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ABOUT A NONLINEAR SYSTEM IN R X R? WITH ONE
DIMENSIONAL CONTROL*

By E. EspiNoOsA, A. PL1S AND R. SUAREZ

0. Abstract

Considering the system
(1) x(2) = ua(t, x) + (1 — w)b(¢, x),
where 0 < u < 1, x (%) = x°, with x € R2 Under certain assumptions in respect
to the rotation of the segment {a(Z, x), b(¢, x)] and the regularity of a(z, x),
b(t, x), we give a local characterization of the structure of the family of
trajectories. For instance we prove the uniform convexity of the accessible sets.

1. Introduction
We can consider the system (1) without controls in explicit form

(2) £(¢) € [a(t, x); b(L, x)], x(t) = 2°,

where the set [a; b] is the closed segment with end points a and b (a, b € R?).
A function x(¢) is called a trajectory of (2) if it is absolutely continuous on any
compact subinterval of I, where I is an open interval, and satisfies condition
(2) for almost every ¢t € I.

By Q(¢), t = to, we denote the set of points x (¢) where x is a trajectory of (2),
this set is called the accessible set of (2) at ¢.

We define

.

Q= {(s,y) ER}|yEQ(S), hss=#§
and call it zone of emission of (2) on [, ¢]
Example 1. Let the system
3) X(t) €[(0, 0); (dt + exz, 1)], x(0) = (0, 0).

It is easy to see that the accessible sets of (3) are like the four cases on fig. 1
that correspond to d > e, d = ¢, d < e and d = 0, respectively

In this paper we are interested in systems with uniformly convex accessible
sets like fig. 1(a).

Definition 1. A compact set M C R is called a lens if its boundary consists
of two simple arches x(7), y(r) € C% 0 < r < 1, x(0) = y(0) 5 x(1) = y(1), with
curvature of opposite sign and such that x'(7)x"(0) > 0, ¥'(7) ¥'(0) > 0 for each
T € (0, 1].

* This paper was presented at the IV Conference on Differential Equations México-USA, held
at the Universidad Auténoma de Sonora (Sonora, México, January 1976).
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Fig. 1

We shall prove the following. For Q(£) (for ¢ close %) to be a lens set, it is
enough to suppose that a(t, x), b(¢, x) € C* and satisfy
Hypothesis G. In the point (£, x°) the following inequality holds

4) det{a-— p, 2 =0 b)}
ox

< det{a—b;———a(a_b)+a—ab—§é-a}'

at 0x ox

where, det{v; u} = viuz — vous, U = (U1, Va), u = (w1, ).
Remark 1. If the functions a, b do not depend on x, we get from (4)

da—b)
T ot

(5) 0<

det{a - b

This condition was obtained by S. Lojasiewicz Jr. (see [1]).

Example 2. We consider the system

(6) y(t) € (y2, —y1) + [(0, 0); (y: cos tsin ¢
+ y2 cos’ t + sin ¢, —y: sin® ¢ — y. cost sin ¢ + cos t)]

where y = ( y1, ¥2) € R%. This system satisfies (5) nevertheless, their accessible
sets are like fig. 1 d.

We shall also obtain results of the following type:

Definition 2. We call f(t, x) a bang-bang control function of (2) with k
changes in [to, to + T, if there is a sequence fo = $o < 81 < +++ < 841 = o +
T such that f(t, x) is equal to an end point control a(t, x) or b(¢, x), on each of
the interval [s;, s;+1], £ = 1, ..., &, and such that any neighboring intervals
equals different end points. We call the corresponding solutions a bang-bang
trajectory with k changes.
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For instance, considering the bang-bang controls without change a(t, x) and
b(t, x), we obtain the system
(7) (@) = a(t, x()),  y(t) = b, y(?)).

And then denote by a(¢; £, x*), B(Z; ¢z, x%) to the solutions of (7) that satisfies
alty; t1, x') = 2% and B(ts; &, x%) = x2.

The bang-bang controls with one change are

_Jat,x) for bhst=r
f(t’x’T)_{b(t,x) for to<t=<t

® b(t,x) for th=t=r
g, x, 7) = {a(t’, x) for Hr=r1=<t
and their respective solutions are given by
©) x(¢, 1) = B(t; 7, alr; b, x°))

¥t 1) = a(t; 7, B(r; to, x°)).

We shall prove that «, 8, x(¢, 7) and y(¢, 7) are the unique optimal solution of
(2) with respect to time.

2. Preliminary Results.
It is assumed subsequently, that ¢ is near to £.

LeEMMA 1. A square P(t) exists, continuous in the Hausdorff’s sense, such
that a (t; to, x°), B(t; to, x°) are opposite vertices of P(t) and it contains Q(t).

Proof. Let £ > 0. Let d be a vector in R? we can define the set
(10) D) ={rd+v(r)|0=r=1, v(r)-d=0 and |v(r)| <ré}
and the system
(11) X(t) € a(t, x) + D(§), x(to) = x°.

It is easy to see (since a(¢, x) is Lipschitzian) that the accessible set of (11) is
contained in the set a(¢; to, x°) + (¢ — %) D (&), where ¢’ > £ and for ¢ close to

to.
Ifd = (1 + &) {b(t, x°) — a(te, x°)}, there exist positive numbers T, M, such

that
(12) [a(t, x), b(t, x)] C a(t, x) + D($),

for t € [to, to + T, || x — x°|| = M. From (12) we have that Q(¢) is contained in
the accessible set of (11) and hence

(13) Q(t) C alt; to, x°) + D(&').
We can do the same for b and obtain
(14) Q(t) C B(t; b, x°) + D' (&').
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Completing the proof.

LEMMA 2. Let the functions Z: (¢, ) — (¢, x(¢, 7)), 2: (£, 7) = (¢, y(t, 7)) where
x(t, 1), y(¢ 7) are given by (9) and also for v > t. Then the image of the
functions X and 2 are surfaces, and their normal vectors satisfy

(15) N, x(t, 7)1, ua(t, x(t, 7)) + (1 - w)b(¢, x(¢, 7)) # 0 for u # 0,
N(t, y(t, 7)) - (1, ua(t, y(t, 7)) + (1 — u)b(t, y(t, 7))) # 0 for u # 1.
Proof. If we denote a(t) = a(¢, x(¢, 7)), b(t) = b(t, x(t, 7)) we have
ax (L, 1)

= b(t)

(16) ot

2287 o)~ br) + (= 1) 22 [ale) = B()] + ot — 1)
where lim, ;.o o(tt_—:) = 0. Then

2 b
a7)

82 (0 a(t) = b(r)+ (t—1) 6b(’r) |a(1) - b('r)| + o(t — "r)) s

ar 0x

and they are linearly independent vectors. Hence the image of Z is a surface.
T a3

We define N = s X — - , so that
N, x(t, 7)) -1, ua(t) + (1 — u)b(t)) = u det{a(r) — b(1)
(18)
+ (=) b( ) (a(r) = br)) + oft — 7); alt) — b(®)},

and if we do just the same for y(¢, 7), we find

N(t, y(@ 7)) (1, ud(t) + (1 — w)b(t)) = (1 — w)det{a(r) — b(r)
(19) '

Oa(f)

+(@-1 (a(r) = b(1)) + 6(¢ = 7); a(t) — b(2)}.

Finally, we get from hypothesis G
( )

det{a(r) — b(r) + (t —7) (a(r) = b(7)); a(t) — b()}

ab(f)

= det{a(r) — b(7) + (t —7) (a(r) — b(7))

+ (-1 E (a(t) = b(#)) |e=-+ ot — 7)}
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(20) = det{a(r) — b(7); (t — 7) % (a(t) — b(2)) =+
~ 9 ey — biny) + o(t — 7)
ax ,
= (t — r)det{a(r) = b(r); ;% (@ — b)(r) + a“ag) .b(7)

_ 96(n) ca(r) +olt—1) %0,
0x

and the proof is completed.

LEMMA 3. Let x'(1) = x(t, 7), y'(1) = (¢, to + t ~ 1) where x, y given by (9).
Then the curves x', y* (for r € [to, t]) have curvature of different sign.

Proof. If y(r) is a curve in R? and C(y(7)) its curvature, we have that
sign C(y(r)) = sign (172 — ¥211).
To find the curvature sign of x° and y‘, we write

ixt(v') =a—b+ ONt—t)

ar
a t 2
1) a—qjy(’r) =ag—b+ 0t - t),
& x4 )—ﬁ(a—b)+6(a—b) a-—@ (a—b) + Ot - t)
FY A Y ax 0 ax
& .9 db—a) , oa .
b?y('r) _gt(b a)+—ax—-b a‘(b a) + Ot ~ k)
so that
(22) EiHy — X' = A+ B+ C+ 0%t — t)
Y'Yt — Ya'hi = A — B+ D + O%t — to)
where
A= det{a ~ b; -a—(f-a + f"éb}
ox ax
]
B=det{ —-b;a_“—_b}
(23) at ot
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and where the functions are valued on (%, x°) and lim,,.0’ (¢t — t,) = 0,7 =1,
2,...,6.

From hypothesis G it follows
|A + (C+ D)/2|<|B + (C - D)/2]|
and from (22), C(x’(r)) and C(y’(r)) must be of different sign for ¢ near to &.

3. The Main Theorems

Let E(t) be the accessible set by bang-bang trajectories. Putting all of the
above results together we can state.

THEOREM 1. For t close to t, we have:

a) There exists a lens set M(t), continuous in the Hausdorff sense, such
that its boundary is composed of the curves x' and y*

b) If a bang-bang trajectory has more than one change, then it is in the
interior of M(t).

¢) If p is in the interior of M(t), then there are two different trajectories
with two changes x and y, such that x(t) = y(t) = p,

d) M(t) = E(t).

Proof.

a) It follows from lemmas 1, 3 and the continuity of C(x*(7)), C(y*(1))

b) Let t € (to, to + T) be fixed. It is sufficient to prove it for trajectories
with two changes. For instance let

b(s,x) for th=s=<v
(24) H(s,x) =1a(s,x) for v=s=<r
b(s,x) for 1=s=<t¢

be a two changes control, then _x(t; T, v) = B(¢ T al(r; to, x°%))) it is the
correspondent solution. If we fix & = » and x° = B(f; t, x°) we can define as
in lemma 3

@)  x0) = x(t, 7, &) = Blt; 7, alr; o, B°))
) =yt lo+t—1 =alt;fo+t— 1, B(lo + ¢ — 75 fo, X°)).

From lemma 3, x** has curvature of different sign that y‘(r) and of equal
sign to x‘(7). _

It is enough to prove that x“® and x°, do not have different intersection that
B(t; to, °) (see fig. 2). Suppose that it does not hold, then there exist 71, T2
such that &, < 7 < t, 7 < t and

(26) x50(11) = x'(12) = 2.

We obtain from the uniqueness of the system (7) with the initial condition
(¢, z) that

(27 x%%(ry) = x%(r;)  fors €[l t]
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(to, 7

Fig. 2

where [ = max{r,, 72}. If I = 71, then we get

(28) yUn} = a(r; b, £) = x™0(r1) = x(r2)
which contradicts (a). If / = 7, then

(29) x70(ry) = x7(15) = (723 bo, x°) = Y(72, bo)
and with

(30) x™0(ry) = a(re; by, £°) = y(r2, o)

x0(f) = B(rs; o, £°) = y(r2, 72)

we find that the curves x™>® and y™ have three different intersections, and from
lemmas 1, 3 and the continuity of C(x*()), C(y%(1)), we can see that it is a
contradiction for ¢ close to . The proof of (b) is completed.

c) If we define F: [t, t] X [-1, 1] > RZ by
= [x"(to—t)r+ &) forTE[-1,0]
P, T)_{y’((t—t_o)'r+t_o) for 7 € [0, 1]

it is easy to prove that Fis a homotopy of the boundary of M(¢) on B(¢; to, x°),
v_vhere Fty, VEM (t),_ for all #,, 7. From here, for each p € M(t) there exists
to, 7, such that p = F(t,, 7), but also y* € aM(t), from where, if p is in interior
of M(t) then p = x**((to — t)7 + &) for € [—1, 0].

Repeating the procedure for y instead of x and « instead of B, (c) is proved.

d) Its proof follows from (a), (b) and (c).

THEOREM 2. For t close to t, we have

e) E(t) = Q(¢t)

f) Let A and B the graphic of a(t; to, x°) and B(t; to, x°) respectively. Then
the set 9Q' — (A U B) is a smooth set.
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g) The solution x(t) of (2) is on the boundary of Q' if and only if x(t) is a
bang-bang trajectory with one or none changes.

h) Each point of the boundary of Q' is reached by one and only one
trajectory. At each point in the interior of Q° arrive at least two different
trajectories.

Praof.

e) It is well known (see [2]).

f) It follows from lemma 2, and from (a), (d) and (e).

g) Suppose that y(s) is a solution of (2) on #2° — (A U B). Then from (15)
we have that y'(s) = b(s, y(s)) (or a(s, y(s))}), for each s such that y’(s) there
exists. Thus there exist £, £° such that y(s) = 8(s; fo, £°), and if s is decreasing,
there exists § such that (§, y(5)) € A (or B), concluding the proof.
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