
ON EQUIVARIANT MAPS OF LOW CODIMENSION FROM REAL 
PROJECTIVE SPACES TO SPHERES 

BY JACK Ucm* 

0. Introduction 

Let p<nJ be real projective n-space pn if n is odd, and the union of two real 
projective n~spaces Pt U P2n with Pt n P2n = pn-i if n is even. p<ni admits a 
fixed point free involution, as does the n-sphere ( the antipodal map) . The coin
dex of p<nJ is the least integer k for which there exists an equivariant map p<nJ 
-. Sk. We study the set of all elements of 1rn+ksn which admit representatives 
of the form 

Sn+k C s<nHJ ~ p<nHJ ~ Sn 

where f is equivariant (see §2 for the definition of s<nHJ). For low values of k 
( :a:;3) our results are nearly complete. Application is made to give new informa
tion on coindex p<nJ for n :=:; 16. 

Notations and unreferenced results concerning the homotopy groups of spheres 
can be found in Toda's b?ok [10]. 

1. Equivariant elements of 1r3S2 

The standard Zm-action (S2k-l' Am) is given by Am(Z1, • • • , Zk) = 
(e(l/m)z1, • • • , e(l/m)ik), where e(x) = exp (21rix). For definitions and pre
liminaries of equivariant maps, we refer the reader to [6, §2]. In particular, we 
will make use of 

PROPOSITION 1.1 (Folkman [6]) (i) Let (X, T2) be a Zm-action with X 
path connected, (2k - ltsimple and T2 ,..._, id. Then for any map f:(S 2k-i, Am) 
_, (X, T2) and any a E 1r2k-1X, there exists a map g : (S 2k-i, Am) -+ (X, T2) 
such that [g] = [f] + ma. 

(ii) Let (X, T2) be a Zm-action with X path connected, n-simple for n = l, 
2, • · · , 2k - 1 and T2 ,..._,id.Suppose Hom (Zm, 1r2;-1X) = Ext (Zm, 1r2;X) = 0 
for i = l, 2, • • • , k - l. If f, g : (S 21rd, Am) -+ (X, T2) are maps, then [g] - ff] 
= ma for some a E 1r2k-1X. 

Folkman's proofs of (i) and (ii) are valid with the weaker hypothesis 
" ( T 2) * : 1r2k-1X -+ 1r2k-1X is the identity isomorphism" replacing the hypothesis 
"T2 ,..._, id". Furthermore, if the hypothesis T2 ,..._, id in 1.1 ( i) is eliminated, then 
the proof in [6] establishes the weaker conclusion [g] - [f] = 1:}-o ( T/) ft,a. 

LEMMA 1.2 (i) There exists a map f: (S 2k-i, Am) -+ (S 2k-i, Am) of degree d if 
and only if d = mj + l for some j. 

* Supported in part by NSF Grant GP-34108. 
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(ii) Let m = 2r ;?: 2. There exists a map f: (S 2H, A2m) --+ (S~"-1, Am) of 
degreed if and only if d = 2m.i + e2", where E = 1 fork ~ rand E = 0 for k > r. 

Proof. The identity map is a map (S 2"- 1, Am) --+ (S 2"- 1, Am) of degree 1, and 
there is the map Sk : (S 2k-l' A2m) - (S 2"- 1, Am)' m = 2r ;?: 2, given by 
s1c(z1, • • • , z1c) = 1/v'I z1 14 + · • • + I Zk 14 (z12, • • • , Zk2), of degree 2". Both 
assertions (i), (ii) then follow from 1.1 (i)-(iiJ. 

We say Ol E 11"2k+1S' is equivariant if there exists a mapf: cs2k+l, A4) --+ (S', A2) 
with [fl = a. For all k ;?: 1, LEMMA 1.2 (ii) determines all the equivariant ele
ments of 1r2k-iS21c-i_ The Z4-action A4 on S2'- 1 induces a Z2-action X2 on P 2,.....1. 

Thus by naturality of the Hopf classification theorem all equivariant elements 
of [P2"- 1, S2"-1], i.e. those elements represented by maps iii satisfying mX2 = A2fii, 
are also determined. 

Conner and Floyd [4] use the Z4-action on S3 given by A41 (z1, z2) = ( - 22, 21). 
Since both A4, A41 are orthogonal actions, there exists an orthogonal map ( S3, A4) 
--+ (S 3, },,4'). Thus we may use either action. 

Let {3 E 1r3S2 ~ Z be the generator represented by the Hopf construction of 
the complex multiplication S1 X S1 --+ s1. Then ho(z1, Z2) = zi/z2 defines a map 
(S3, }..41

) --+ (S2, A2) representing the element -/3. Here S 2 is the one-point com
pactification of the complex plane and A2(z) = - z-1 is the antipodal Zraction. 

THEOREM 1.3 d • {3 E 1r3S2 is equivariant if and only if d = 41 - 1 for some t. 
Proof. For any t Lemma 1.2 ( i) provides a map ft : ( S3, }../) - ( S3, A41) of 

degree 4t + 1. The composition hoft then is a map (S3, 1\41) --+ (S2, A2) repre
senting (4£ + 1) (-/3) = (4(-C)-1)/3 E 1r3S2• 

Conversely, let i{;q: 1r,.S"--+ 1rnSk be the homomorphism induced by left com
position with a map S"--+ S" of degree q. Then if;q satisfies the property Hif;q 
= i{;q2H, where H: 1rnS.,.--+ 1r,.S2"- 1 denotes the Hopf homomorphism. H: 1rsS2 

--+ 1r3S3 is an isomorphism, so the relation H(}..2)* = Hif;_1 = if;1H = H implies 
that (}..2) * : 1r3S2 --+ 1r3S2 is the identity isomorphism. Because 1r2S2 ~ Z, the 
other hypotheses of 1.1 (ii) obtain, so we may conclude that [g] - [f] E 41r3S2 

for any two mapsf, g: (S3, A41)--+ (S"', A2). 

hk(z1, z2) = (z1/z2)2H 1 defines a map (S3, A41 ) --+ (S 2, A2) for every integer k. 
The subset h"-I SI = { ( re( 01), re( 02)) I r = 1/ V2 } ,.._, S1 X S1 is an equivariant 
torus in S3 and the restriction h1c I h1c -l SI defines a map ( SI X S1, }../) --+ ( S1, A2) 
of type (2k + 1, - (2k + 1)). As h1c is the Hopf construction of its re
striction h1c I h"-IS1, h1c represents the element -(2k + 1)2/3 E 1rsS2. The maps 
hk exhaust those equivariant elements of 1rsS2 represented by Hopf constructions 
of maps (S 1 X S1, }../) --+ (S1, A2). More precisely, 

PROPOSITION 1.4 There exists a map (S 1 X S1, }..41) --+ (S1, A2) of type (m, n) 
if and only if m = -n = 2k+l for some k. 

Proof. For any k the map hk( e( 01), e( 02)) = e( ( 2k + 1) ( 01 - 02)) is equi
variant and has type (2k + 1, -(2k + 1)). Conversely, suppose f: (SI X S1, 
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A41) -. (S1, X2) has type (m, n). As X2,...., id we havefX4' = XJ,...., f and so m 
-n. But Theorem 1.3 implies that no element of 21r8S2 is equivariant (a fact 
already proved in [4]), and the Hopf construction then shows that no type of 
the form (2n, -2n) can have an equivariant representative. (Alternatively, the 
trivial fact that maps Ci: (S1, A4)-. (S 1 X S1, N') exist representing ( (2j + 1) i, 
- (2j + 1) i) E 1r1( S1 X S1) together with Lemma 1.2 (ii) imply that types 
(2n, -2n) do not have equivariant representatives.) 

2. Codimensions 1 and 2 

For O S i S k let 

e2i = { (z1, ••• ' Zk+I) E S2H 1 I Zj = 0 for i > i + 1, Z;+1 = I Z;+1 ll 
e2;+1 = { (z1, ••• 'Zk+I) E s 2Hl I Zj = 0 for i > i + 1, 0 s arg Z;+1 s 1r/2}. 

The collection {X/e; j O S j S 3, 0 S i S k} defines a cell decomposition of 
S2H 1 equivariant with respect to the cellular map A4. The subcomplex 
S2j-l u e2j u A4e2j defines a sphere s 2i, and we have s' C s<t) C s'+i, C s 2k, 
where sW denotes the £-skeleton. 

The Z4-action A4 on s<tJ induces a Z2-action X2 on the quotient space p<tJ 
= s<tl /A/. p<2H 1J is the usual real projective space P2k+i and p<2"J = 

P 2"-1 U e2k U X2e2k, where e2k is the image of e2k under the quotient map. Observe 
that p<2kJ = Plk UP/", where Plk = P2"-1 U e2k, p/k = P2"-1 U X2e2k are even 
dimensional real projective spaces and P/" is the usual one in p2k+i_ 

Now we may extend our definition of equivariant elements. We say a E 1rkS' 
is equivariant if there exists a map fi.: s" C ( s<k), N) _, ( s', A2) with [fi] = a. 

LEMMA 2.1 (i) 0 E 11"n+ksn is equivariant if and only if some element of 11"11+k+1Sn 
is equivariant. 

(ii) If 11"n+ksn has an equivariant element, then so does 11"m+ksm for all m 2: n. 
(iii) If O E 11"n+k-lsn is equivariant, then O E 11"m+k-1S"' is equivariant for all 

m 2: n. 

Proof. (i) Since O E 1rn+kSn is equivariant, there exists an inessential map 
mi: sn+k C (S(n+ki, N) _, (Sn, A2). So we may extend mi over Cn+k+l, and 
then by equivariance over s<nH+IJ to a map m'. Now [m'i] is an equivariant 
element of 11"n+k+1Sn. Conversely, if X E 11"n+k+lsn is equivariant, then the re
striction of any equivariant representative of x to sn+k is equivariant and repre
sents O E 1r n+ksn. 

(ii) If X E 11"n+ksn is equivariant, then i11x E 11"n+ksn+I, where i : ( s<n>, A2) 
c (s<n+ii, X2), is both equivariant and 0. This observation together with (i) 
and induction imply (ii). 

(iii) is trivially implied by (i) and (ii). 

Let 11"1 : s'},k _, Plk be the usual quotient map, and let p ; S2" _, S/" V S/" 
be the map collapsing S2"-1 to a point. 
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LEMMA 2.2. (i) There exists a homotopy equivalence h : p<2k> -. P12k V S2k 
such that h1ri : S2k C s<2k) -'-l- p< 2k•) -), p/k V S2k is the map 7r1 + (±)id. 

(ii) If h1 : Plk V s<JJ< -. p<2kl is a homotopy inverse of h, then (h'>..2h1) *(g) 
= -g mod the summand H 2\F2k; Z) where g is a generator of the summand 
H 2k(S2k; Z) in H 2\P/k V S2Jo; Z). 

Proof. (i) Let [P] E P12k be the basepoint, where P = (0, • • • , 0, 1) E e2k 
c s<2k>. We have e2k = s~-1*{ P} where the join variable t is O at points 
x E S 2"- 1 and is 1 at the point P. Set 

A = { [x, t, P] E e2k I O :::; t ::; ½} 

B = {[x, t, P] E e2k I½ :::; t ~ 1} 

so that A U B = e2k-Furthermore, p(A) and p(B) are standard hemispheres of 
S12" such that p(A) n p(B) = S/Ttc-1. In this notation the antipodal map of 
Si2" is given by p[x, t, P]-. p[-x, 1 - t, P]. 

The attaching maps of the cells e2k, X2e2k are precisely the same map, so we 
may deform p<2kl by sliding the cell '>..2e2k off Pl" to form the homotopically equiva
lent space P/,. V S2k. In fact, an explicit homotopy equivalence h : p< 2kl -. 

p/k V S2k is given by 

h( 1r[x, t, Pl) = 1r[x, 2t - 1, P] 1r[x, t, P] E e2k , ½ :::; t :::; 1 

h( 1r[x, t, Pl) = 1r[x, - 2t + 1, P] 1r[x, t, P] E e2k , 0 =::; t =::; ½ 

h I X2e2k = any relative homeomorphism of (X2e2k, '>..2e2k) onto (S 2k', [Pl). 

It is easy to check that the composition hri is the map 1r1 + (±)id, using the 
above description of the antipodal map of S/k_ 

(ii) The assignment 

[e2;+1; X/e2d = -1, 1, 0, 0 

[e2; : X/e2i-1] = 1 

according as j = 0, 1, 2, 3; 

all j 

extends uniquely to a Z4-invariant incidence function on S2k+i. The cochains 
X1, x2 assuming values 1, 0, resp. 1, 1, on the cells e2k, X2e2k represent generators 
x1 ( of infinite order), x2 ( of order 2) of H2k(P<2k'I; Z) '.:::'. Z + Z2 . Assertion (ii) 
follows easily from the fact that X2*X1 = - i1 + x2 . 

THEOREM 2.3. (Conner, Floyd [4]) t•TJa is equivariant if and only if tis odd. 

Proof. In the homotopy commutative diagram 
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which defines ffh V ff½ up to homotopy, we have [flit] = 0 E [P/, S3], by the 
Steenrod classification theorem, and [fii?J = 7/3 by the essentiality of fii [3, Theo
rem 3.12]. But then [mi] = 7/a from Lemma 2.2 (i). 

The suspension Sm : S 2k+2 - st+ 1 of a map m : (S~,k+i, X4) --), (S', A2) is 
equivariant with respect to A4 ( defined on e2k+ 2) and A2 , and hence extends to a 
map m : (s<2H 2\ A4) - (S'+i, X2). As mi = Sm, ffi is called the equivariant 
suspension of m. . 

The Z4-actions (S 2<k+l)+a, A4), (S<2{k+t>+2>, A4) can be viewed as the join Z4-
actions (S 2k+1, A4)*(s~t+1, A4), (S 2k+ 1, A4) *cs<21>, A4), and (Sk+l+I, X2) '.:::'. (S\ 
X2) * ( S', A~) . Thus for f; : ( s<k;>, A4) --), ( S'i, A2), i = 1, 2 and k1 , k2 not both 
even, fi*f2 defines a map f1*f2 : cs<k,+kz+l), A4) --), (S' 1 H 2+1, X2), 

LEMMA 2.4. There exists a map iii : ( p<2k>, X2) - ( S2\ X2) representing the 
element of order 2 in [P<?.f°J, S2k] :::'. Z2 + Zif and only if k = l. 

Proof. Let fii1 = iii I Pc2> for any map iii : (P3, X2) --), (S2, A2). [fii1] is in the 
kernel of ( 'lf'i) * : [P<29, S2] - [S2, S2], since iii11ri extends to fii1r over S3. As coin
dex Pc2> = 2, fii1 must be essential ( [3] Theorem 3.12) and so [fii1] is the element 
of order 2. 

By cellular approximation the induced map m: P/" = p<2/<J /X2 - P2" of any 
given map iii : (P<2"l, X2) --), (S 2\ X2) is homotopic to a cellular map. By the 
covering homotopy property iii is homotopic to a cellular map fii1 . The de
termination of the equivariant elements of 1r21c-1S2"-1 (Lemma 1.2 (i)) and the 
naturality of the Hopf classification theorem imply that [mi'] = [fii1 I p2k-t] 
must correspond to N times a generator of H2k- 1(P~"-1; Z), where N is odd or 
even according as k = 1 or k > 1. In the commutative diagram 

ch . * H2,._182k-i n2/r,cs2", 821c-i) Ji H'lffeS2k - -
_, *1 mi lf 1-* mi 

ch ·* n21<-i p2k-i H2"(P(2k>, p2k-i) J2 H2kp(2k) - -
we may select generators g; gi, X/gi ; O for the top line such that 01(g) = g1 
+ X/gi, j/g1 = -j/A/g1 = O; and generators h; hi, X/h1; x1, x2 such that 
02h = 2(hi + X/hi), j/hi = xi, j 2*(h1 + X/h 1) = x2 (the element of order 2). 
Now o2(mi')*(g) = 2N(h1 + X/h1), so iff(g1) = ahi + bX/hi, thenf(g1 + 
A/g1) = (a+ b)(h 1 + X/hi) = 2N(h 1 + X/h1). N is even when k > 1, so 
a = b = an odd integer cannot occur. Thus the element of order 2 in H 2" ( p<2k>; Z) 
is not in the image of fiii *. 

THEOREM 2.5. Let k ~ 1 
(i) f • 7/2H2 is equivariant if and only if f is even. 
( ii) f. 7/4k+t is equivariant if and only if f is even. 

Proof. (i) For k ~ I Lemma 2.4 implies that any map m : (S 2k+ 3, A4) --), 
( S2k+2, X2) induces a map iii whose restriction to P 12k+2 is inessential. Hence m 
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• h • ~ sz,.+s p2k+3 p2k+3;p ~+2 s2k+a s2k+2 1s omotop1c to some map mq1r : - - 1 = -
and as deg q1r = ±2, (i) follows. 

(ii) Any representative f: st - st-i of 1Jt-1 induces an isomorphism 
.,,i, K~ot-28 t-1 K~ot-28 t 1 f • 8 t-1 u t+1 t-scp2· , h 
J : - . n act, smce I e ,......, 1: \ we ave an 
exact sequence 

Kot-2st-1 ~ K()t-lst+l - KOl-l(l:l-3CP2) 

where ~ = s*f* and s* is the suspension isomorphism. As KOt-1(1;t-aCP 2) ~ 
K02( CP 2) is free abelian [7], J* must be an isomorphism. 

~4k · Apply KO to the diagram 

( + is disjoint union) 

to obtain the commutative diagram 

The map j sends Pa4k+2, Pb4k+2 homeomorphically onto P/k+2, P/k+2 respec-
• 1 If • p4k+1 P 4k+2 • h 1 • 1 • h . * K~o4k-lp 4k+2 t1ve y. J; : --J. ; 1s t e usua me us10n, t en J; : , --J. 

.K(J4k-ip 4H 1 is epic [7], and so from the Mayer-Vietoris sequence, j* is monic. 
The requirement X2j = jT defines a map T: Pa4k+2 + Pb4k+2 --J. Pa4k+2 + 

Pb4k+2_ KO 4kp 4k+2 is cyclic of order 4N [7] and so from Lemma 2.2 K0 4kpl 4H 2) 

::: z4N + Z2. We max select generators ha, hb of K1)4kpa4k+2, KO 4kPb4~+2, and 
generators g1, g 2 of K.04kp( 4H 2> such that T*ha = hb, j*g1 = ha $ hb and j*g2 

= 2Nha $ 0. Hence X2 * g1 = g1 while X2 * g2 = 2N g1 + g2 . So if m* g = n1g1 + n2g2 

for g ~ O in K() 4k S4H 1, then >./ = identity and m*X/ = >./m* imply n1g1 + 
n2g2 = ( n1 + 2N n 2) g1 + n2g 2 in K04k p( 4k+2J. Hence n1 = n1 + 2N n2 ( mod 4N) 
and so n2 is even. However n 1 must also be even, since the map m \ p 4k+ 1 is in
essential and the kernel of i* : KQ4kp<4k+2> - If64kp 4H 1 is contained in 
2K0 4kpl 4H 2l. Hence i*m* = 0 and consequently, mi is inessential. 

0 E 1rsS4 is equivariant and so by Lemma 2.1 (iii) 0 E 1rn+1Sn is equivariant 
for all n ~ 4. By Lemma 2.1 (i) 1rn+2Sn has an equivariant clement for all n ~ 4. 

THEOREM 2.6. Let k ~ 1. 
(i) .f. 714/ = .t7/4k+17/4k is equivariant if and only if.tis even. 
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( ii) Both elements O • 114k+i2 and 114k+l are equivariant. Similarly both elements 

0 • 114k+/ and 114k+2 2 are equivariant. 
( iii) f, • 114k+a 2 is equivariant if and only if f, is even. 

Proof. We use the notations T, j, ha , hb , g1 , g2 defined in the proof of Theorem 
2.5 (ii). Recall that KQ4kp 4k+2 is cyclic of order 4N. As A2 is defined on an even
dimensional sphere, 'A/g = -g for a generator g of K0 4kS4k. lfm*g = n11)1 + n 2g,r 
where iii : (Pl 4H'J:), X2) -. (S 4\ 'A2), then x/m* = m*'A/ = -m* implies that 

n1g1 + n2g2 + (n1g1 + 2Nn2g1 + n2g2) = (2n1 + 2Nn2)g1 + 2n2g2 ,;,,. 0 

in KQ4kp<4H 2l. Hence both n1 and nz are even and image m* c 2-K(J4kpl 4H 2> 

Hence i* 1r*m* = 0 and by Adams [I], m1ri = mi is inessential. 
(ii) First O · 11/ is equivariant and so O • 11/ is equivariant for all n ~ 4. To 

show that 1/4k+ 12 is equivariant, consider any inessential map m : (P 4H 1, X2) 
-. (s4k+ 1, 'A2) (such exist by Lemma 1.2 (ii)). Using the homotopy extension 
property, we extend m over p/k+ 2 to a representative m1 of the generator of 
1r4H 1p/H 2 ~ Z2 [11]. We further extend m1 by equivariance to a map 
m1 : (P<4H?iJ, X2) -. (S 4H1, 'Az). By Theorem 2.5 (ii) ·m11ri is inessential, so m 

= m11r extends to a map mz : (S 4H 3, 'A4) -. (S 4k41 , 'A2). 

We assert that [m2] = 714k+z2. There is the homotopy commutative diagram 

S4k+3, A4 mz S4k+I, 'A2 

·l m2 ]m. V ''" 

p4k+8, xz _ p41c+a; p4k+I ""' s4k+2 v s4"'+3 
p 

. - I p4k+I • • t· 1 A , t t f 4k+Ip 4k+2 , , since m2 1s messen ia . s m1 represen s a genera or o 1r 1 , m ,._.., 
f O PI : p/k+ 2 - p/k+Z /P 4k+I ~ S4k+2 - S4k+I ,vith [.f] = 1/4k+l [11]. Hence [ma] 
= 714k+1. Also Sq2 ~ 0 on H 4k+2(P4k+4; Z2) and H 4k+2(p 4kH; Z) '.::::'. Z2 imply that 
[p1r] = 714k+2 + (±2)i. Hence [m2] ~· 714k~1114H2 + 2[mb] = 114k+/'. .. 

By equivariant suspension the result for 1r4k+4S 4H 2 follows immediately. 
(ii'i) For any in : (P 4H 5, X~) -. (S 4i.;+a, 'A2), m / p 4ic+3 is inessential. This pros 

vides a homotopy commutative diagram 

S4k+3 A 
' 2 

iii l 
p4k+5, >-:2 ~ p4k+51 p4k+8 ""' s4k+4 v s4Hs. 

In this case Sq2 = 0 on H4H 4 ( p 4kH; Z2) and so [p1r] = 0 · 714k+4 + ( ± 2) i. Hence 
[m] = 0. 
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3. Codimension 3 

We write (s, t) = (m, n) (mod (p, q)) ifs= m (mod p) and t = n (mod q). 

THEOREM 3.1. (i) sv4 + tw E 1r7S4 is equivar'iant if and only if (s, t) = (2, 5), 
(6, 3) or (10, 1) (mod (12, 6)). 

(ii) Letj ~ 5. If£. v; is equivariant, then .e = 0 (mod 12). 
( iii) Let j ~ 5. If j ~ 6, 7, then both O ·vi and 12 • v; are equivariant, and if 

j = 6 or 7, then O·v; is equivariant. 

Proof. (i) For any m : (S7, }\4) -+ (S4, ;\2) Lemma 2.3 implies that the re
striction m I p<4) of the induced map m is inessential, and so we have a homotopy 
commutative diagram 

s7, /\4 
m S4, A2 

·l iii jm, V iii2 

7 - P 7/P/ ,.__, (S 5 U2 e6) V S7 P,;\2-
p 

where the homotopy equivalence ,.__, is given in [9]. Also in [9] is the result that 
[p1r] = ~ + ( ± 2) L. As cofodex P 5 = 4, iii I P 5 must be essential ( [13] Theorem 
3.12), and so [iii1] = ±ii [2]. Hence if [iii2] = d1v4 + ~w, then [m] = ±ii O ij 
+ 2 (d1v4 + d2w) = 2 d1v4 + (2 d2 ± 3)w. (Here ii is chosen so that ii O ry = 3w.) 

Next A2m = m;\4 ,.__, m, since ;\4,...., id. Also, as is well known, the homomor
phism A2;,, : 1r1S4 -+ 1r1S4 is given by A2;,,(v4) = V4 - w, A21 (w) = -wand so we 
have 

[m] = 2 d1v4 + (2 d2 ± 3)w = [A2m] = A21 [m] = 2 d1v4 + ( -2 d1 - 2 d2 =i= 3)w. 

Hence the relation 2 d1 + 4 ~ = 6 (mod 12). But then d1 must be odd, from 
which we easily deduce that (2 d1, 2 d2 + 3) = (2, 5), (6, 3) or (10, 1) (mod 
(12, 6)). • 

Conversely, there exists a map g : ( S7, ;\4) -+ ( S4, A2), say [g] = sv4 + tw 
withs, t satisfying the stated condition. Note for a = v4, L~=o (;\/) 'Na = 4v -
2w and so for any other pair ( s1 , t1) satisfying the condition, there exists an 
integer N such that s1v4 + t1w = [g] + :E;=o (;\/) *(N v4). Hence Folkman's 
result Proposition 1.1 (i) implies that s1v4 + t1w is equivariant also. 

(ii) The homomorphism (;\2)'/1: 1r2H1(S2"-2) -+ 1r2k+1(S2k- 2), k ~ 4, is multi
plication by -1. Hence [m] = [m;\4] = [;\2m] = -[m] and so 2[m] = 0. • 
In 1r2k+1S2k.-2 ,...._, Z24, this means that [m] = £· v2k-2 where .e = 0 (mod 12). 

Th If P , , _ h' h f P 2k+2 v 82k+2 h h . p(2k+2) P 2k+2 v 8 2k+2 e se ma "2 - "2 1 o 1 , , w ere . -+ 1 
is a homotopy equivalence and h is a homotopy inverse of h1 , induces the non
trivial isomorphism on the summand H 2H 2(S 2H 2; Z) mod H2H 2(p2fr-+2; Z) by 
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Lemma 2.2 (ii). In the homotopy commutative diagram 

~~+1:;.:. ~.': ~ 
Pi2H2. v 82H2 

the equivariance condition iii\2 = A2iii implies iiih1X/ ,.._, A2iiih1 and so 2[iii2] = 0. 
Moreover, from Rees [9] we have 2[iii7r1] = 0. Hence 2[mi] = 2( [iii17r1] + [iii211"2]) 
= 0. 

(iii) The equivariant suspensions of the equivariant elements 2v4 + 5w, 
14v4 + 5w are the elements 12vs , 0 • vs . The join of 2v4 + 5w and 2 ,1 is O • va , 
while for j 2 5 the join of O· v; and 2i1 is O· v;+2 • Finally 12v4k (resp. 12v4k+ 2) is 
the join of 1/4k--:i2 (resp.1J4k--i2') and (2£ + 1) 112 (resp. (2-t + 1) 112). 

4. Further results 

Instead of seeking the least k for given n for which there exists a map 
(P<n\ X2) -+ (S\ A2), we can fix k and ask for the largest n that such a map 
exists. The latter point of view is suggested by the obstruction theory for ex
tending equivariant maps [6, §2]. Fork ::::; 3 this n has been determined in [4]. 
The following result extends this information somewhat. 

THEOREM4.l. (i) .C·ws = .C·[ts, ts] E 11"9Ssisequivariantifandonlyif-tiseven. 
(ii) .C· v112 E 7r10Ss is equivariant if and only if-tis odd. 
(iii) Infinitely many elements of 11"11S 6 are equivariant, and no element of 

{ N • w5 E 11"11S6 I N odd) is equivariant. 
(iv) 0 E 11"13S7 is equivariant; 0 E 11"14S7 is not equivariant. 
(v) Infinitely many elements of 7r1sS8 are equivariant. 

Proof. (i) Randall [8] has shown that w5 is not even projective, i.e. w5 admits 
no representative of the form f11" : S9 -+ P9 -+ S5• Since O E 7r8S5 is equivariant, 
the only other element of 7r9S5, namely 0, must be equivariant. 

(ii) (i) implies that some element of 7r10S5 is equivariant. If O E 11"10S0 is 
equivariant, then some element x of 7r11S5 is also equivariant. But then the join 
construction implies that the join X*X of x with itself in 7r23S11 is equivariant. 
However X*X = 0 for all elements x in 7r11S5 [10] and so some element of 11"k+l3Sk 
is equivariant for all k 2 11. For k = 12 this contradicts results of [5], and so 
(ii) is proved. 

(iii) By (ii) we have that 11"k+sSk has an equivariant element for all le 2 5. 
If x E 11"11S6 is equivariant, then so is x + 4y for any y E 11"11S6, because 
(A2) * : 11"11S6 -+ 11"11S6 is the identity isomorphism and we may apply Folkman's 
Prop. 1.1 (i). This Proposition also establishes the second assertion of (iii), 
since wa (and also -wa by an identical argument) is not projective [8]. 
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(iv) Using (iii) we have an inessential map im : (S 11, X4) - (S6, >-.2) - (S7, X2), 

and hence a map m1i : S 12 c ( s<12', A4) - ( S7, >-.2). [m1i] = 0 since 1r12S 7 = 0, 
so m 1 extends to a map m2 : (S 13, A4) - (S7, >-.2) which by construction satisfies, 
the homotopy commutati've dfugram 

8 1a m2 s7 

. l l 
pl3 - p1s;p11 ,..._, 8 12 v 813 

p 

Now H 14(P 14; Z) = Z 2 and Sq2 = 0 on H12(P 14; Z2) so [p1r] = O· '1112 ;± 2i, But 
then [m 2] = 0 since 1r13S 7 = Z 2 • If O E 1r14S 7 were equivariant, some element 
y of 1r1sS 7 would be also. But then the join Y*Y = 0 E 1ra1S 15 110] would be equi
variant, thus implying that 1rk+17Sk: contains an equivariant element for all 
k :2:: 15, a contradiction for k = 16 [15]. 

(v) • By 1.1 (i) it suffices to show that some element of 1r1sS 8 is equivariant. 
As some element of 1r14S7 is equivariant, this is implied by Lemma 2.1 (i). 

Our results on equivariant maps give the following table for the coindex of 
p(n): 

For n ,:::; 6 these results were first given in [4]. 

Some open questions in low codimension: Is 'IJ4k+a equivariant ( k :2:: 1) ? Are 
12v6 , 12v7 equivariant? Is 0 E 1r11S6 equivariant? The answers to these questions 
would determine all· equivariant elements in 1rn+kS" of codimension :::; 5 for 
all n. 

SYRACUSE UNIVERSITY 

REFERENCES 

[1] J. F. ADAMS, On the groups J(X)-IV, Topology, 6(1966), 21-71. 
[2] M. G. BARRATT AND G. F. PAECHTER, A note on ,rr(Vn,m), Proc. Nat. Acad. Sci. USA, 

38 (1952), 119-21. 
[3] P. E. CONNER AND E. E. FLOYD, Fixed point free involutions and equivariant maps, 

Bull. Amer. Math. Soc., 66(1960), 416-41. 
[4] -- AND--, Fixed point free involutions and equivariant maps. II, Trans. Amer. 

Math. Soc., 105(1962), 222-28. 
[5] -- AND --, Periodic maps which preserve a complex structure, Bull. Amer. Matl).. 

Soc. 70(1964), 575-79. 
(6] JoN FOLKMAN, Equivariant maps of spheres into the classical groups, Mem. Amer. Math. 

Soc. No. 96(1971). 



22 JACK UCCI 

[7] M. FUJII, K 0-groups of projective spaces, Osaka J. Math., 4(1967), 141-49. 
[8] D. RANDALL, Projectivity of the Whitehead square, Proc. Amer. Math. Soc. 40(1973), 

609-11. 
[9] E. Rrrns, Symmetric maps, J. London Math. Soc. (2) 3,(1971), 267-72. 

[10] H. TODA, Composition methods in homotopy groups of spheres, Ann. of Math. Study No. 
49(1962). 

[11] R. W. WEST, Some cohomotopy of projective space, Indiana Univ. Math. J. 20(1971), 
807-27. 




