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SIMPLICIAL DECOMPOSITION OF r-STRUCTURES 

BY SOLOMON M. JEKEL 

Introduction 

Let r be a topological groupoid with objects (!), and BI' the classifying space 
for I'-structures. The loop space of BI', nBr, has the following description [2]: 
If (!) is contractible then nBr is, up to weak homotopy type, the realization of 
a simplicial group <§* (I') whose group of p-cells is the free group on the p­
simplexes of r modulo relations defined for certain composable pairs of 
simplexes. In this paper we give a concrete description of the complex <§* (I'). 

Each <§P (I'), p 2: 0 is isomorphic to the free product of the free group on the 
p-simplexes of r with an "isotropy group" of SPI' with respect to a natural 
action of SPI' on SP. These isomorphisms then induce an isomorphism of 
<§* (I') with a simplicial group @* (I') which we refer to as a simplicial group 
decomposition of r. 

The isomorphisms for each p 2: 0 depend on certain choices in much the 
same way that defining the fundamental group of a space depends on a choice 
of base point. In general these choices are not compatible under faces and 
degeneracies. When they are compatible we show that @* (I') splits into an 
isotropy part and a free part. Otherwise the faces and degeneracies mix the 
two complexes in a rather complicated way. 

As an application of this construction we define a spectral sequence which 
converges to H * (BI') and whose E 1 term is given in terms of the homology of 
the isotropy groups of SPI'. We compute the E 1 term of this spectral sequence 
for BI'i"', the classifying space for codimension-one real analytic I'-structures. 

I am very grateful to Francisco Gonzalez-Acuna for discussing the material 
of this paper on numerous occasions. It is his observation that the universal 
groups of a discrete groupoid decompose in the described way. 

§1 The Universal Simplicial Group of a Topological Groupoid 

We begin by recalling the constructions and the main theorem of [2]. 
Let r be a topological groupoid which we view as a small topological 

category with all morphisms invertible. Let ..,({ (r) be the space of morphisms 
ofr and (!) (I') the space of objects ofr. (I) (I') is homeomorphic to the subspace 
of ..,({ (I') consisting of identity morphisms. Therefore, when there is no confu­
sion, we shall write r for ..,({ (I') and (I) for the subspace of identity morphisms. 

Consider first r with the discrete topology. The reduced set of r, I'/ (I), 

obtained by identifying the identity morphisms to a point 1, inherits a some­
times-defined multiplication"*" from the groupoid composition " 0 ". 

(i) x * y = x o y if x, y and x O y are not 1, and (x, y) - x O y is 
defined in r. 

(ii) X * x- 1 = x- 1 * X = l for all XE I'/(/). 
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(iii) 1 * X = X * 1 = X for all X E I'/ (!)_ 

The product * makes r / (!) into a pregroup [2]. 
Let %(I') be the universal group of the pregroup r / m. It is the free group 

on the elements of r; (!), F(I'/ (!)), modulo the relations X•Y = x * y, where x-y 
is the free product, x * y the * -product and there is a relation whenever x * y 
is defined. 

We will refer to %(I') as the universal group of I'. 
Now let r be a topological groupoid. Let SPI' denote the set of singular p­

simplexes on r, p 2: 0 and SI' the total singular complex of r. 
SPI' is, in a natural way, the set of morphisms of a discrete groupoid with 

objects SP(!). Let '§p(r) be the universal group of (the discrete groupoid) SPI'. 
Consider the disjoint union '§. (I') = Up2:o '§p(I'). '§. (r) is a simplicial group 

with faces and degeneracies induced by those of SI' which we call the universal 
simplicial group of I'. 

The following theorem is proved in [2]. 

THEOREM 1: Let r be a topological groupoid with its space of objects (!) 
contractible. Let '§. (r) be the universal simplicial group of I'. Let BI' be the 
classifying space for r -structures. Then there is a weak homotopy equivalence 

1 '§. (r) 1 - nBr. 

§2. Elements of the Decomposition 

In this section r will be a discrete groupoid with objects (!) and source and 
target maps s and t. To r we associate an isotropy group f(I') and a base 
path group ff((!)) which will be the factors of the decomposition of %(I'). 
The definition of these groups will depend, up to isomorphism, on a choice of 
a base for r. 
(1) I'-components and paths: 

Define an equivalence relation ~ on the objects of r by x ~ y if there exists 
a morphism y Er such that s(y) = x, t(y) = y. 

A I'-component (!)" C (!) is an equivalence class of objects of r under the 
above equivalence. 

A path of a component (()" C (!)is a morphismp Er such that s(p) and t(p) 
are in (!)a• 

Let r" be the set of paths of(!)". Each r,. is a groupoid with objects (!)"' and 
the groupoid r is the disjoint union of the groupoids r". {I' a} is a partition of 
r into its "groupoid" components. 

(2) A base for I': 

A base for r, B = {/3, p} is given by the following data. 
a) A collection of base points /3 = { b,,}. This is a choice of a single element ba 
E (!)a_ for each component (!)a• 

b) A collection of base paths p = {p(x)}. This is a choice of a single morphism 



SIMPLICIAL DECOMPOSITION 

p(x) EI' for each x E CD such that 

(i) If x E CD°' then s(p(x)) = b,, and t(p(x)) = X 

(ii) p(ba) = idba = identity morphism of baa 

A base for r, B = {/3, p} is given by the following data. 
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a) A collection of base points /3 = { b,,}. This is a choice of a single element ba 
E CDa for each component CD". 

b) A collection of base paths p = {p(x)}. This is a choice of a single morphism 
p(x) EI' for each x E CD such that 

(i) If x E (I)°' then s(p(x)) = b,, and t(p(x)) = x 
(ii) p(ba) = idba = identity morphism of b,,. 

(3) The isotropy group of I': 

Let x E (I). The isotropy group of x, J(x), is defined by J(x) = {y Er I s(y) 
= t(y) = x}. J(x) is a group under the multiplication induced by the groupoid 
structure of r. 

Now fix a collection /3 = {b,,} of base points for r. The isotropy group of I' 
(relative to the base points f3) is given by 

J(I') = J(I', /3) = *aJ(ba) 

the free product over all the base points ba E /3. 
When we write J(I') it is understood to be defined relative to a fixed 

collection /3 of base points for r. 

(4) The base path group ofI': 

Let /3 = {ba} be a given collection of base points for r. The base path group 
of r (relative to the base points /3) is given by 

.¥(CD) =ffe(CD,/3) =F((l))j{ba= I} 

the free group on the objects of r modulo the relations ba = I for each base 
point ba. ffe( (I)) is a free group. 

When we write .¥( CD) it is understood to be defined relative to a fixed 
collection of base points for r. 

(5) The base point map and the isotropy map: 
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The base point map is a function b: r - {!) defined by letting b(y) be the 
base point of the component of which y E r is a path. 

Let f3 = {ba}, p = {p(x)} be a base for r, and let J(r) be the isotropy group 
of r (relative to /3). The isotropy map i : T - J1 (I') is given by 

t(y) = p(s(y)) oyop(t(y))- 1. 

As in §1, " 0 " denotes composition in r. 
When we write i it is understood to be defined relative to a fixed base B for 

r. 

Remarks: (i) If y Er is a base path p(x), then i(y) = idb(yl0 Y°y- 1 = idb(yl 
which is the identity element of the group JP (r). 

(ii) i restricted to the isotropy group of an object x E {() takes JP (x) to 
J(b(x)) and is conjugation by ,o(x) as a map between these two groups. 

(iii) If r is the fundamental groupoid of a connected space X, then there is 
only one component. The base point map chooses a base point x EX. J1 (r) is 
the fundamental group of X. The map described in (ii) above gives an iso­
morphism of the fundamental groups at two different base points via a 
particular path joining them. 

§3. Decomposition of the Universal Group of I'. 

Consider r with the discrete topology. Let %(r) be its universal group. 
Suppose we are given a base B = {/3 = {ba}, p = {px}} for r. We then obtain 
the following description of %(I'). Compare [1]. 

THEOREM 2: The base B defines an isomorphism B#: %(r) -
J(r) *ff({()). 

Proof: It is enough to consider the case when there is only one component. 
So we assume that {() is itself a component and b E {() its base point. {Px} is its 
family of base paths. 

Let i : r - JP ( b) be the isotropy map relative to the given base. Then each 
y Er can be writen uniquely in r as p(s(y))- 10 i(y) 0 p(t(y)). We define a 
function Bo: r - JP(b) * ffe( @) by 

Bo(y) = (s(y))- 1 -i(y) • (t(y)) 

where (x) denotes the generator of ff({()) determined by x E {(), and "." 
indicates multiplication in the free product. 
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Note if y E (!) C r then Bo(y) = 1, so that Bo induces a function B1: I'/(!) 
.......,. J(b) *ff(@) and hence a homomorphism B2: F(I'/ @).......,. J(b) *ff((!)). B2 
respects the relations in the presentation of %(I') so induces a homomorphism 
B#: %(I').......,. J(b) *ff((!)). 

A homomorphism A#: J(b) *ff((!)).......,. %(I') is completely determined by 
the following rule: A#(a) = [a] for a E I(b); A#({x)) = [p(x)] for x E (!). Here 
[a] and [p(x)] indicate the elements in %(I') represented by the morphisms 
a and p(x). 

A# is a two sided inverse for B#, so that B# is an isomorphism. 

§4. Decomposition of the Universal Simplicial Group of r. 
The decomposition of % (I') described in Theorem 2 induces a decomposi­

tion of ~*(I'). 
Let r be a topological groupoid with space of objects (!)_ Then Skr is a 

discrete groupoid with objects Sk @, k 2: 0. For each k 2: 0 we fix a base Bk = 
{/3\ pk} for Skr, and all the constructions which follow will be made with 
respect to the given bases. 

Let @°k(I') = J(SkI') * ff(Sk (!)). Then @*(I') = Uk2:o @°k(I') is a simplicial 
group which is isomorphic to ~(I'), the universal simplicial group of r. The 
isomorphism is determined for each k 2: 0 by the choice of base Bk as in §3. 
The faces {~} and degeneracies {0} of @* (I') are determined via these 
isomorphisms: 

a;= B#k-loiJ;o(B#k)-l 

Gj = B#koajo (B#k-1)-1 

(1) 

(2) 

We call @* (I') = Uk2:o [ J (SkI') * ff(Sk (!))] with face maps {a;} and degen­
eracy maps {0} a simplicial group decomposition of the topological groupoid 
r. Again, it depends on a choice of base Bk for Skr for each k 2: 0. 

We reformulate Theorem 1. 

THEOREM 3: Let I' be a topological group with its space of objects (!) 
contractible. Let BI' be the classifying space for I'-structures. Let @. (I') be a 
simplicial group decomposition of I'. Then there is a weak homotopy equiv­
alence 
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The faces a;: @k(I') - @k_i(r) and the degeneracies oj: @k(I') - @k+1(r) 
are completely determined by the following rules, where {ih} and (a1} denote 
the faces and degeneracies of Sr. 

a) iJ;(x) = l(iJ;(x)) for x E §(ba). 

b) il;((y)) = (iJ;(b(y)))- 1 -l(iJ;(p(y)))•(iJ;(y)) for y E Sk(()_ 

c) a1(x) = l(a1(x)) for x E §(b,,.) 

d) iij((y)) = (a1(b(y)))- 1•l(cr1(p(y)))•(a1(Y)) for y ESk(()_ 

Remarks: Computing the operators {a;} and {ii;} explicitly is a matter of 
evaluating the compositions on the right hand side of equations (1) and (2). 

Recall, for each k ",?. 0 we have the isotropy map l k: skr - § (Skr) and the 
base point map bk: skr - sk (()_ We have suppressed the kin the notation 
when it is clear in which dimension the functions are acting. 

We have §(Skr) = *ba§(ba) where pk= {ba}- So to define a;: @k(n­
@k-1(n we had to define iJ;(x) for each X E §(ba) and for each ba, 
and iJ;((y)) for eachy E Sk(()_ Then a; extends to all of @k(I'). Similarly to 
define iij: @k(r) - @k+1(n we had to define a1(x) for each XE §(ba) and for 
each ba, and ii;( ( y)) for each y E sk (()_ 

§5. Compatibility of Bases 

Suppose the bases Bk for S'T can be chosen compatibly for all k ",?. 0, that 
is any face and any degeneracy of each base point and base path is again a 
base point and base path. Then by remark (i) in §2 l(iJ;(p(y))) and l(a 1(p( y))) 
are the identity for ally E (()_ In this case, as formulas b) and d) show {a;} and 
{ii;} take elements of ff. ( (()) = Ukeco ff(Sk (()) into itself. On the other hand, as 
formulas a) and c) show {a;} and {iij} always map§. (I') = Ukeco §(Skr) into 
itself. 

We therefore obtain the following theorem. 

THEOREM 4: Let r be3 a topological groupoid and suppose there exists a 
compatiblechoiceofbasesforSkI',k",?.0. Then @.(I')= §*(I')*ff.((()). The 
faces and degeneracies are given by 

iJ;(x) = a;(x), 

iij(x) = a1(x), for x E §* (I'). 

iJ;((y)) = (iJ;(b(y)))-1. (a;(y)), 

a1 ( ( y) ) = ( a1 ( b ( y))) - i • ( a1 ( y) ) , for y E ff. ( CD). 

Example: If r = G is a topological group then §. ( G) = SG the singular 
complex of G, ff. ( (()) = 1 in every dimension, and @. (I') = SG. Of course, as 
is well known there is a weak homotopy equivalence I SG I - OBG. 



SIMPLICIAL DECOMPOSITION 19 

§6. A Spectral Sequence Converging to H. (Br). 

Let r be a topological groupoid with contractible object space @. Let 
H. (.) denote integral homology. We define a spectral sequence which con­
verges to H. (BI') and whose E 1 term is given in terms of the isotropy and 
base path groups of r. 

Consider the bigraded group Ep,q = fiq( @p(I')),p, q 2=: 0. 

Then 

Ep,q = {~1(f(SPr)) EBH1(ffe(sPCD)) 
Hq(f(SPI')) 

q=O 
q=l 
q?!:2 

and we have a differential d: Ep,q - Ep-1,q induced by the face maps {a;} of 
@. (r). 

PROPOSITION 1: {Ep,q, d} is the E 1 term of a spectral sequence which 
converges to fip+q(BI'). 

Proof: This is a consequence of the proof of the main theorem of [2]. 
Let Nf'P be the space of p-cells of the simplicial nerve of r. Let N CD0 = @, 

N ((JP= diagonal ( (!JP), p 2=: 1. N (!JP is a contractible subspace of NI'P and N (!) 

= Up2:o N@P. Consider the bisimplicial set S(NI', N CD) = Up,q2:o ;;;~: with 

horizontal (q-fixed) faces and degeneracies induced by those of Sand vertical 
(p-fixed) faces and degeneracies induced by those of NI'. In [2] we show that 
there is a weak homotopy equivalence of the realization of the diagonal 
complex of S(Nr, N@) to BI'. If then follows that H/Hq"( I S(Nr, N (!)) I) is 
the E 2 term of a spectral sequence converging to Hp+q(BI'). (Here H/Hq"(.) 
is the p-th homology of the horizontal simplicial abelian group obtained by 
taking the q-th homology of each of the vertical simplicial groups of a given 
bisimplicial set). But the p-th vertical simplicial set of S (NI', N (!)) is a 
K(<:§p(I'), 1) = K(@°p(r),1), [2]. Hence H/(IS(Nr, NCD)I) is the E 1 term 
described in the proposition. 

§7. A Simplicial Group Decomposition of r 1 w 

The E 2 term of the above spectral sequence simplifies considerably when 
Br 1w is the classifying space for codimension-1 real analytic foliations. 

Let r = r 1 w be the groupoid of germs of local, real analytic homeomorphisms 
of R with the sheaf topology. We will compute the groups @P (I'). 

First consider @0 (r) = f(S 0r) * ffe(R). There is only one S 0r-component 
since any two points of R are joined by some germ. Suppose we choose 0 E R 

as a base point. Let T = 5(0) be the group of germs of I' keeping 0 fixed. (T 
is the group of convergent Taylor series expansions at the origin under 
composition). Then @0 (I') ""T* ffe(R) ""T* {F(R)/(origin) = 1}. 

Now consider ~(I'), p 2=: 0. There are uncountably many SPI'-components. 
The set of all a E SPR which are constant belong to the same SPI'-component. 
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Let us choose QP, the p-simplex which is constant and equal to 0, as a base 
point. Then .§(OP) "" T. 

Let a = SPR be any simplex of any other component. Then a is not constant, 
hence its image contains some open set in R. By analytic continuation it follows 
that ...f(a) = 1. 

Then we obtain 

Proposition 2: @p(I') = T * ff(SPR) for all p 2: 0. The faces and degeneracies 
of @. (I') can be computed by Proposition 1. 

Note that the proposition implies that the E 2 term of the spectral sequence 
of proposition 1 in this case reduces to 

{
o 

Ep,/ = Hq(T) 
Hp (H1 ( @. (r)) 

q = O; 
p=O 
q=I 

p 2: 1 and q 2: 2 

since for fixed q 2: 2 we are computing the homology of the constant simplicial 
group which is Hq(T) for allp 2: 0 and this is a K(Hq(T), 0). 

For the spaces Br= BI'{, 0::; r::; oo we can also show that Ep,/ = 0 for p 
2: 1 and q 2: 2, but this requires a more detailed analysis of '§. (r) in the E 1 

term. 
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