A MOD p WU FORMULA
- By FrankLIN P. PETERSON!
§1. Introduction '

In 1950, Wu Wen-tsen [7] showed how the Steenrod algebra acts on the mod
2 cohomology of BO by giving an expression for S¢‘(W.,). The corresponding
formulae for ®‘(c,) have not yet appeared. Mukohda and Sawaki [5] computed
the coefficient of ¢,i:(p—1) in ®(c,) to be (*7'). Borel and Serre [1] gave some
low dimensional formulae. Llorente [3] gives a formula for p = 3, Recently,
B. Shay [6] has given a complete formula for ®*(c,) in terms of monomials-in
the Chern classes. The formula is rather complicated and calculating the co-
efficients even for small values of ¢ does not seem easy. '

In this note, we give formulae for ®‘(c,) not in terms of monomials in the
Chern classes but in terms of Chern classes and particular symmetric functions.
We hope that these formulae will be reasonably easy to compute with.

Our method is the same as the above mentioned authors, namely, to con-
sider H*(BU) as symmetric polynomials on two dimensional classes and use
our knowledge of what ®° does to two dimensional classes.

§2. Statement of Results

Let w be a partition of n. Let s. be the corresponding symmetric function in
two dimensional generators, so that s, € H**(BU; Z,), where p is an odd prime.
For example, ¢,"= S@,1,--,1) . Our main result is the following theorem. '

THEOREM 2.1.
Z“”‘Z) ( 1 cn+,( Zl<u< i 8 '“)) B
' Shik=t(p—1) =i '

Zk-o (=D 0 (entaion) .

One can solve for ®‘(c,) inductively using 2.1. ThlS is done in the following
theorem.

THEOREM 2.2
P'(cn) = 2B (=1)"tars D2obmb abmnt (Xoigicot Stioroien) +
j=t(p—1)—i
(") Cariton , Where aome =1 and apm, = (=1)*™* (77 + (-1)*
‘_1 (’n—t‘l"(k—-l)p) (n+21p—-) fk > O

This formula reduces, for ¢ = 1, to the following corollary.

1 The author was partially supported by the National Science Foundation.
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" COROLLARY 2.3. ®'(¢a) = (n—1)Caypa + Dm0 (—1)° Cati Sto1—s), where
S(o) 18 the primitive element in H*(BU; Z,).

- For p = 3, we need only consider s, where w has ones and twos. We now show
how to express such s, as polynomials in the Chern classes. Let §z = s, , where
= (n, ---) is given by r; = the number of ones in w, - - - , r; = the number
of y’s in w.
’I‘I'IEOREM 2-4 #(1‘1 wrg) — » crl+rg 'Crz + Z;il 610:7'1 c"1+7'2+k 'crz—k )

where
v Bk,rl — _(rl;‘I-Zk) + El‘o;i. (rl-tl-zl) (1'1+2k) - ( l)k T + 2k (,.1+k)

§3. Proofs

" The proof of the main result, theorem 2.1, is based on the following well-
known proposition which shows how to multiply s,-s,’ . Let X range over all
infinite matrices (z.;), with ¢ > 0,5 > 0, but xe omitted. Let r; = D, z:;,
$; = D iTij,tn = Ditj=n Tij, and defineb(X) = the multinomial coefficient
¢, /M5! Let R(X) = (r1,++), 8(X) = (81, --+), and T(X) = (ts, ---).

PROPOSITION 3.1. fr-fs = 2 sy 0(X) f#rm .

We remark that this is similar to the multiplication‘ of Milnor basis elements
in the Steenrod algebra except that the row sum is not weighted [4]. A proof
along the same line can be given.

We now prove theorem 2.1. Consider

YR (—1)F eags (Z1<,,< - <je<p—1 8(11: Sin)-

Tk Jk =t(p—1)—i

" Consider the 'coefficient of Frirgre - irpoymp D this sum, where Ekrk =
n + t(p—1). Using 3.1 we see that this term can occur as a product

#(e) ¢ #(rl—el;l-eg "g—€3t€35° " ,r),—z').,+q,+1 00t T pm1—€p—1+7pi0) 5

where
0 < €k < Tk fOI‘]. < k < D — 1. Z k(rk—ek+ek+1)
=2k — (X «) + (p=1)rp, — «a.

Setting ¢, = r,, we obtain Y 1= k(ri— e+ea1) = n + t(p—1) — e, where
e = D f-1 & . Also, we must have Y 25 (ri—e+eq1) = &, hence Y ey 7 =
t'+ e and e is determmed by the other data. Hence, the coefﬁclent of Jiry .- rp)
is D e<n H;f__ll ) (l 1) If some 7, > 0 for k = 2, , P — 1, then we

2,00

can hold ¢; ﬁxed forj # k and sum on ¢ to see that this coefficient is zero be-
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cause ) emo (—1)°(}) = 0.If o = O fork = 2, ---, p — 1, then the coefficient of

Fomrrip oo = O (Crrspn) B8 (=17 (D) = (=) (Wfiz 8-0)
= (=D* (TE).
This proves 2.1.

The proof of 2.2 from 2.1 is an easy exercise and is left to the reader. The

coefficient of ¢atupo_n is ("7) by the results of [5].
The first part of theorem 2.4 follows easily from the following proposition

which in turn is an immediate corollary of 3.1.

ra (r1+

PROPOSITION 3.2. Cryiry €y = Do ) #iry 42k rg—k)

The second part of 2.4 can be found in [2] (see also [3]).

We remark in closing that in an appropriate sense (see [6]), theorem 2.1 holds
over the integers. Theorem 2.2 does also 1f the coefficient of ¢ty 18 replaced

by ("7 + ().
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