PROJECTIVE STABLE STEMS OF SPHERES

By R. JaAMES MILGRAM, J. STRUTT AND P. ZVENGROWSKI

1. Introduction

Let P™ denote n-dimensional real projective space, and c:S™ — P" the
double covering map. We shall say that a class [ f] in 7, (X) is projective if and
only if there is a homotopy commutative factorization

f
S"— X
cN
Pﬂ.

We then denote the subset of projective homotopy classes of , (X) by 7,"*(X).
This clearly contains the zero class, and if X is an H-space or if n is in the
stable range (n < 2m — 1 where x is (m — 1)-connected), 7,”"(X) is a
subgroup of 7, (X).

The notion of projective homotopy class was first considered by J. H. C.
Whitehead ([18]) (he called f a “symmetric map”). Whitehead proved that if
7n+1(S™) contained a non-zero projective class, then n + 1 = 3 (mod 4). The
same result was also proved by Conner and Floyd ([7]). Since then, 7,27 (S™)
has been computed through the 3-stem by Bredon ([5], [6]), Rees ([12]), and
the second author ([15]), all using different methods. (Bredon considered a
more general problem about Z;-equivariant maps; his results extend through
the 6-stem. Rees obtained results for the non-stable case as well.) Projective
homotopy classes were later used by Zvengrowski ([19]) to study skew linear
vector fields on spheres. In this connection, the second author was led to
compute the projective homotopy of certain Stiefel manifolds ([16]).

The aim of the present note is to extend the computations of 7,.s"™ (S™)
(in the stable range) to much higher stems. The method applies S-duality to
reduce the problem to one concerning the stable homotopy of truncated
projective spaces and then makes use of Mahowald’s calculations for these
spaces ([10]). Results are obtained for the 2-primary component of 7,+,"" (S™)
through the 20-stem, and are listed in Tables I and II. Recently, the projective
homotopy of spheres has also been studied in [21], [22], [23].

2. S-duality

We ask which classes [ f] in 7. (X) admit a factorization
f
S*"—- X
cN
P~
48
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For X (r — 1)-connected, this is equivalent to admitting a factorization
f
S*— X
e\
P

where P, denotes the truncated projective space P"/P"~! (this follows from
the fact that [P™!, X] is trivial and from the homotopy extension
property). Thus in the stable range, e.g., n < 2r — 1, 7," "X is isomorphic to

Im(c*: {P", X} - {S", X}).

LEMMA (2.1). Let p: P,"** — 8™ be the map given by pinching P,” C P,**!
to a point. Then, assuming n < 2r — 1,

7 (X) = Ker[ p*: {S™*!, SX} — {P"*', SX}].
Proof. Consider the Puppe sequence

Sc

Sn c_)Prn__) Prn+1£_) Sn+1 iSP,-n—> e
and apply the functor {—, SX}, thus obtaining an exact sequence

# #
P+ sxy s sxy 59 gpn xy.

Then 7,7 (X) = Im ¢* = Im(Sc)* = Ker p*.
THEOREM (2.2). If n < 2r — 1 and X is (r — 1)-connected, then

,”nPTOj (X) 'z Ker[(J/\ 1)* TTM—2 (SM—n—2 /\ X) —> TMmM-2 (PM—n-Z /\ X) ],

where M is any sufﬁcieritly large power of 2 and J:S™ "% <« Py_n—s is the
inclusion map into the bottom cell.

Proof. Recall that the (M — 1)-dual of P,"*! is Py, "%, where M is
divisible by the order of the canonical line bundle £,4+1-, in J(P"*'™") and
M —n —2>0 (ctf. [4]). Since this order is a power of 2 ([1]), one can simply
take M to be a sufficiently large power of 2. Also, the (M — 1)-dual of the

. p . . . S o
projection map P,"*'*> P,.,"*'=8"*!is the inclusion S¥ " 2— Py,_,_ M "1

into the bottom cell.
We now have the following communtative diagram, where the vertical
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isomorphism are given respectively by (M — 1)-duality, stability, and the
cellular approximation theorem:

#
{Sn+1, SX} L {Prn+1’ SX}
= =
{SM_I, SM—n—2/\ SX} _(J/\—l)#) {SM_I, PM—n-ZM_r_l/\ SX}

I f
A1
{SM_2, SM—n—?,/\ SX} (_J_)#) {SM—2’ PM_n_ZM—r—l/\ X}

Tu—2(SM " PA X} ——— o (Py—n—2"TIA X)

By 2.1, 7™ (X) = Ker p* =~ Ker(J A 1),.

COROLLARY 1. Let a € 7, (X) be represented by f: S™— X. Then a € 7,”™ (X)
if and only if (J A f):S™ ' — Py_n—1 A X is null homotopic.

COROLLARY 2. Fork<n — 1,

ek T (S7) = Ker[d, : Ta—n—2(SY " *%) 5 mar_n_s (Pr—n—-2)]-

The Adams spectral sequence can now be used to compute Ker J,. For this,
we make extensive use of Mahowald’s computations of 7n.:(Px), particu-
larly his tables of Exts(H*(Py), Z;) in order to see which elements of
Ext4 (H* (SY), Z;) map to 0 under J (see §4). First, however, we deduce several
properties about projective stable stems which will shorten the computations
described in §4.

3. Some preliminary results

THEOREM (3.1). (i) Suppose n + K is odd. Then 2-m,x(S™) C mnert ™ (S™).
(i) Tasn"™(S™) =0 for k + 2 <p(n + k + 2), where p is the Radon-Hurwitz
function (p(m) = 8a + 2° where m = c2***® with c odd and 0 <b < 3).
(ili) On the 2-primary parts, .47 (S™) = 7ar(S") for 2 < bk + 2 <
p(n+k+1).

Proof. For (i), it suffices to observe that when n + % is odd, the composition

Sn+k E_’Pn+k — Pn+k/Pn+k—1 _ Sn+k

has degree 2 and is clearly projective. So if [f] is any class in 7,,+x(S™), the
above composition followed by f represents 2-[f] and is projective.

For (ii), we consider the vector field problem. When & + 2 < p(n + k& + 2),
the fibration Viirsors2e — S™**! has a cross section (i.e., S"**' has & + 1
orthonormal vector fields.). If n is large, this is equivalent to P,”***! being
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reducible ([9], Chapter 15, or [11]). Taking S-duals, this is equivalent to
Prrn—2"""! being coreducible. Clearly, this implies that Ker J, = 0.
(iii) is proved in [22], using the Kahn-Priddy theorem.

Remark. In Table 1, statement (ii) above amounts to saying that zeroes
occur along the diagonals n + £ = s.2" — 2, sodd, for 0 < k < p(2™) — 2.
Similarly, the adjacent diagonal n + k& = s.2™ — 1 will contain the entire 2-
primary part of 7,+:(S™), 1 < k < p(2™) — 2. This implies the corollary.

CORQLLARY 1. Any class in m.(S°) having even order, k > 0, is realized in
Tnrr T (S™) for suitable n.

Indeed, we need only choose m so that 2 < p(2™) — 2 and then take n = 2™
—1-*F

COROLLARY 2. Any class in mx(S°), k > 0, is realized in m,x*"(S™) for
suitable n (see also [22]).

Proof. Choosing n as above, 7. "(S™) will also contain odd order elements
since n + k& is odd here and (i) above applies. Since 7,+:"™(S™) is a group in
the stable range, Cor. 2 is proved.

THEOREM (3.2). Let i(k) denote the qrder of J(P**'). Then if [f] is an
element of the projective k-stem, so is [S"*f], where S denotes suspension.

COROLLARY 3. 7n425™(80) = Tpinsicr) T (SR,

Proof of 3.2. Suspend the map p in the Puppe sequence (2):

+k+1 r+n+k+1
S™P," — SRR

and also consider the same map p in higher dimension:

P . r+n+k+1 — Sr+n+k+1
r+n .

Notice that both maps are quotient maps collapsing the next to top skeleton.
The spaces S"P,"***! and P,+,"*"***! are equal to the Thom spaces T'(nés+.+r)
and T'(r+n)&x+1), respectively, where £5+1 is the canonical line bundle over P**!
and r is the trivial bundle of dimension r ([8], Chapter 15, Theorem 1.8). If
is a multiple of i (%), then J((r+n)ée+1) = J(n€r+1) (= J (n€r+1+r)), so that by
Proposition 2.6 of [4], the two Thom spaces have the same stable homotopy
type. The dimensions are the same, however, and we are in the stable range,
so the Thom spaces in fact have the same homotopy type; i.e., S"P,"***! =
P,..,”""***1 Furthermore, the following diagram commutes up to homotopy:

r
rp n+k+1 S b r+n+k+1
S'P, S
n

_—

n Il

P r+n+k+1 p Sr+n+k+1
n > .
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This can be seen by cellular approximation since the horizontal maps collapse
the (r+n+k)-skeleton.

The result now follows, since 7,..""(S") = Ker p* (see 2.1).

Since J(P**') = KO(P*?') = Zyu+v ([1], Example 6.3, and [2], Theorem
7.4), we conclude that the projective k-stem has periodicity 2/**%.

4. Computation of 7,.,"™(S") (2-primary part)
In the stable range, the exact homotopy sequence of
J

SN"—’PN—) Py,

together with Theorem 2.1, implies that
st ™(S") = Im[8 : 7nrrr1 (Prs1) = maer(SV)].

Mahowald’s tables [10] also include this exact homotopy sequence together
with Im §, at least for stems 15 to 28. The exact homotopy sequences in stems
below 15, together with Im é, are a routine calculation based on the knowledge
of the groups 7,(S°), 7,(Px) (cf. also [8]). Thus the groups 7, "(S™) are
known through % =< 28.

Example: For n = 5(16) and 2 = 15 < n—1,
7Tn+kProj(Sn) = Im[s : 7Tn+15(PN+1) - 77n+15(SN)],

where N=M — 5 — 15 — 2 = 10(16), 80 715" "(S™) = Z, is found in the table
for Py [10]

We are not only interested in the subgroup 7,++"*(S™) but in the generators
as well. Thus, in the above case, 7,+15(S™) = Zsz @ Z2, SO 415" = Z; C Zsy
+ Z, is not in itself sufficient to determine this subgroup uniquely. Such further
information can often be obtained by an examination of the spectral sequences
in [10].

Elements in Ker ¢/, can be found by first computing

Ker[J,: Exta(H*(8Y), Z;) — Exta(H*(Py), Z2),

i.e. finding the kernel of the mapping induced by J on the E; terms of the
Adams spectral sequences for 7,(S") and =, (Py). Ker J, can then be found,
taking care to note that if Jx(a) = 0 then the homotopy class corresponding to
a might map under J, to zero or to a non-zero class of higher filtration.

The Kernel of J, is computed from Mahowald’s spectral sequences, which
actually give the E;s term of a spectral sequence which converges to
Exti(H*(Pn), Z2). The E;-term of this spectral sequence is

Er*" = Va0 Exta® (H*(SY*5), Z,)
= Vw0 Exta® *(H*(SY), Z5)
= ZkaOHs't_k—N(A)-
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Given an element a in H***™(A), the corresponding element in E;*’ is
denoted xa or ag. Clearly, the map

Jyu :Exta(H*(SY), Z2) > Exts(H*(Py), Zs)

sends a to oa. Thus, Ker J4x can be found from the spectral sequence for Py by
seeing for which elements «, o« does not survive in the spectral sequence. Note
that this can only happen when oa is hit by a differential in the spectral
sequence (c.f. [10], p. 27). It is also important to note that occasionally there
may be a relation and o« can be listed as an element under a different name
with the same s, ¢ coordinates.

Having found Ker Jx in this way, one then takes into account the Adams
differentials, if any are present, to see if oa survives to the E, term of the

TABLE 1I
Projective Generators in 7,+(S™)
n=0 (16) 1 2 3 4 5 6 7
k=0 0 2hy 0 2hy 0 2ho 0 2ho
1 0 0 hy 0 0 0 hy 0
2 0 hi* h* 0 h® A’ 0
3 2hs 4h; 2h; 0 hs 4h; 2h. 0
6 0 hy’ 0 ko Ry 0 0 0
7 2hs 0 2h; 0 2hs 0 2hs 0
8 Dy 0 0 hihs 0 0 hihs
Co Co Co
9 Dy h12h3 + hico h12h3 hx2h3 1] h12h3 h12h3
hl()o h]Co h] Co hlc() h1Co
P 1h1 P 1h1
10 0 hi(P1hy) h(Phy) O 0 h(Pihi)  hy(Prhy) O
11 D11 4P1h2 P1h2 O P1h2 4P1h2 P1h2
4 0 hs’ 0 0 0 hs® + 0 hs® +
do
15  Dis 2h, 0 hs 2h4 0
hido huido hudo hds
16 D]G 0 0 Plco Plco 0 0 Plco
h1h4 h1h4
17 Dy 0 hiha h’hy 0 hihy hihs
e-o éo éo +
hi(Pico)  hi(Pic))  hi(Pico) + hi(Pico)  ha(Pico)
Pyhy Poh,
18 0 h1(P2hy) hi(Pshy) 0 hi(P:hy)  ha(Pohy)
2hoh 4hshs 2hohy hahy 4hohy 2hshy
19 Dy 4(Psh,) Poh, 0 Pyh, 4P5h, Psh, 0
1 (5] C1

20 0 28 0 g 48 2g 48 28




PROJECTIVE STABLE STEMS OF SPHERES 55

TABLE II (cont.)

8 9 10 11 12 13 14 15
k=0 0 2h, 0 2hy 0 2hy 0 2hy
1 0 0 h 0 0 0 hy 0
2 0 h? h? 0 0 h® A’ 0
3 2h 4h, 2hs 0 hs 4h, 2hs 0
6 0 hy® 0 hs? hy? 0 0 0
7  hy 0 2h; 0 2h; 0 2hy 0
Co Co Co
9 hihy hlhs + hico  hi*hy hi*hs hi*hy hi’hs
hico hico hico hicy 0 hico Rico
Pk, Pk,
10 O hi(Phy) h(Ph) O 0 hi(Pih) hi(Pihy) O
11 P]hz 4P|h2 Plhz 0 Plhz 4P1h2 Pihs 0
14 0 do 0 0 0 0 0 0
15 hy 2h; 0 hy 2h, 0
hidy hdy hudy hdy hudo
16 P|C‘0 0 0 P]Co P]Co 0 0 PlCO
h1h4 hlh4
17 hi’ha hi’h hi*hy hihy
&o 0 €o 0 eo e+
hy(Pico) hi(Pic))  hi(Pico)  hi(Pico) + hi(Pico)  hi(Pico)
Psh, P;h,
18 0 hi(Pshy) hi(P2hy) 0 hi(Pohi)  h(Pahi) ¢
2hshy 4hohy 2hohy hahy 4hshy 2hshy
19 Poh, 4Ph, Psh, Psh, 4Ph, Pshsy
0 C 0
20 0 2g 0 g 4g 28 4 2

Adams spectral sequence. Here oo might vanish by virtue of being a boundary
or by not being a cycle. If ja survives to E., then the homotopy class
corresponding to « cannot be in Ker /,.

Finally, extra care must be taken with the case n = 0(16), where Adams
differentials on the class I+ give rise to groups A and B in [10], which depend
on m, where n = 2™(2™*"). These groups in turn effect Im § and this effect is
not shown in Mahowald’s tables of Im é. It can usually be computed from
Theorem 7.4 of [10] (or Prop. 7.5, but the definition of A, there is incorrect).
For % < 13 one can also compare with [8], Table 2.

Table I lists the groups mn+x™(S") for 2 < 20, and Table II lists the
generators of these groups as far as possible. In some cases Jx (a) = 0 for an
element « € Exta(H*(SY), Z:) but J, (@) = J,(8), where B is a class in
Exts(H*(S™), Zy) of filtration higher than that of «, and &, B are the corre-

sponding homotopy classes. In this case the class @ + f is projective rather
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than a. This information is not carried in the Adams spectral sequences,
although sometimes it is derivable in other ways. For cases where we cannot
decide we simply list the projective generator as a+ (usually omitting the bar).
In §5 sample computations of the generators are given for the 16-stem.

5. Sample Computation: £ = 16
For £ = 16 one has N= (14 — n) (mod 16). Thus,

7Tn+16Pr°j(Sn) = Ker [J, 17TN+16(SN)—> 7n+16(Pn)]

Im [8:7n+17(PN+1) = 7+16(SY)]

The stable 16-stem is Z, + Z,, with generators kA4 and P;co in Mahowald’s
notation (n* and np respectively).

For n =1, 2, (mod 4) we find Im § = 0, while for n =3 (mod 4) Im 6§ =
Zy + Z,, so in these cases the choice of generators is trivial. When n =4, 8, 12
(16), we have N = 10, 6, 2, (16) and in each case Im 8 = Z,. Now P;co has
filtration 7, and in each of these cases the spectral sequence reveals no term in
degree 16 of filtration 7. Thus J«(P1ce) = 0 here. Finally, since there are also
no terms in filtration greater than 7, J, (Pico) = 0 so Pico is the projective

generator here.

Now consider the case n = 0 (16), i.e. N = 14 (16). In this case the class
o( P1co) is a non-zero class in the E; term, as can be verified by checking all the
possible differentials 8,” up to this stage. Indeed,

~o(P1co) = h02(5Plh2)f

However, o(Pico) is generally the image of an Adams differential as seen from

TABLE II'
0= [ TP n = 15(32)
n = 31(32)
{ h]ha m=4
m>4 where n=2"@2"")
{ hi*hs, haco m=4,5
hi®hs + hico m>5
{ Pih, m=4,5,6
2P h, m>6
{ hldo, h4 4=m=7 . (ﬁ4 = h03h4)
h]do, 2h4 m>"17
{ Pico ) 4=m=38
m>8
{é , h1(P1co) + 4=m=9
m>9
{ P2h2 4=m=<10




PROJECTIVE STABLE STEMS OF SPHERES 57

[10] Theorem 7.4 and Prop. 7.1 In the notation of [10], 2 = 17, ¢ = 8, and n
- =92™(2™"") here. We then see that

Sm- 1(h08_m11/) = O(PICO)

" as long as 8 — m = 0. Thus 7,167 (S”) = Z,, generated by Pico, in these
cases. However, if m > 8, then no Adams differential hits o( P;co) and it follows
that 77,‘+15?‘°’( S™) = 0 here.
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