,(g1) such that the 
following diagram commutes: 

N" ~ 2:"(01) 

lg, ' l tl01) 

N" ___!!:__ 2:" (01) 

THEOREM 4.1. Let f 1:M"-. M" be a codimension one Anosov flow on the com~ 
pact, connected, orientable smooth manifold M. Then f, is topologically equivalent 
td the suspension of a hyperbolic toral isomorphi'sm A : T"- 1 -'-+ T"- 1 if and only if 
rank (H1(M, Z)) = 1, and the periodic orl>its represent non-trivial ekments in 
theJree·part of H1(M, Z) . 

. P,roof of necessity. If,f,:M"-. M" is topologically equivalent to the suspension 
of A: T"- 1 _, T"-i, then 1r1(M) = z"-lx AZ. Thatis to say, 1r1(M) IS the 
semidirect product of z"-1 with Z, via the homomorphism~= Z-. Aut( z"-1) 

given by ~(m) ,;,,; A"': z"-1 -. z"-1. In other words, 1r1(M) consists of pairs 
(a; m) where a = (a1, • • ·, a,._1) E Z"- 1, m E Z; and multiplication is given by 
(a1;m1) (112;m2) = (111 + Am1(112);m1 + m2). The subgroup G = {(a;O): 
a E z"-1} is normal. Since 1r1(M)/G ~ Zit follows that [1r1(M), 1r1(M)] c G. 
On the other hand, let (a; O) E G be arbitrary. We want to solve in the group 
1r1(M) the equation 

(a; O)m = (O; 1) (b;·O} (O; -1) (-b; O). 

where O = (O, • • ·, O) and m E Z. That is to say, we want to find m E Z and 
b E z"-1, such that (a; O)m is the simple commutator [(O; 1), (b; O)]. This is 
equivalent to finding m E Zand b E Z"-1 s~ch that ma = (A - I)b. Since A is 
hyperbolic, it follows that A - I is invertible in the rationals and from this one 
obtains the required m and b. From this it follows immediately that rank {H1( M, 
Z)) = 1. Since f I is topologically equivalent to a suspension, there exists F: M -. 
S1 such that restricted to any periodic orbit, has positive degree. Hence, all 
periodic orbits represent positive multiples of a suitable generator of the free 
part of H1(M, Z). • 
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Proof of sufficiency. Conversely, suppose that rank (H1(M, Z)) = 1 and that 
all periodic orbits represent non trivial elements of the free part of H1(M, Z). 
Let,i[r:'ll"1(M, Xo) - Z be the homomorphism given by'¥ = 'll"ocp where cp:'ll"1(M~ • 
xo) - H1(M, Z) is the Hurewicz homomorphism and 'll":H1(M, z) - Z is the 
proj.ection homomorphism onto the free part of H1(M, i). Then, since S1 is, 
aspherical, there exists a differentiable map g: (M, xo) ~ (S1, 1) such that 
g•: 11"1 ( M, xo) - 11"1 ( S1; 1), is equal to '¥ and such that g restricted to any periodic 
o:r:bit has nonzero degree. Furthermore, as g* is an epimorphism, ~e can assume 
that l E S1 is a regular value of g and that Nn-i = g 1 (1) is a connected suh-
manifold of M. That we can choose g such that g""'"1 ( 1) is connected is contained 
in the proof of the fibration theorem of Browder and Levine [4], and it also fol-
lows by the methods of Stalli:iigs [30]. •• •• 

S,in,ce Nn-i does not disconnect M, we can "split" M along Nn-l. That is to 
say, there exists a smooth, connected manifold lV whose boundary, aw, con
sists of two submanifolds N 1 and N2 each one di:ffeomorphic to Nn-i; and. if we 
'.'glu!'J,", di:fferentiably, N1 and N2 by means of a di:ffeomorphism h:N1 -N2 then 
the resulting smooth manifold M is di:ffeomorphic to M by a • di:ff eomorphism 
F:;11{- M such that F(N 1) = F(N2) = Nn-i. LetM be the smooth manifold, 
without boundary, obtained from W X Z, by identifying N2 X {m} with N1 X 
{m +, l} via the di:ffeomorphism hm(x, m) = (h(x), m + 1), for each m E Z. 
If q: W X Z - M denotes the quotient map of this identification, then __ M'is 
the .union of the manifolds W, = q(W X {i}), i E Z. Thyr,e ~xists a natlll'al 
di:ffeomorphism a:M -M such that a(W,) = W,+1 and such that thefree and 
properly discontinuous action generated by this di:ffeomorphism has orbit space 
di:ffeolllorphic with M. Furthermore, if p:M - M denotes the projection then 
p:f[ - M defined by p = Fop is the regular infinite cyclic covering associated 
with;Ker('¥) and, therefore, its group of deck transformations is isomorphic to .Z 
and_ we may assume that the action is given by a. Furthermore, then~ exists a 
smooth map g:M -R such that the dia~am: • • • • 

M __L,, R 

lp lexp 

M_JL, sl 

is commutative. 
If we provide M with the riemannian metric which is the lifting of one in M, 

and if}t:M - M denotes the lifting of fi, then ]1 is a codimension one .Anosov 
flo:w on M. 

Since_ exp*0 Y* = g,0p,:H1(M, Z) - Z is the t_rivial homomorphism, we see 
that Jt does not contain a periodic orbit (if ]t had a periodic orbit, then_ this 
perio9-ic orbit would cover a periodic orbit in M which would represent an ele
ment. of torsion in H1(M, Z)). Hence, both the alpha and omega limit-setsof 
Ji are empty. Otherwise, the proof of M. Hirsch in Proposition 1.7 of [9), for 
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diffeomorphisms, can be adapted to show the existence of a periodic orbit for 
ft- Therefore, for every x E M and every integer m, there exists t(m, x) > O 
such thatf,(x) EE U'.t'=-m W;, for all t such that ftl > t(m, x). This means, pre
cisely, that for every x E M, limt-+00 {}(ii (x)) is equal to either oo or - oo. 

Let A+= {x E M:lim;....00 {J(f1(x)) = ao} and A_= {x E M:limt_.00 g(ft(x)) = 
- oo}, then A+ UJ A_ = M and A+ n A_ = !Zf. But both A+ and A_ are of the 
second category of Baire which can be easily obtained from the fact that both 
A+ and A_ are saturated by the stable leaves of the flow ft, and whose projectioru1 
are dense in M. Hence, either A+ = 0 or A_ = !Zf. By a reversal of time we 
may assume that A+= M. 

For any continuous map 0:M - S1, let F1:M X R - S1 be defined by Fi(x, 
t) = 0Cft(x)) and let F2(x, t) = 0(x). Then, since F1 is homotopic to F2, it 
follows that the map A10:M X R - S1 defined by !::..10 = F1F2-1 (where we use 
the natural group structure in the set of maps from M X R into S1) is homotopic 
to a constant. Let t::..0: M X R - R be such that expo!::..0 = t::..10. Then, t::..0(x, t) 
measures the net change in argument of the angular function 0, along the piece 
of trajectory going from x to f1( x). If 0 is such that A0 is strictly increasing along 
trajectories, then, as was observed by Birkhoff [3], 0-1(1) is a (topological) 
cross-section for the flow. 

From above, it follows that for each x E M, limt--,00 {J(f1(x)) = oo and it is 
very easy to see that this implies that lim1-+00 t::..g(x, t) = oo. 

Hence, by Theorem 1 in Fuller [10] it follows that there exists a continuous 
G:M - S1, homotopic tog, and such that for each x E M the map t - t::..G(x, t) 
is a strictly increasing function of t. Thus G is an angular function such that the 
argument is strictly increasing along trajectories of ft- Using flow boxes and the 
fact that t::..G increases along trajectories, one verifies easily that a-1(1) is a 
compact, flat submanifold of M. In fact, there exists a homeomorphism H: [-1, 
l] X «-1(1) - V, where Vis a neighborhood of a-1(1), such that, for each x E 
«-1(1), H(O, x) = x and H([-1, l] X {x}) is a connected piece of trajectory of 
the flow. Since «-1(1) is bicollared by a smooth flow it follows by [37], that given 
e > 0 there exists a continuous isotopy h.: M - M, 0 ::::; s ::::; 1, such that d( h,( x), 
x) ::::; e, for all x E M and s E I; and h1 ( a-1( 1)) is a smooth submanifold of M 
which is transversal to the flow. Hence, f1 admits a smooth global cross-section, 
and by the remarks preceding the theorem we have proved sufficiency. 

Remark 4.2. Theorem 4.1 can be rephrased as follows: 
A codimension one Anosov flow ft: M - M is topologically equivalent to the 

suspension of a hyperbolic toral isomorphism if and only if H1(M, Z) = Z and 
for every periodic orbit 'Y, the inclusion i:7 - M induces a monomorphism i*: 
H 1(M, Z)-H1(7, Z).Furthermore,ifH1(M, Z) = Zandifeveryperiodicorbit 
is not cohomologically trivial ( in the above sense) and if g: M - S1 is such that its 
homotopy class [g] E [M, S1], generates H1(M, Z) (here we use the isomorphism 
[M, S1] ~ H\M, Z) of Eilenberg-MacLane) then, there exists a differentiable 
map G:M - S1, homotopic tog, and such that G is a locally trivial submersion, and 
a-1( 1) is a cross-section for ft• 
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Remark 4.2. Using exactly the same arguments in the proof of the sufficiency 
part of Theorem 4.1, we can prove the following theorem: 

Let ft: M -+ M be an A nosov flow on the compact, connected, smooth manifold M 
( with f I not necessarily of codimension one). If O(f 1) = M, and if there exists an 
epimorphism 'P*:H1(M, Z) -+ Z such that for each periodic orbit 'P*([-y]) ~ 0 
( where [-y] denotes the homology class of-y ), then ft admits a cross-section, obtained 
as rp -I ( 1) where <p: M -+ S 1 is a locally trivial submersion having as induced homo
morphism, in first integral homology groups, 'P*· Hence ft is topologically equivalent 
to the suspension of an Anosov diffeomorphism. 

Remark 4.3. Theorem 4.1 is a partial answer to a conjecture given by Plante 
in [26]. 

An Example. Let M3 be the unit tangent bundle over a compact riemannian 
surface with constant negative curvature. Let gi:M 3 -+ M3 be its geodesic flow 
and let TM = E' EB Eu EB E 1 be its Anosov splitting into a Whitney sum. Then, 
as is well known, E", E" and E 1 are real analytic line bundles. Then E' EB E 1 

gives an analytical foliation. Let the 2-dimensional distribution E' EB E1 be 
given by the map r:M 3 -+ G2(M3) where G2(M 3) denotes the Grassmanian 
bundle of planes over M3• Let C1(M3, G2(M3)) denote the space of sections with 
the C1 topology. We claim that there exists e > 0 such that if :r is any integrable 
distribution contained in the e-neighborhood of r, in C1(M3, G2(M3)), then :r 
does not contain a compact leaf. 

Proof. Let X be the vector field of gi and let Y be a nonsingular, smooth, vector 
field which generates the line bundle E". Leto > 0 be sufficiently small so that 
X = X + o Y is an Anosov vector field. Let e > 0 be sufficiently small so that 
any integrable distribution :r in the e-neighborhood of r is transversal to X and 
the leaves of :r meet every periodic orbit of the flow generated by X ( the latter 
is possible since the leaves of r are dense in M). Then, every such :r does not 
have a compact leaf. Otherwise, if :r had a compact leaf, 2;, this compact leaf 
would meet, transversally, every orbit of the codimension one Anosov flow 
generated by X. This would be true because 2; meets every periodic orbit and 
by a theorem of Newhouse [23] if a flow on a compact manifold satisfies Axiom 
A', then every orbit contains a periodic orbit on its closure. Hence, 2; would be a 
cross-section for the flow generated by X and, therefore, 2; would be a 2-torus 
and M3 would be a torus bundle over S1• This would be a contradiction because 
one can prove that a 3-manifold which is a suspension manifold of a hyperbolic 
linear isomorphism A: T2 -+ T2 has trivial centre in its fundamental group, and, 
in our case, this centre is free cyclic. 

Remark 4.4. M. Hirsch has very general results of this type in [14]. 

CENTRO DE lNVESTIGACI6N DEL JPN 
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