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ON THE GROUP OF CONTACT DIFFEOMORPHISMS OF R**!

BY AuycusTIN BANYAGA* AND JaVIER PULIDOY

1. Introduction and statement of the result

Let M be a smooth connected manifold of dimension 2n + 1, n = 1, equipped
with a contact form, i.e., a 1-form w such that w A (dw)” is everywhere nonzero.
This form defines on M a contact structure {2]; the group Diff(M, w) of
automorphisms of this structure, called here the group of contact diffeomor-
phisms, is the subgroup of the group Diff(M) of C*-diffeomorphisms of M
whose elemeénts preserve w up to a positive function.

The Euclidian space R***! has a contact form w = = x.dy; + dz in coordinates
(x1, ==+ Xn, Y 20y Yns Z) on Rﬂ"-ﬂ

Denote by Diff,(R***', w) the subgroup of Diff(R***!, w) consisting of those
élements 4 isotopic to the identity through isotopies A. belonging to Diff(R***",
w) and satisfying the following condition (x): there exist constants ¢; and c;
such that: ¢; || x || < || hd(x)|| < cz| x|, for ¢ € [0, 1] and x € R***" with || x| =1,
here |x|P=x2+ - - # x>+ ¥+ i F oyl +

In this paper, we prove the following

TurEoREM. The group Diff, (R, w) is perfect.

The key observation is that the proof McDuff [4] has given of the perfectness
of the group Diff."(R"), r = 0, of C" orientation preserving diffeomorphisms of
R can be adapted to our case. McDuff defines a convenient subgroup L of
Diff,"(R") and proves two facts about L that imply that Diff, (R") is perfect.
Our contribution is to observe that these facts remain true for Diff, (R>**!,
).

The first named author wishes to thank McDuff for having explained to him
the proof of [4] and for other helpful conversations, in particular, she has
suggested the introduction of the condition (x) above. Discussions with Roberto
Mariy6n have been valuable to the second named author.

Finally let us pomt out that Ling [3] and Schweitzer (unpubhshed) have also
proved that Diff,"(R") is perfect.

2. Notation and proof of the result

From now on G will stand for Diff. (R, w) and (%, ¥, 2) for (xi, - - -, X, 31,
“, Yn, 2) € R*™*'. Let « € R, a > 0, we define the “contact homothety” 0,
R*™' — R*™' by: (X, ¥, 2) = (af, of, « 22). Considering a; = (1 — #) + ta, for

t €[0, 1] = I, we see that 0,, defines an isotopy in G from 8, to the identity.
We wish to show that any oin G is a product of commutators of elements of
G. Let o, be an isotopy from o to the identity in Diff(R***', w) satisfying the

* Supported by NSF grant MCS77-18723
T Sponsored by the Universidad Nacional Auténoma de México

43



44 A. BANYAGA AND J. PULIDO

condition (x) in the introduction with constants ¢; and c¢;. See introduction. In
the sequel, we will denote by § and 4, the homotheties 6, and 6, where a =
(2 mazx(cy, ¢z + 1))2

If B is any subset of R**', we denote by B, B, and 4B the topological
interior, closure and boundary of B respectively.

The unit closed ball in R?***! will be denoted by D. Write S = aD; D; = ¢/(D),
D; = §(D) for i = —1. We fix V a “small” neighbourhood of S such that

‘3} N f/} =, when I #], where V=6V, i=-1
We consider also V; = ¢(V), i = —1. By construction: Vy; = Vi, Vairr = 6(V))
and D_, = 7Y(D) g D, =6"D) gD

Now we define L and state the analogues of McDuff's two facts. See
introduction.

L = {h € G|supp(h) C R*™*' — (D, UUZ, V)};
here supp(h) denotes the support of A, i.e., the closure of {x € R**'| h(x) # x).

Facr L. Let [L, G] be the subgroup generated by the commutators lgl™'g™*
wherel &€ L and g € G, then L C [L, G].

Fact II. There exist f, h € G, h € L and f conjugate to an element of L such
that ¢ = h-f.

Clearly these two facts imply the result.

Let A; denote the annulus D; — D;_,, i = 0 and A = A;. We write 07 |4 = yo:
A — Ao and inductively, ¢; = 8¢i_; = 00 A > A;, i = 1.

IfgeLletgd =gls:Ai— Aiand g = ¥ '-g-yirA — A. So we can write
the two sequences (g° g', ---, &% ---) or (g, &1, -+, &n, ---) each of them
completely defining g € L.

ASSERTION 1. If g = (g0, &1, **+, 8n, ++*) € L, then:
oga—l = (e7 80,81 ** > 8ny ** ')
where e = is the identity diffeomorphism of A.

This was proved by McDuff; for completeness, we give again her proof. To
do this, we compute (g6 )|a,,,; if ¥ € Ais1, then §7'(x) € A;, hence g67'(x) =
g'07'(x). Thus: g6 (x) = (Yi-gi- ¥ ) (07 (x)). So

(6867") (%) = [(B4)gi(0) "] (x) = (Y1 8idhirn ™) (),

ie., (g0 ") = Yirr@in1 - Thus (080 ")ir1 = &, for i = 0. Since 6 '(Ao) C D_,,
(68614, = identity and (6g6 )0 = e. [ ]

Using the assertion 1 above we easily prove the fact I. Let g € L, g = (go,
ooy Bn ). I G = (80, 8180, -+, Bn&n-1 + -+ &0, - ), then: g0§7'07" = g. Hence
LCIL, Gl |

Now we recall some results about contact manifolds that can be found in [2]
and we prove some facts we need for the proof of Fact II.
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GROUP OF CONTACT DIFFEOMORPHISMS 45

Let M be a smooth manifold equipped with a contact form w. There is on M
a unique vector field E called the characteristic vector field of w satisfying:
iI(E)w =1, i(E)dw = 0, where i( ) is the interior product operation. If X is any
vector field on M, then we can write in a unique way:

X=fE+ HX)

where fis the function i(X))w and H(X) is “horizontal”, i.e., i(H(X)w = 0. The
vector field fE is called the vertical component of X.

It has been observed in [2] that the map H +> i(H) dw is an isomorphism
from the horizontal vector fields into the semi-basic 1-forms.

If fis a C” real valued map, then one can associate to it a unique contact
vector field

B(f) = f-E + A(f)

where A(f) = a " ((i(E) df)w — df).
Recall that X is said to be a contact vector field if Lyw = p-w, where Lx
stands for the Lie derivative in the direction X, and p is some non negative

function on M.

ProrosiTION. The vertical component of a contact vector field completely
determines it; i.e., if X, and X, are two contact vector fields with the same
vertical component, then they are equal.

Proof. X; = f-E + H(X;), i =1, 2, we want to prove that H(X;) = H(X;). We
have:

Lxw = p;-w  for some functions  p.
Using the classical Cartan’s formula, we have
Lxw = diX)w + (X)) dw
= di(fE)w + (X)) dw
=df + i(X) dw.
Since i(E)i(X;) dw = —i(X;)i(E) dw = 0, we get
I(E)Lx,w = i(E) df
= i(E)(pi-w) = pi.
Now a(H(X;)) = i(H(X})) dw = Laxyw — di(H(X)))w = Lax)w. But:

LH(Xl.)w = inw - L,’Ew = Picw — df
= ((E)df)w — df.
So: a(H(X1)) = a(H(X3)). Thus H(X)) = H(X>). n

If U is an open set in R***! and X is a vector field satisfying the contact
condition in U, then X is determined in U by its vertical component.
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The following is the “contact” analogue of the Palais-Cerf lemma.

LEMMA. Let M be a smooth manifold equipped with a contact form w. Let
h. € Diff. (M, «) be a contact isotopy; let F C M be any closed subset of M,
U c U C W two open subsets such that U.cr h(F) C U. Then there exists a
contact isotopy h: such that h; = h, on F and supp(h;) C W.

Proof. First define a family of vector fields A, on M by:
. dh
he(x) = gt_t (h (), CxEM.

On M X I, consider the vector field
n(x, t) = h(x) + 3/at.

Let ¢ be a bump function on M X I with ¢ =1 on U X I and ¢ = 0 outside W
X I and define

A(x, t) = p(x, t)h(x) + 8/at.

This defines an isotopy &, on M. Let u, = i(h;)w, following the notations above,
we associate to u, a family of contact vector fields B(u,) that defines, in turn, a
contact isotopy A;. By construction, 2, = 8(u,). Since B(u,) vanishes outside W,
supp(h:) C W and by our proposition above, we have: &, = 8(u;) =k, on W. So
ﬁtlU=ﬁt|U=ht|U- ||

As a first application of this lemma, we prove:

ASSERTION 2. If f € G is the identity on N U (UL.V), with N an open
neighbourhood of the origin, then f is conjugate to an element of L.

Proof. Let Ny be a small ball such that No C N N D_,. Let y = 1, such that:
D_, C ,(No) C D —V. Considering the isotopy 8,,, y: = (1 — ) + ty, we see that

Ueer 8,,(No) C 6,(No).

Thus by the lemma, there exists p € G, p = 8, on N, supp(n) C D. It follows
that uf-u' € L. [ ]

We are now in a position to give a

Proof of Fact II. Our condition (x) implies that if Vis “small” enough, there
exist open subsets U, U, i = 0, with:

1) UserodD-y) C U; D,-V.,
2) Urer 0 V2i) C Ui ;'C'é Ki = (D21 — Daic1) — (Vairs U Vi),

By the lemma, there exist fi, ¢ € G such that:
supp(e) C D,-V, ¢=oonD,
supp(f) C K;; fi=oonVyu i=0.



GROUP OF CONTACT DIFFEOMORPHISMS 47

Let f denote the element of G whose restriction fo K;isf. Then f=¢-fE G
has the following properties:

f= identity on V, for ) odd
gon D_; U Ui Vas.

To see that f= ¢ on D_,, it is enough to observe that D_, ; D.,.

Define now A € G to be ¢-f . Thus,

= identity on D, U (UZo V2)
oon Vi, 1=0.

Since Vor, = Vi, B = 0, it follows that A € L.

Choose a point y in V_; and an open neighbourhood N, of y in V_;. Thus N,
lies outside the support of f. By the transitivity theorem of Boothby [1], there
exists a p € G, supp(p) C D — V such that p(y) = 0 € R*™*'. Thus No = (-
p)(Ny | ﬂ supp(p)) is a neighbourhood of 0 € R***', It is clear that uofiic”", where
po = 0 -p, is the identity on No UUZ, Vo = = No UUZ, V.. By our assertlon 2,
MOfMo is conjugate to an element in L. n

COROLLARY. The normal subgroup generated by G in Diff(R™", w) is a
perfect group.
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