CQNSTRUCTION OF SOME NORMED MAPS

By Jos ApEm

1. Introduction

Let R be the real field and R? the standard vector space over R; whose ele-
ments are the ordered collections ¢ = (x1, -+, 2,), where each z; € R. As
usual, the norm n(z) is defined by the quadratic form

» n(z) = 2’ + -+ + 2,
A bilinear map ¢:R” X R* — R’ is said to be a normed map if
(1.1) » n(zy) = n(z)n(y),

for all x € R®, y € R*, where zy = ¢(x, y).

The product of the classical algebras of complex, quaternion and Cayley
numbers, respectively, R* X R* — R*, R* X R' > R* and R* X R®* — R®, are
normed maps. One generalization of these is the family of the Hurw1tz Radon
maps ([6], (8], [14])

(1.2) R X R — R,

for r = 1, 2, ---, where p(r) is defined as follows. Write r = 2**(2k + 1)
with 0 < b < 3, then p(r) = 8a + 2°. As it is well known, the maps (1.2) are
all normed maps, and for r = 1, 2, 4, 8 they agree with the classical algebras.

Another generalization different from (1.2) is obtained, if we proceed as
follows. First, consider the algebra structure in further dimensions. In general,
this implies that property (1.1) is lost. Then, take restrictions to subspaces
where (1.1) holds. The purpose of this paper is to develop such method, which
will be outlined in the next paragraphs.

The construction of the Cayley algebra by means of couples of quaternions,
introduced by Dickson in [5], sets an iterative pattern known as the Cayley-
Dickson process. This was used by Albert in [3] to construct a sequence of al-
gebras, R = @ C &1 C -+ @ C -+, where each @, is of dimension 2" over
R, and has as elements the set of all ordered pairs (z, y), for z, y in @,_; .

The first algebras @;, @ and @; are the complex, quaternion and Cayley
numbers. For r > 2, the @,’s are not associative, ’however, it was later proved
by Schafer in [15] that all of them are flezible, which means some sort of restric-
tive associativity (see (2.7)). We have the usual relation n(z) = 2%, where
Z is the conjugate of z, and the trace is defined by t(z) = = + z.

The product of @, induces a bilinear product R™ X R™ — R™, wherem = 2.
Let z,y € @, with ¢ = (21, 23),y = (¥1, y2), Where x1, 2, Y1, Y2 are elements
of @, . In general, for r > 3, we have n(zy) = n(z)n(y). Suppose that each
of the terms n(zin), n(zwys), n(zy:) and n(xyy.) fulfills the condition (1.1).
Then, using the flexibility property, we can prove that n(xy) satisfies (1.1) if
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and only if
(1.3) tx(yr, 22, ¥2)] = 0,

where (y1, @2, %2) = (y1z2)y2 — y1(zey2) is the associator.

We will illustrate how this is used. With the algebra @4 we get a multiplication
R" X R" — R*. If R® c R" is the subspace formed with the elements (z, u),
where z is a Cayley number and u a complex number, then the restriction
¢:R" X R” — R" is a normed map. In fact, if w; = (21, ) and wy, = (22, us)
are elements of R™ as above, then the associator (9:2 , Ur, ug) = 0, hence (1.3)
is satisfied and ¢(wy , ws) = wuw, defines a normed map, as asserted.™

This paper is almost self-contained. At the beginning, the results are developed
for an arbitrary field and after section 3, we assume that the field has character-
istic different from two. In section 6 we set a list of particular normed maps
((6.2), (6.13)), derived from some results previously established in section 5.
In section 7 we give some general formulas, obtained by iterating the con-
structive steps developed in section 5. In section 8 some open problems are
presented and discussed. Finally, in the appendix, some identities are set for
the associator, in order to give more transparent proves of some results of Albert
and Schafer.

2..Algebras constructed by the Cayley-Dickson process

Let @ be an algebra with unity element 1, having dimension m over a field F,
and suppose that @ has an #nvolution (involutorial antiautomorphism), that is,
a linear operator  — Z on @, where 7 is called the conjugate of z, satisfying

for all z, y in a,}md
(2.1) z+ T = t(z)1, ¥ = iz = n(z)1,

where the elements t(x), n(z) arein F for all z in @, and are called, respectlvely,
the trace and the norm of z.

By the Cayley-Dickson process we construct, for a fixed § # 0 in F, an al-
gebra B = ®(6) of dimension 2m over F, having as elements the set of all ordered
pairs w = (z,y), for z, y in @, with addition of pairs and multiplication by scalars
defined componentwise, and with multiplication of pairs w; = (21, y1), we =
(22, y2), defined by

(2.2) wwe = (21, 1) (22, ¥2) = (W2 + 0G0, Yor + 1F2).

Identifying the pairs (x, 0) with the elements z, @ can be regarded as a sub-
algebra of ®, and the element 1 = (1, 0) is a unity element for ®.
We can easily verify that the mapping

(23) ' w= (2,y) >0 = (&, —y)

* This normed map was first given by Lam in [11; p. 424]. Later, using matrices, he also
constructed our normed map R? X R2 — R% (see (6.7)).
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is an involution of ®, and we have .
(24) (w) = t(z), n(w) = n(z) — ony).
Define the commutator and the associator, respectively, by

[Q), y] =y — Yy, (x: Y, z) = (xy)z - x(yz)-
Since these expressions are linear in each argument, using the identity @ =

—w + t(w)1, it follows that, with a possible change in sign, any bar can be
removed. In this form we obtain

(2'5) A [x7 y] = —[f,y] = v_[x: g] = [x—7 :’7]7
(26) ((13, Y, Z) = ——(1?_, Y, z) = (i’ 9, 2) =

An algebra @ over F is alternative if (z, z, y) = 0, and (y, , x) = 0, for all
z, y in @. In an alternative algebra the associator is skew symmetric in its three
variables ([16; p. 27]). Then

(Z, Y, z) = - (y7 Z, z) = (y: 2 iU) =
An algebra is flextble if
(2'7) ((13, Y, It) =0

for all z, ¥ in @. An alternative algebra is flexible, but the converse is not neces-
sarily true. In a flexible algebra we have ([16; p. 28]) '

(2.8) (z,y,2) + (2,9,2) = 0.

Let 61, ---, 6 be k given elements of F, where each 8; # 0. Beginning with
@y = F, where ¢ — & = z is the identity transformation on ao , by the Cayley-
chkson process we construct (h = @0(01), @ = Gi(be), - -, G = Qu_1(6:),
where each o

(2.9) ar—l(or) =F(b,---,06)

isa 2 d1mens1onal algebra over F.

@1, @, and @ are, respectively, algebras of generalized complex, quaternion
and Cayley numbers. As it is known, @ is associative and commutative, @, is
associative but is not commutative and @3 is alternative but not associative.

Albert has established (see (9.5)) that @, = @,—1(6,) is alternative if and only
if @, is associative. Therefore, @, is not alternative for all ¢ > 3.

Schafer has proved (see (9.6)) that @ = @,_1(8) is flexible if and only if
@, is flexible. Consequently, all the algebras @, are flexible.

3. Some properties of the trace and the norm

The definition of the trace trivially implies that ¢{(z) is linear and that ¢(x)
= {(£). We also have t(zy) = #(yz). This holds since it is equivalent to the
identity [z, y] = [&, 7] already stated in (2.5).
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The following property, established by Schafer ([15; p. 437]), will be useful
If @ is a flexible algebra, then

(3.1) t(z,y,2) =0

for all z, y, zin Q.
The proof is the following:

t(z, ¥, 2) = t((xy)2) — t(z(ye)) = (zy)z + 2(72) — x(yz) — ()%
= (37, Y, Z) - (2’ 7, "E)

Now, using first (2.6) and then the flexibility law as stated in (2.8), we get
(2,9, %) = — (2,9, 2) = (x,y, 2), and this ends the proof. '

Similarly to the trace, the definition of the norm implies that n(z) is a quad-
ratic function. We have n(z) = n(&) and n(Az) = \n(z) for A € F.

If @ is a flexible algebra, then
(3.2) n(zy) = n(z§) = n(yz) = n(yz),
for all 2,y in @.
To prove this, we begin with the identity
(z7) (y2) = (zy)(F2) — (2,9, 2)t(y),

that follows trivially from § = —y + t(y). Then, substitute z = £ and use
flexibility to obtain (zy)(7Z) = (27)(yZ). But this is n(zy) = n(zg). Now,
using n(w) = n(w), it gives n(zj) = n(yZ) and interchanging z and y in the
first equality yields n(yZ) = n(yz). This finishes the proof of (3.2).

Another result we will need is
(3.3) n(z + 22) = n(z) + n(z) + t(z2).

This follows immediately from the expansion of (21 + 22) (21 + Z2).
The next lemma is essential to our construction of norm-preserving maps.

Lemma (3.4). Let @, = @,_1(8) be as in (2.9) and suppose that wy = (21, ¥1),
wy = (22, Y2) are given elements in @, , where their components ., Tz, Y1, Yz N
Q1 satisfy the following conditions:

n(zzz) = n(z)n(z), n(ywyz) = n(y)n(ys),
n(zyz) = n(z)n(ye), n(y12) = n(y)n(zz).
Then, we have
(3.5) n(wiwe) = n(wi)n(wes) + 6zi(z:, y1, y2)l.

Proof. Form the product wmw. as in (2.2) and then consider n(wiw.) as in
(24), to get

n(wws) = n(:mze + 071) — On(yexs + 11%).
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Then, first use (3.3) to expand the terms and after that remove bars and change
the order according to (3.2), so as to have

n(ww:) = n(axe) + 02n(y1y2) — 0n(zs) — On(yixz) + 00(wi, ws)
where '
O(wr, w2) = t{(:m22)(Fwy2)] — t(zef1) (y2m1)].
Now, use the assumptions n(z2:) = n(z1)n(2z), ete. in the above expression,
to obtain
n(wwz) = [n(z1) — n(y)]ln(z) — 6n(y2)] + 60(wy, we)
= n(w)n(w:) + 00(w1, we).

- Finally, we will prove that ©(w; , we) is as required in the lemma. From (3.1)
and ¢(zy) = t(yz), we get (222) (F1y2)] = tz1(22(Fuy2))], and #(z:51) (yo21)]
= [((2251)y2) 7] = tx1((2251)y2)], therefore,
O(wr, we) = —ta(2, §1, y2)] = ta(2, y1, p)),
and this ends the proof.

We will show that O(w; , w,) has several symmetries. Directly from the flexi-
bility law, we have t[(z1(22, y1, ¥2)] = —i21(y2, y1, 22)]. Then, from n(wiw.)
= n(wawy), it follows that O(wy, w2) = O(w:, w1), hence

(s, v1, w2)] = tza(ar, v, y)l

For simplicity, let ¢ = 21,b = y1, ¢ = 22, d = y, . An alternative use of the
above two identities, gives ‘

t[a(b’ ¢ d)] = t[b(a’ d; C)] = '_t[b(c’ d’ a)] = _t[c(b) a, d)]
= tc(d, a, b)] = {d(c, b, a)] = —t[d(a, b, ¢)] = —tla(d, ], c)].

4. A normalized basis

Assume that the characteristic of F is not two. As in the known cases of the
complex, quaternion and Cayley algebras, Schafer has shown ([15; p. 439])
that a normalized basis may also be chosen for the general @., as follows.
Let m = 2'. Then, there is a basis 1, e, -+, €n for @, such that, for all
1<4j<m-—1

(4.1) é,;2 = a,-l

4.2) €e; = —eje; = Bijer, for ¢ # j,
where a; # 0, 8;; # 0 are elements of F depending on 6, ---, 8., and & # 1
is an element of the basis uniquely determined by the elements e;, ¢; and differ-
ent from them.

The existence of the basis is proved easily by induction, as follows. Start with
the basis 1, ¢ = (0, 1) for @;, then &® = ;1 where a; = 6; # 0. Now, let a
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normalized basis 1 = ¢, &, -+, em be given for @ C @,;1 . By adding to
the elements of this basis, the new elements e; = (0, ¢;—n) fori =m,m +1, -- - |
2m — 1, we obtain a normalized basis for G,41 , as we may readily verify.

From (2.3) and the form ¢; = (0, &) of the elements of the basis, it follows

that & = —e;, for all 2 # 0. Then, if £ = ajl + Za;e; where a;, € F, we have
Z = apl — Zae; , t(x) = 2a9, and using (4.1), (4.2) we get that
(43) ’ﬂ((II) = (102 — E‘a,-aiz.

Clearly, the elements a; can be made explicit, if necessary. For example, if
@, = F(61, 6,), for x € @2, we have,

(4.4) n(z) = 04)2 —_ 01(112 - 02(122 + 0201032,
and if @; = @2(63), for € @3, we obtain,
(45) n(a:) = 0,02 - 01(112 - 020/22 +,0201(122 - 03[(142 - 01(152 - 02(132 + 0201002]

The quadratic forms (4.4), (4.5) are, respectively, the norms of generalized
quaternion and Cayley numbers.

Let F* = F X --- X F be the vector space over F constructed as the m-fold
product. If to the element € @, we assign its ordered components as an ele-
ment (ay, - -+ am_1) € F™, we set an induced bilinear product

(4.6) F™ X F™ — F™,

so that @, and F™ become isomorphic as involutorial algebras over F. Under
this isomorphism, the normalized basis of @. and the canonical basis of F™ are
associated as follows: ¢ < (1,0, ---,0), - -+, €ma1 <> (0, ---, 0, 1). We will
make extensive use of this isomorphism.

Finally, Schafer proves (loc. cit.) that, even though Q. is not alternative for
r > 3, the alternative law is fulfilled by all the elements in the normalized basis.
That is, (€, €, ¢;) = (e, €, ¢) = 0. This is established using properties
(4.1), (4.2) of the basis, and we refer to his paper for a proof.

Here, this result is used as follows. Since the associator is linear in each vari-
able, we have (e, €;,2) = (2, ¢, &) = 0forallz €@Q,. Let z = al + ae;

‘and y = bol + bje; . A direct computation gives (z, y, z) = a:bi(e:, €, 2),

(2, z,y) = a;b;(2, e, €;). Consequently, for any z, we have

(4.7) (2,9,2) = (3,2,9) =0, if ¢ =7
In particular, this holds if z and y are “real” or “‘complex numbers”.

5. Normed maps

Under the isomorphism shown in the preceding section, identify the algebra
@, with F™, the m-fold product of F, where m = 2". For convenience, an element
z of @, will be considered indistinctly as an element & of F™. Regard F™ as a
vector space over F and let F* C F™ be a subspace formed by taking certain p
factors of F™. This is equivalent to specify p elements of the basis e, « -+ , em1 .
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Clearly, the notation F” is ambiguous but it will be made more precise when
necessary.
Assume that the unity 1 = ¢ s always contained in all the subspaces to be
considered. Then, if z € F®, by (2.1), this assumption implies that Z € F”.
Let

(5.1) ¢:F? X F* > F*

be a restriction of the bilinear map (4.6), where F*, F? and F°® are three sub-
spaces of F™. Given z € F” and y € F? we will show that zy = ¢(z, y) and
yx = ¢(y, z), are both in the same subspace F°. In fact, since £ € F* and § € F?,
it follows that &7 € F°, but #j =, yz therefore, yz € F° and consequently,
yx € F°.

The bilinear map ¢ is called a normed map if

(5.2) - n(ay) = n(x)n(y)

for all z € F” and y € F?. Here, the norm in each subspace is the one obtained
by restricting the expression (4.3) to the elements of the normalized basis
spanning that subspace.

Let @ = @1(6,) and = (@1, 1), ¥y = (22, y2) two elements of @, where
the components z;, 25, 1, ¥z are in @,_; and satisfy the conditions of (3.4).
Then, according with (3.5), ¢ is a normed map if and only if

(5.3) 0(z,y) = tz(22, 1, y2)] = 0.

If p = ¢ = s = m, the condition (5.2) means that @, is a normed. algebra.
For r < 3 we always have 0(x, y) = 0, since (x2, y1, ¥2) = 0. If r > 3, G,
is not associative, hence we can find elements ', y1, ¥ in ®— such that (z;,
Y1, ¥2) # 0. By (3.1), the trace of an associator is zero, then, from (4.1), (4.2)
it follows that, for some ¢ > 0, there exists 21 = ¢; such that ©(z, y) # 0. Conse-
quently, the algebra @, constructed by the Cayley-Dickson process is a normed
algebra if and only if » = 0, 1, 2, 3. In particular, for r = 2, 3, we get the normed
maps F* X F* — F* and F®* X F* — F®, where the norm is given, respectively,
by (4.4) and (4.5).

Now, to study normed maps, we establish the following two lemmas.

Lemma (5.4). Given a norméd map ¢:F® X F* — F°, restriction of F™ X F™
— F™, we can always construct the following normed maps:

(5.5) $1:F*T X F* — ™,
(5.6) ¢o:F?? X F**' — F>,
where both are restrictions of F*™ X F*™ — F*™.

Proof. Let w1 = (m1, f), we = (22, y2) With 23 € F*, 25, y: € FPand f € F
where F = @, . Consider the product

wiwe = (21, ) (22, ¥2) = (maz2 + 05f, yor + f72)
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and since f € F” [ F?, we have that each of the two components of wyw; belongs
to F*, then wyw, € F**. Also the hypotheses of (3.4) are fulfilled and ©(w;, ws)
= 0, since (a2, f, ¥2) = 0. Therefore, the product wyw, defines the normed map
(5.5). Similarly, the map (5.6) is established.

Let ¢; be a fixed element of the normalized basis, where 0 < 7z < m. Consider
u = fieg + foe; and v = fieo + fie; , where the fi’s, for k = 1, 2, 3, 4, are arbitrary
elements of F. If ¢; = ¢ , then u, v are “complex numbers”.
Define the set Q(F”, F?, ;) C F™ by
Q(F?, F*, &) = {ve + uy|2 € F?, y € F% all u, 1},

and let F* be the smallest subspace of F™ containing Q(F?, F?, ¢;). It can easily
be shown that the number A = A(F”, F, ¢;) depends not only of p and ¢, but
also of the particular subspaces F* and F* under consideration.

LemMA (5.7). Let ¢:F* X F? — F* be a normed map obtained as a restriction
of F" X F™ — F™. Assume that ¢; € F* [\ F°. Then, there is a normed map

(5.8) @5 FPT2 X FoP 5 ot

obtained as a restriction of F*™ X F*™ — F*™ where N = N(F?, FY, ;) is the number
defined above.

Proof. Take wy = (x1,u) and w, = (2, v), where 2; € F*, 2, € F* and u, v
are as before, and form the product

wiws = (222 + 00U, vry + udz).

Since €, e € F? N FY, it follows that #u € F°, hence, the first component of
wyw: belongs to F°, and by definition the second component of wyw, isin F*,
therefore wyws € F*™. The assumptions made in the lemma assure that the
hypotheses of (3.4) are fulfilled. Also, O(w;, we) = 0, since, by (4.7), we have
(22, u, v) = 0. Consequently, the product wyw. defines the map (5.8).

From these lemmas we get the following

CoroLLARY (5.9). Let¢:F* X F*— F° be a normed map obtained as a restric-
tion of F™ X F™ — F™. Then, there is a normed map

(5.10) PR s prots _, pletin

Proof. Starting with ¢, from (5.5) and (5.6), we first get F**' X F* — F*
and then F**** ) F**' — F* where this last map is a restriction of F*™ X F*"
— "™ If z € F**" and y € F**", we can represent these elements by

T = ((z]-’fl)) (z2lf2))) Yy = ((yl;yZ), (faro));

where 21, 2, € F*, y1, y2 € F* and fi1, f2, fs € F. Now, use (5.7) withu = 0
and v = fieg + fsem where, ¢ = ((1, 0), (0, 0)) and e, = ((0, 0), (1, 0)).
Then, (z,0)(y, v) = (zy, vz), and a direct computation of

vr = ((f47 0)7 (f5) 0))((2:1 7f1); (sz )f2))
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shows that vz € F***%. Since, zy € F*, the product (z, 0) (y, v) defines the map
(5.10), and this ends the proof.

6. Construction of some normed maps

In order to have a simple and uniform statement about the norm used in
every subspace F? of F™, from now on, we make the following assumption. The
elements 6., + - - , 0, of F employed to construct the G,’s are all equal to —1. Hence,
by induction, it follows easily that ¢ = —1 and that o; = —1, for 7 = 1,

m — 1 (see (4.1)). Consequently, if z = (21, ---, &) iS an element of F”‘
from (4.3), we have that

(6.1) ) =z’ + -+

is the usual norm. Then, a normed map is a bilinear map fulfilling, for the usual
norm, the norm condition (5.2). All our maps will be obtained as restrictions of
@, X @, — @, , for a suitable r.

THEOREM (6.2). We have the following normed maps, gotten as restrictions of
@ X G — @, forr =4,5.

(63) F° X F**—>F", (68) F“ X F*—F%
(64) F° X F°—F"  (69) F° X F®—F"
(6.5) F° X F? - F%  (6.10) F*' X F* - F®
(6.6) F® X F"—>F®  (6.11) F* X F* > F",
(6.7) F® X F*—>F*  (6.12) F® X F* - F".

Proof: Start with the Cayley multiplication F* X F® — F® as a normed map.
Using the construction (5.5), we immediately get (6.3). Again, applying (5.8),
with ¢; = ¢, we have A = 8, and (6.4) follows.

Now, with (6.3) already as a normed map, and applying to it the constructions
(5.5) and (5.6) we, respectively, obtain (6.5) and (6.6).

Again, applying the construction (5.8), with ¢; = & , to the map (6.4), it can
be easily verified that we get A = 10, and hence, (6.7) follows.

The map (6.8) is obtained by using the construction (5.5) in (6.4).

The map (6.9) is a restriction of (6.6). We will show directly how it is con-
structed. Let wy = ((21, ¢1), (f1,0)) and w, = ((22, f2), (g2, 0)) be two ele-
ments, where f1,f: € Go = F, q1, ¢: € @ and z1, 23 € @3 . The w, and w., repre-
sent, respectively, the form of the elements in the left and in the right factor of
F¥ X F®. 8etyy = (@1, @1), %2 = (22, f2), 22 = (f1,0) and 2 = (g, 0). Then,
w, = (41, 21) and wy, = (2, 22). Obviously, we have all the conditions of (3.4)
fulfilled and also ©(w;, ws) = 0. The product wyw, defines the map and we only
need to prove that wyw, € F*. We have

wiwe = (Y1, 2) (Y2, 22) = (Y12 — 221, 2201 + 2152),

and yw: — %z € F*°. Now, for the second component we have zy; + 21 =
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(quxy + fifs , ugs — fof1), therefore, 21 + 215, € F*, and this ends the proof of
(6.9).

The map (6.10) is constructed as follows. Set, wy = ((z1, w), (f, 0)) and
we = ((22,u2),(q,0)),wheref € F,u1,us € G1,q € Gzandx, , x5 € @; . Clearly,
wy € Fland we € FA T ys = (@1, w), 92 = (22, u), 2 = (f,0) and 2z, = (g,0),
then wy = (y1,2) and w2 = (¥2, 22). Again, we have all the conditions of (3.4)
fulfilled and O(w,, w:) = 0. As before, the product wyw, defines the map and
we only need to verify that wmw, € F®. This follows similarly to the preceding
case and the proof is omitted.

To construct (6.11), represent the elements wy; € F* and ws € F*, as follows:
wr = ((#1, w), (fr,0)) and wy = ((22, ), (¢, f2)), where f1, f € Qo,
Uy € @1, ¢ € @ and 2y, 2 € @3, with the last component of x; (7.e., the co-
efficient of ¢) always equal to zero.

Set y1 = (21, %), 92 = (22, ), 22 = (1, 0) and 2, = (g, f2). Then, w, =
(11, 21) and ws = (¥2, 22). The conditions of (3.4) are fulfilled and O(w:, w,)
= 0, hence, the product w,w, defines a normed map.

To show that wuw, € F*, as before, consider the two components of wyw,
= (y1, 2)(y2, #). The first component yy, — Zz € F*°. From the second
component, with a further expansion, we get

2y + af = (gr — wfe + fife, mg + Lifa — uzf1),

where uig + foufs — usfy € F”, since the last component of f;&; is zero. Therefore,
21 + 219, € F¥, and this ends the proof of (6.11).

For (6.12), represent the elements wy € F** and w, € F*, as follows: w;, =
((z1, @1), (f1,0)) and wy = ((22, f2), (g2, f3)), where f1, f2 € G0, 1, ¢2 € @2
and z;, 22 € @3, with the last component of z; equal to zero. We skip the rest
of the proof, since it is similar to the one given for (6.11).

TureoreM (6.13). We obtain the following normed maps, as restriciions of
@r X @ — @, forr = 6,7.

(6.14) F* X F* —>F%  (622) F* X F* >F%,
(6.15) F* X F* >F%  (6.23) F° X F*®—=F",
(6.16) F° X F* - F%  (6.24) F*” X F* - F%,
(6.17) F* X F*®* > F%,  (625) F* X F* - F%,
(6.18) F® X F* - F%¥,  (6.26) F® X F* - F",
(6.19) F° X F* > F®,  (627) F* X F* - "%,
(6.20) F* X F* > F*  (628) F* X F" —F%
(6.21) F® X F° —F®,  (629) F’ X F*—F%,
Proof. Applying the construction (5.5), respectively, to (6.4), (6.6), (6.7)
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and (6.9), we get (6.14), (6.16), (6.19) and (6.20). In the same way, using
the construction (5.6), respectively, with (6.5), (6.6) and (6.8), we obtain
(6.15), (6.17) and (6.18). Again, from (5.5) and (6.17) we have (6.29), and
with (5.6) on (6.19) and (6.20), we get (6.27) and (6.28).

The construction (5.10) applied to F* X F* — F® and to (6.4), gives, respec-
tively, the maps (6.21) and (6.24).

To establish (6.22) we use (5.8), w1th & = &, on the map F* X F" — F%,
given by (6.6). If wy € F*® and w, € F*, we have ws = ((z1, f1), (22, f)) and
W = ((x37 174), (f3; 0))7 where f1)f2:f3 € @ and 1, To, T3, 21 € Qg . Then,
if u, v € @1, we have that vwy; 4+ ww, € F*°, consequently, A = 26 and (6.22)
follows.

To prove (6.23), restrict (6.6) to F*' X F'" — F®, by taking wy = ((21, f1),
(22, 0)) and w, as above.

Now, using the construction (5.8) on this restriction, we get that
vwy + uw, € F*, therefore N = 24 and (6.23) follows.

As before, using (5.8), with ¢; = &, on (6.18) and on its restriction F** X
F™ — F* the cases (6.25) and (6.26) are proved in a similar form. We omit the
details and this ends the proof of (6.13).

The following is a table of the first bilinear normed maps of the form F* X F?
— F*, known to exist.

(6.30) Normed maps of the form F* X F* — F*

P S P S P s D L s’
1 1 9 16 17 32 25 104
2 2 10 16 18 50 26 112
3 4 11 26 19 56 27 112
4 4 12 26 20 64 28 128
5 8 13 28 21 64 . .

6 8 14 32 22 86

7 8 15 32 23 94 . .

8 8 16 32 24 104 36 128

The first eight maps of this table are constructed using the multiplication of
@, for r < 3. The other maps are obtained from (6.2) and (6.13).

7. Some general formulas

We will establish certain general formulas about families of normed maps.
The construction is by induction, as follows. Let @ = (a1, -+, a7, -++), b =
(b1, -+, b, ), ¢c = (c1,-+-, Cry---), be three given sequences, where
each of the elements a, , b, , ¢, is either zero or one. Consider the constructions
(5.5), (5.6) and (5.8) where, for simplicity, the last one is always taken with
€; = & . Starting with the tern (as, b1, ¢1) and with the normed map ¢:F* X F*

— F®, given by the multiplication of @; , first, apply to ¢ the construction (5.5)
if a; = 1, or “the identity construction’ (to leave it as it is) if a; = 0. In this



70 " JOSE ADEM

form, we get the map ¢ and ¢’ = ¢ if a; = 0. Then, using b; and (5.6), do the
same to ¢ to have the map ¢”. Finally, with ¢; and (5.8), and using this method
on ¢” , we obtain the map ¢, . We will regard ¢, as determined from ¢ by the
tern (ay, b1, ¢1), and this begins the induction.

Now, suppose given ¢,_; . The 7™ step of the induction is accomplished ap-
plying the above procedure to ¢,1 and the tern (a,, b, c.), to get the map ¢, .

Before writing a formula for ¢., we will work an explicit expression for ¢; .
In order to avoid the indexes, set a1 = @, b1 = Band ¢; = .

TaeorEM (7.1). The ¢1 constructed above produces the following normed map,

o1 F25(8+a)+2‘y X F2a8+ﬂ+2—y N F2a+ﬂ+7s—ea,37

obtained as a restriction of Gs X Qs — Qs , for s = a + B + v + 3. We recall
that each a, B, v s either zero or one.
Proof. As above, using (5.5) combined with «, on the map ¢, we get
¢,:F8+a X F8+8a N F8+8a‘
Since @ = 0, 1, we have that V
(7.2) 2°=1+4 a.

Hence, ¢ :F*** X F*® — F* If wy € F*** and w, € F*®, then wy = (z, of)

and w, = (y1, ays), where 21 , 11, 42 € F*and f € @p.If @ = 0, then we identify

z with (z, 0) and y, with (y1,0). We have ¢ (W, we) = Wyws and ww, € F*°,
NOW usmg (5 6) combined with 8, on ¢, we obtain .
¢// L itet@+aB X S F2a8+2a8,3

and, after simplifying this expression with the identity (7.2), we have
¢” . Fzﬂ(s+a) X F2as+,3 N F2a+ﬂs

If w € FP® and wy’ € F*°HF , then

(7.3) w' = (a1, afr), B(x2, afz)),

(74) wy = ((41, aya), B(fs,0)),

where 1, @2, Y1, 32 € F* and fi, fo, fs € @o. Then, ¢” (wy, wy’) = wiw, and
r pa+Bg

W1 We E F .
Finally, using (5.8) combined with v, on ¢”, we get

28 (8-+a) +2 208 2 2atBg4n
6 F (s+a)+~/><F +ﬁ+7——>F +’

where the number A = )\(F2ﬂ(8+°‘), F*** &) is as in (5.7), and needs to be

computed.
If w” € FPOY 9% and w,” € P47 then
(75) wl” = [((271 ) af1)7 ﬁ(mZ ) afZ))y ’)’( (21', O)a (07 O))L

(7'6) w2” [((y17 ay2), B(f3 ) O)), 7((22) 0)’ (0, O))L
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where the first two parts of w,” and w,” are asin (7.3) and (7.4),and z ,2 € @ .
With the correct inclusions, we can write w" = (wi, va1), wy’ = (wy, v22),
and ¢1(w,”, ws") = w"wy". Now,

n " 4 4 - 4 -7
wy we = (W Wy — vE&, yeawr + yabs ),

with wy'wy — v € "% and v(zwy + 2w ) € F*, where M is the dimension
of the smallest subspace containing the general term v = v(zawy + 2, ). A
direct computation gives

v = v[(z2t1 + 2191, a(fizz — y221)), (B(222 — fsz1), aBfo?e)],

and an inspection of the above expression, shows that X = v(8 + 8a + 88 + 2a)
Then, using identities of the type (7.2), it follows that

A= 8y(1+ a)(1 + B) — 6aBy = 8v2°7 — 6aBy.

Hence, 278 + A = 2°7%78 — 6apy, as stated in the theorem.

From (7.5), (7.6), it follows that the total dimension of the vector space
used is not greater than 64. In terms of «, 8, v, this dimension is equal
to8l+a+8+a8)(1+7v) = QothtYHs Therefore, the normed map ¢, is
a restriction as pointed in the theorem, and this ends the proof of (7.1).

The following remarks can be made. If we consider all the possible values of
a, B, v, the formula in (7.1) covers eight cases. Of these, only four are relevant
and have been already established. They are (6.3), (6.4), (6:6) and (6.22).
Some of the other cases, as (6.7) and (6.8), will be obtained with the next

map ¢s .

Now, we will consider the general case. As before, let a, b, ¢ be three arbitrary
sequences formed by zeros and ones. For every nonnegative integer r we will
define the functions &,(a, b, ¢) and ¥.(a, b, ¢) by induction, as follows. First,
&(a, b, ¢c) = ¥(a, b, c) = 8. '

Then,
(7.7) &,(a,b, ¢) = 2 [®ra(a, b, ¢) + @] + 2¢,
(7.8) ¥.(a, b, ¢) = 2"V, 4(a, b, ¢c) + b, + 2¢,.

Let ®,(2a, b, ¢) and ¥,(a, 2b, ¢) represent the values obtained by formal sub-
stitution in (7.7) and (7.8) of the sequences (2a, b, ¢) and (a, 2b, c), where
20 = (241, 205, ---) and 2b = (2by, 2b,, - --). Again, by induction, we define
the function A,(a, b, ¢), as follows: A¢(a, b, c) = 8 and, forr > 1,

(7.9) As(a,b,c) = 2" A, + ¢ [2%®, 1(2a, b, ¢) + 2°¥,_1(a, 2b, ¢)
+ 2ab, — 8 — 237171 (ai + b + ¢)].

As a generalization of (7.1), we have the following

TreoreM (7.10). There is a normed map ¢,:F§’(a'b'c) X Frren _ pretete
obtained as a restriction of Gs X Qs — Qs , where s = 3 4 D imy (a; + b + ¢2).

The proof is by induction and requires analogous work to the one developed
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for (7.1). The long expressions, like (7.9), make the proof somehow involved,
and for this reason it is omitted.

Many of the normed maps of (6.2), (6.13) are obtained from (7.10), for
r = 1, 2, with suitable values of a, b, c. However, when r increases, the A, be-
comes “big” and, in general, (7.10) may not be efficient enough for constructing
normed maps. Perhaps this is so because we consider only normed maps that
are restrictions of the multiplication of an algebra.

8. Discussion of some problems

Let ¢:F? X F? — F* be a bilinear map and set zy = ¢(z, y). The map is
said to be nonsingular if zy = 0 impliesz = Oory = 0.

If F is a formally real field and if the norm is as (6.1), then, it follows that
every normed map can be regarded as a nonsingular bilinear map. In fact, if
zy = 0, then n(zy) = n(z)n(y) = 0, hence,z = 0ory = 0.

The following problem was considered by Hurwitz in [8; p. 570]:

(8.1) Given the integers p and q, determine the smallest integer k = a(p, ¢, F)
for which there is a normed map F? X F* — F".

On the other hand, related to some problems in algebraic topology, the fol-
lowing similar question has been considered (cf. [2], [12], [13]).

(8.2) Given the integers p and q, determine the smallest integer s = B(p, q, F)
_for which there is a nonsingular bilinear map F* X F*— F°.

We-write a(p, ) = a(p, g, R) and 8(p, g) = B(p, g, R), for brevity, if F = R
is the real field. Clearly, if F is formally real, from the above remark, it follows
that a(p, ¢, F') > B(p, q, F). So, for the real field, we have

(8.3) a(p, q9) = B(p, Q).

Usually, to compute 8(p, ¢q), we first construct a nonsingular bilinear map
R? X R* — R’ and then prove that s — 1 < 8(p, q). Regarding this second
part, the following theorem of Hopf gives a necessary condition for the number

B(p, 9). .
TarEOREM (8.4). If s > B(p, q), then the binomial coefficients (:) are even
numbers forall s — p < 1 < q.

The original proof of Hopf was one of the earliest applications of the cohomol-
ogy ring of a space ([7], [10]). Later, an algebraic proof was given by Behrend
([4]), using the theory of intersections for algebraic varieties, and extending the
result for real closed fields.

Now, we will indicate some special cases where a(p, q) has been determined.
As defined in [1; p. 625], let ¢(n) be the number of integers ¢ with 0 < ¢ < n,
andt =0, 1,2 or 4 (mod 8). Then, if ¢ = 2*®, from the known facts about the
Hurwitz-Radon maps ([6], [8], [14]), it follows that a(p + 1, ¢) = ¢. In par-
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ticular, if p = 8, then ¢(8) = 4, and we have R’ X R' — R'® where (9, 16)
= 16 (cf. (6.3)).

For p = ¢, we have that, a(1,1) = 1, «(2,2) = 2, a(3,3) = a(4,4) = 4,
a(5,5) = a(6,6) = a(7,7) = a(8,8) = 8 and «(9,9) = 16. The maps
of the assertions come from the classical normed algebras, excepting the last
one that is obtained as a restriction of R’ X R'® — R' (cf. table (6.30)). In
these cases, (8.4) can be used to verify that they occur in the smallest possible
dimension. For example, we cannot have 15 = «(9, 9) > 8(9, 9), since in
(8.4), the first binomial coefficient (%) is an odd number.

These normed maps were known since 1922. It seems that the first new normed
map R® X R — R' was given by Lam in [11; p. 424] (see footnote at the
introduction) and, essentially, it is like our map (6.4). Clearly, a(p, p)
< a(p + 1, p + 1), therefore, (10, 10) = 16. If F is any field of characteristic
different from two, from (6.4) it follows that «(9, 9, F) < «(10, 10, F) < 16.
In general, in this case we cannot apply (8.4), and we have the following

Problem (8.5). Is a(9,9, F) = «(10, 10, F) = 16?

The same question could be asked for other normed maps. For example:
Is a(5, 5, F) = 8? I do not know the answer, even if F is the Galois field GF(3),

Problem (8.6). Find the values of «(11,11), (12, 12) and «(13, 13).

It was established by Lam (loc. cit.) that 8(11, 11) = g(12,12) = 17 and
B(13, 13) = 19. We like to remark that the second part of the proof of these
cases cannot be handled with (8.4). With base on (6.7) and (6.9), we congjecture
that (11, 11) = «(12,12) = 26 and that «(13, 13) = 28.

Finally, from (6.6) and with the help of (8.4), we can prove that «(18, 17)
= B(18, 17) = 32. Here, we conjecture that (14, 14) = (15, 15) = «(16, 16)
= 32, where the maps are gotten as restrictions of the normed map (6.6).

Appendix
9. The associator

Let @ be an algebra, with an involution, over a field F. By the Cayley-Dickson
process construct the algebra 8 = @(8), where 6 % 0 is a fixed element of F.

Given z = (a, @),y = (b, 8), z = (¢, v), elements of B, we will write the
associator (z, y, z) explicitly, using associators and commutators on the ele-
ments a, b, ¢, &, B, v in Q.

Let A, B, C, D be defined as follows:

A = (a,b,¢) + 6l(¢c, 8, @) — (b,7,@) + (1,8,0) — (v, ,D)],
= 0(—la, 78] + [b, 7a] — [¢, Bal),
—0(a, B,7v) + (&, b,¢) — (1,b,a) + (B, ¢,a) — (B, a,c),
ofb, ¢] — Bla, ] + vla, b] + 6(vIB, ] + [v, of)).

B
c
D
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Then, we have
(9.1) (z,9,2) = (A+ B,C + D).

To establish this, write (zy)z — z(yz) explicitly in terms of the elements of
@. Then, to have only associators and commutators use seven trivial identities
of the following type (we only write three of them, since the other four are
similar):

(CE)a - (6_&)0 = (67 E} a) + [C, 5“]7
(B¥)e — 7(ab) = (7, ,0) + (5,7, ) + [}, 74,
7(Ea) - a(E’Y) (a7 B_; 7) + 7[57 a] + [77 OCB_].
Finally, remove bars from associators and commutators, accordingly with
(2.5), (2.6), and (9.1) follows.
Considering particular cases of (9.1), we get
(9~2) (277 x, y) = (((I, a, b) + 0(b7 «a, a) - o(ai B, a); - o(a; a, ﬁ)
- (67 a, a’) + (ay b: a));

(9'3) (?/, z, 23) = ((b: a, a) =+ 0(“7 a, b) - 0(a, B, a’); - 0([”7 a, a)
+ (By a, a) - (Ot, b, a));

(94) (2,9,2) = ((a,b,a) + 0[(a, B, @) + (@, B,a) — (b, a, @)
- (a7 Qa, b)]: 0)

Using the first two of these expressions we will establish the following result
due to Albert ([3]; p. 172).

LEmMMA (9.5). The algebra ® = Q(8) s alternative if and only if the algebra @
8 assoctative.

Proof. Let @ be associative, then from (9.2), (9.3) we have that (z, z,y) =0
and (y, z, z) = 0, therefore ® is alternative. Now, suppose that ® is alternative,
we have (z, z, y) = 0, and from (9.2) with 8 = 0, it follows that (e, b, a) = 0,
so @ is associative.

In a similar form we will now prove the following lemma due to Schafer
([15; p. 437]).

Lemma (9.6). The algebra ® = G(8) s flexible if and only if the algebra @ is
flexible.

Proof. Since @ C @(6) as a subalgebra, one part of the statement follows.
For the other part, if @ is flexible, from (9.4) and (2.8) we have (z, y, z) = 0,
and this ends the proof.
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