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SCHAUDER BASIC MEASURES IN BANACH AND HILBERT
SPACES

By Josk Luis ABREU (*) AND HABIB SALEHI

Summary

Schauder basic measures are defined as a natural generalization of orthog-
onally scattered measures. It is shown that Schauder basic measures with
values in a Hilbert space are precisely those measures that can be transformed,
via a bounded linear operator with bounded inverse, into orthogonally scattered
measures. As a consequence it is shown that sequences {x,: n € Z} in Hilbert
space, which have a uniformly bounded shift operator group, are precisely
those which are Fourier series of Schauder basic measures on the circle. In
order to prove these theorems, two basic results are established. The first one
is that the space of integrable functions with respect to a Banach space valued
measure becomes a Banach space when endowed with certain natural norm.
The second one is an inequality that gives upper and lower bounds for the
sum of the squared norms of a finite set of vectors in Hilbert space, in terms
of some of their linear combinations.

§1. Introduction

Unconditional Schauder bases (see [8] §1.c) in Banach spaces play an
analogous role as orthogonal bases do in Hilbert spaces. On the other hand,
in Hilbert space, an orthogonally scattered measure (see [9]) is something like
a “continuously distributed” orthogonal basis. It seems natural to introduce
an analogous concept of “continuously distributed” unconditional Schauder
basis. We define such a concept in §3 and name it Schauder basic measure.

Our motivation to study such measures (and their Fourier transforms) comes
from the work of Tjéstheim and Thomas [14], Niemi [10], Abreu and Fetter
[1] on second order nonstationary processes with shift operator groups. It
became apparent from the mentioned articles that the existence of a shift
operator group is closely related to the process being the image, under an
injective linear map, of a stationary process. This in turn is equivalent to the
process being the Fourier transform (or Fourier series in the discrete case) of
a vector valued measure which is the image, under an injective linear map, of
an orthogonally scattered measure. Thus the need to characterize such meas-
ures arises.

Let 2 be a sigma algebra of subsets of a set Q and £ a countably additive
orthogonally scattered measure on X with values in a Hilbert space H. Let X
be a Banach space and T: H — X a bounded linear map with a bounded
inverse. Define u = T - £, Then p is an X-valued measure on = with the
following properties:
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(a) If {E,} is a sequence of disjoint elements of X then {u(E,)} is an
unconditional Schauder basic sequence in X.

(b) There exists a positive constant K such that for every pair f, g of
u-integrable functions with | f| < | g],

Ifofdul <K I [,8dull.

A Banach space valued measure satisfying (a) is called basically scattered.
Such measures were introduced by Kalton, Turett and Uhl in [7]. A Banach
space valued measure satisfying (b) will be called a Schauder basic measure in
this paper (see Definition 3.1 and Propositions 3.3 and 3.5).

It turns out that some basically scattered measures, those having bounded
basis constant according to the definition given in §2 of [7], are precisely the
Schauder basic measures introduced in this paper (see Proposition 3.6).

In §2 we study some properties of the space of integrable functions (in the
sense of Bartle, Dunford and Schwartz [2] with respect to a vector measure.
In particular we show that this space is complete (see Theorem 2.7). The
completeness was proved first by E. Thomas [13] for Radon measures. It can
also be deduced from the extensive work of Brooks and Dinculeanu (see [3],
in particular Theorem 4.6) on operator valued measures. Our approach is an
adaptation of Thomas’s approach to measures which are set functions. We
include it for the benefit of the reader unfamiliar with Radon measures and to
make our exposition self contained.

In §3 we define Schauder basic measures and use the completeness of the
space of integrable functions with respect to one such measure to establish
the existence of a constant K such that || [ fdu|| < K || [ g du | whenever | f|
< | g|. This constant K is analogous to the unconditional constant of an
unconditional Schauder basic sequence (see [8] 1.c). The equivalence between
basically scattered measures with bounded basis constant as defined in [7]
and Schauder basic measures is also established.

In §4 we prove the elementary inequality:

infig =1 |2 %17 < 2 [ % 1> < supjg=1 | Z ¢ ||

for an arbitrary finite set of vectors x;, ..., x, in a Hilbert space (Theorem
4.2), which is crucial for our work. This inequality together with the existence
of the constant K established in §3 and an important result due to Niemi [11],
allows us to prove that a Schauder basic measure with values in Hilbert space
is similar (via a bounded linear operator with a bounded inverse) to an
orthogonally scattered measure (Theorem 4.2). Tjostheim and Thomas in [14]
and Niemi in [10] studied a class of second order nonstationary stochastic
processes called uniformly bounded linearly stationary (U.B.L.S.). U.B.L.S.
processes are those which have a uniformly bounded shift operator group.
Using a theorem of Sz. Nagy [12] on uniformly bounded linear operators in
Hilbert space it can be proved, as was done by Tjostheim and Thomas, that a
U.B.L.S. process is the image under a bounded linear operator with a bounded
inverse of a stationary process. Using this characterization of U.B.L.S. proc-
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esses and Theorem 4.2 one obtains that U.B.L.S. processes in Hilbert space
are precisely the Fourier transforms (or Fourier series in the discrete parameter
case) of Schauder basic measures (Theorem 4.3). An example is given to show
that this result is false for U.B.L.S. processes in Banach space.

§2. The space of integrable functions with respect to a Banach space
valued measure

Throughout this section X is a Banach space with norm || ||, X* denotes its
dual space, Q is a set, = a sigma algebra of subsets of Q@ and M(Q, 2; X) the
linear space of countably additive X-valued measures on (2, =). For each u €
M(Q, 2; X) and E € Z, | u||(E) denotes the semivariation and | x| (E) the
total variation of p on E. || u || (-) is bounded and subadditive while | u |[(-) is
additive but may be unbounded. For the definition and properties of the
semivariation and other aspects of the theory of integration of complex valued.
functions with respect to vector measures we refer to Dunford and Schwartz
[6] §IV. 10. The semivariation | ||(2) on the whole space Q is a norm in
M(Q, Z; X).

PROPOSITION (2.1). M(Q, =; X) with the norm u — || u || (R) is a Banach
space.

Proof. Let {u,} be a Cauchy sequence in M (2, Z; X), i.e. || ptm — 1, )] (Q) —
0 and m, n — . Since for every E € Z, | un(E) — o (E) || < || ptm — pa || (2),
it follows that u(E) = lim p,(E) as n — « exists. Thus by a generalization of
Nikodym’s theorem (see [6], theorem IV.10.6), u is a countably additive
measure. It only remains to show that || u, — u||(2) — 0 as n — . Let ¢ > 0.
Choose N such that || u, — um || () < ¢/4 for every m, n = N. Let ¢ be a simple
complex valued function such that |¢| <1 and

Ioy —wll(Q) <e/4+ 1 [ ¢ dluy —u)l.

Finally choose m = N such that || f, ¢ d(u — un) || < ¢/4. This can be done

because there are only finitely many sets involved due to the fact that ¢ is
simple. Then for n = N

ln — 2 1(2) < lpn = on () + | uy — 1 1(Q)

< tgt1fasduy-wl

<5+ 1 Sg ¢ dluy = un)
1 Sq ¢ dlum = )
<t - ml@<e

4
QE.D.
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Throughout the remainder of this section u will be a fixed countably additive
measure on (, ) with values in X. Aset E€ 2 is p-null if | u || (E) = 0. If
two measurable functions f and g agree everywhere except on a u-null set, then
we say that f = g u-almost everywhere (abbreviated u a.e.). A complex valued
measurable function f on (2, Z) is said to be u-integrable if there exists a
sequence of simple functions {¢,} that converges pointwise to f, except perhaps
on a u-null set, and for each E € Z, { [ ¢, du} is a Cauchy sequence in X. Of
course [ f du is defined to be the limit of [ ¢, du as n — . In [6] §IV.10 it
is proved that [g f du is well defined and is linear as a function of f, and
countably additive as a function of E. Also it is proved that every bounded
measurable function is u-integrable and if | f| < M u a.e. then || [g f dul|
<M | pl(E).

Our purpose in this section is to make a Banach space out of the space of
equivalence classes of u-integrable functions (two functions belonging to the
same class if they agree u a.e.). In order to do this we require the following
elementary results.

PROPOSITION (2.2). For every E € Z, | u || (E) = supfi<1 || f& f du || where
the sup is taken over all measurable functions bounded by 1.

Proof. Define for each E € X

¢(E) = sup{|l fefdull:f is measurable and | f | < 1}. From the definition of
semivariation it is clear that | u || (E) < ¢(E). Since for | f| <1, | fefdul| <
| ]| (E) {c.f. paragraph following the proof of Proposition 2.1) it follows that
c¢(E) < | x|| (E). This completes the proof.

PROPOSITION (2.3). Let f be u-integrable. Then | f du | () = 0 if and only if
f=0u ae. (fdu denotes the measure E — (g f du).

Proof. Let E, = {w € Q: 0 < | f(w)| < 1/n}. {E,} is a decreasing sequence
of measurable sets with an empty intersection. Let A be a finite positive
measure on (9, 2) such that || u | (E) — 0 as A(E) — 0. The existence of such
A 1s granted by Lemma IV.10.5 in [6]. Thus A (E,,) — 0 and hence | u || (E,) —
0asn-— . Let N = {w € Q: f(w) # 0}. Then, using Proposition 2.2,

| 1 || (IN\E,) = supn<1 |l fN\E,, hdu| <supjp i< |l fN\Enh'nfdﬂ I
<n| fde]|(N\E,), since
{hlve,: |h| <1} Cth'nf:|h'| < 1].

This shows that if | fdr || () = O then [ x[|(N) < | p [ (N\E,) + || n || (En) <
0+ ||u](E,) >0asn— «and hence || x || (N) =0, ie., f= 0 u a.e. Conversely
if f = Ou a.e. then the constant sequence {0} converges to f du a.e. and hence
Jefdu =0 for every E € Z, thus showing that || f du || () = 0. This completes
the proof.

Definition (2.4). Let I(u) be the linear space of equivalence classes of
complex valued p-integrable functions f (two functions being in the same class
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if they are equal pu almost everywhere), equipped with the norm ||| f || =
| f du |l (2). It is easy to see, using Proposition 2.3 and the subadditivity of
the semivariation, that I(x) is a normed linear space. Our objective now is to
show that I(u) is actually a Banach space. We need two lemmas.

LEMMA (2.5). Letf,g, € I(u) and EEZ.If | f| <|g| on E then || f du || (E)
<lgdull(E).If|fl=1glonQthen || f Il = Il &l

Proof. Using Proposition 2.2 we see that || g du || (E) = supjs <1 || [£ hg du ||
Z supipi<i | Je h(f/g) gdull = || fau |l (E).

This proves the first part. The second part is an immediate consequence of

the first.
Q.E.D.

LEMMA (2.6). The simple functions are dense in I(u), i.e. given f € I(u) and
€ > 0 there is a simple function ¢ such that || ¢ — f ||| <e.

Proof. Let f € I(1). Let X be a finite positive measure on (2, Z) such that
lim| f du || (E) = 0 as A(E) — 0. For each positive integer n define E, =
{w€ Q: | f(w)| > n}. Then A(E,) — 0 and hence || fdu || (E,) — 0. Let ¢ > 0.
Choose n such that || fdu || (E,) < ¢/2 and choose ¢ simple such that ¢ =0 on
E,and |¢ —f| <¢/2|| nl| (R\E,) on Q\E,. Then by Lemma 2.5,

(¢ — F)dull (@) < (¢ = F)du (Q\E,) + || f du || (Er) < e

Thus || ¢ — f || <e.
Q.ED.

THEOREM (2.7). I(u) is a Banach space.

Proof. The fact that I(u) is a normed space was observed in 2.4. It only
remains to prove that I(x) is complete. Let { f,} be a Cauchy sequence in I(x).
Using Lemma 2.6 we can construct a sequence of simple functions ¢, such
that ||| ¢» — 7 || — 0 as n — oo. In particular {¢,} is also a Cauchy sequence
in I(u). Now we extract a subsequence {¢,,} such that

2=t | Orpey = by Il < 2.
Define
N = {w € Q0: 22;1 Id’nkﬂ(w) - ¢nk(w)l = OO}

We will show that || u||(N) = 0. Suppose || u||(N) = € > 0. Let M be any
positive real number such that

2‘1:;1 " ¢nk+1 - d)"k " < M.

Define for every positive integer m,

2M
Nm = {w € Q: Z;En=1 I¢nk+1(w) - ¢nk(w)| > T}’ and N’ = U:=l Nm-
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Then || ¢ | (N’ \N,,) = 0 as m — . (This is a consequence of Lemma IV.10.5
in [6]). Since

e=[ull(N) < lull(N") < Iull(Nn) + | £ | (N"\Ny)
there exists mg such that || u || (Nm,) > é Hence

k=1 "l iy — On, "I =Yl (¢"k+1 - ¢"k)d”' ll (Nmo)
= || XR | bnyyy — On, | A | (Nimy)

2M 2M
= HTdu (Nmo)'_'T"ﬂ" (Nmo) > M

which contradicts our choice of M. We conclude that || u || (N) = 0. Now define
On, (@) + Xi=1 (Pn,,, (@) — ¢n(w)) if © € Q\N
flw) =
0 if wEN.

Then ¢,, — f pointwise u a.e. as k — . Also, for every E € 2, { [g ¢n, du} is
a Cauchy sequence in X since for every pair of positive integers k, j

" _,‘E ¢nk+j d,“' - _,-E ¢n,, d”' " s " (¢nk+j - ¢nk)d”' " (Q)
=< Z;Lk "I ¢"l+1 - ¢"l I"

which goes to zero as k — . This proves f € I(u). From the completeness of
M(Q, Z; X) (Proposition 2.1) it follows that there exists a v € M(Q, Z; X)
such that ¢,, du — dv in the norm of M (2, Z; X). But then for every E € =

e ¢n,du —>v(E) as k—

and hence dv = f du. This shows that || (¢, — f)du || (2) — 0 as k — o, i.e.
l ¢n, — f Il — O as k& — oo. This implies, by the way we chose ¢,,, that
[l = = f |l = 0, and completes the proof of Theorem 2.7.

COROLLARY (2.8). {fdu:f€ I(u)} is a closed linear subspace of M(Q, 2; X).

§3. Schauder basic measures in Banach space

Throughout this section X is a complex Banach space with norm | ||, X*
denotes its dual space, Q is a set, Z is a sigma algebra of subsets of © and p is
an X-valued countably additive measure on (Q, Z). I(x) and M(Q, 2; X) are
as defined in §2.

Definition (3.1). u is called a Schauder basic measure if the map T I(un) —
X given by Tf = [q f du is one to one and its range is closed.

An unconditional Schauder basic sequence {x,} (see [8] §1.c) can be viewed
as a Schauder basic measure on a discrete space, provided Zx,, converges. Also
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a bounded countably additive orthogonally scattered measure (with values in
a Hilbert space) is a Schauder basic measure.

PROPOSITION (3.2). Let u be a Schauder basic measure on (2, Z) with values
in X and let Q be a bounded linear operator on X with a bounded inverse. Then
Qu is a Schauder basic measure too. Also p and Qu have the same integrable
functions.

Proof. Let n(E) = Qu(E) for every E € Z. It is clear that 5 is an X-valued
countably additive measure on (Q, ). It is clear too that u and 5 have the
same null sets, and it is not difficult to see that f € I(n) if and only if f € I(u).
Suppose f € I(n) and [ofdn=0. Then Q" [ofdn = [ f du = 0 and therefore
f = 0 p-almost everywhere and hence also n-almost everywhere. This shows
that the map f — [q f dy from I(n) into X is one to one. Now let x € X,, the
closed linear space generated by {n(E):E € Z}. Since X, = QX, and u is a
Schauder basic measure, there exists f € I(x) such that @ 'x = [ f du. Hence
fE€I(m) and x = Q [of du = [qf dn, thus proving that the range of f — [ f dn
is closed. This completes the proof.

PROPOSITION (3.3). Let u be a Schauder basic measure. Then there exists a
constant K > 0 such that whenever f, g € I(n) and | f| < |g|on Q then | [of
dull <K | fagdul.

Proof. Let X, denote the closed linear subspace generated by {u(E): E €
2 }. From the hypothesis that u is a Schauder basic measure it follows that the
map T of Definition 3.1 has X, as its range. Since | Tf|| < ||| f ||| for every f
€ I(un), and since I(u) is a Banach space (see Theorem 2.7), T has a bounded
inverse T7': X, — I(u). Let K be the norm of T, Let ¢ = f/g where g # 0
andc=0ifg=0.Then |c|<land | fofdull = facgdull < g dull(2) =
Well = Il T*Te || <K I Tel =K | fag dull.

Q.E.D.

The constant K obtained in the previous proposition plays a similar role as
the unconditional constant of the unconditional Schauder basic sequences (see
[8], §1.c). For example the following corollary, which is clearly equivalent to
Proposition 1.c.7 in [8], can be deduced from Proposition 3.3.

COROLLARY (3.4). Let {x,} be an unconditional Schauder basic sequence in
X. Then there exists a constant K > 0 such that whenever | a, | < | b, | for every
n and

Y =1 bnx, converges then | ¥ 5=1 anx, || < K || X7=1 baxn |l
Proof. Let Q be the set of positive integers and X the sigma algebra of all
subsets of 2. Define (E) = 2 nep Fﬁ? for every E € Z. The rest of the

proof is a straightforward application of Proposition 3.3.
The converse of Proposition 3.3 is also true and may be used as an alternative
definition of basic Schauder measures. Here we state it as a proposition.
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PROPOSITION (3.5). Suppose u is an X-valued measure and K a positive
constant such that whenever f, g € I(u) and | f| < |g| then | fo fdu| < K
| fagdull. Then u is a basic Schauder measure.

The proof is straight forward and is omitted.

The measure p is called basically scattered (see [7]) if for any sequence {E,}
of disjoint sets in Z, {u(E,)} is a Schauder basic sequence ({u#(E,)} is then
necessarily an unconditional basic sequence).

The following definition is given in [7] for real Banach spaces. Here we
extend it to complex Banach spaces.

Definition. A basically scattered measure u is said to have bounded basic
constant on a set E € 2 if there is a constant K such that for any sequence
{E.} C Z of disjoint subsets of E, for any sequence {a,} of complex numbers
and for any pair m, p of positive integers,

" Zg=1 anﬂ(En) " <K " Z::f anl"'(En) " .
We say u has bounded basis constant if it has bounded basis constant on Q.

PROPOSITION (3.6). u is a Schauder basic measure if and only if it is basically
scattered and has bounded basis constant.

Proof. Suppose p is a Schauder basic measure and let K be the constant
from Proposition 3.3. Let {E,} be a sequence of disjoint elements of Z. Clearly
the elements of {u(E,)} are linearly independent. Suppose x € c.l.s. {u(E,)}.
Then x = limg . | fr du where {f.} is a Cauchy sequence of simple functions
of the form f, = = atl,. Thus fy — f in I(1) and f = = a,Iz,. Therefore

x= [ fdu=3 anu(,).

This representation of X is unique and the series is unconditionally convergent.
Thus {u(E,)} is an unconditional Schauder basic sequence. This proves u is
basically scattered. Also:

I 251 an (Bl = Il fo Zhms anls, dull < K | [ ST anle, d
= K| 2727 anu(E,) |

for every sequence {a,} of real (or complex) numbers. This proves u has
bounded basis constant on .

Conversely, suppose u is basically scattered and has bounded basis constant
on O, more specifically, let M > 0 be such that for every sequence {a,} of
complex numbers, any positive integers m and p, and any disjoint sequence
{E,}in Z,

I Zrr anp (B |l < M| Z05T anp(Ea) .

Now, suppose {a,} and {b,} are sequences of complex numbers such that | a, |
< | b, |. Let m be any positive integer a, = a,b, with o, real and | o, | < 1.



SCHAUDER BASIC MEASURES 79

Let C be the convex hull of the set {31, 5,b,u(E,):6, = +1}Then
sup{|| x [|:x € C} = sup{|| X571 6,bup(En)I:6, = L, n=1, ..., m}.
Now, for any choice of 6y, ..., 6,
| Z7=1 0nbnn(Bp) | < | Zsp=1 bupe(En) | + || Z5,~—1 bap(Ey) |
< 2M || X751 ban(En) |
and since Y1 a,u(E,) € C, we have
I 2r=1 anp(En) | < 2M || 271 ban(En) |l

Now suppose only |a,| < | b,|. Write a, = (a, + i8,)b, with ay,, 8, real. Then
Ianly 'ABnl < 1land

I 27t anp (Ba) | < || 27t anbap(ED) || + )| 2iex Brbrps(En) |
< 4M ” Zr'?=1 bn/J'(En) "

This proves that for any pair of simple functions f, g such that | f| < | g], we
have

I fofdull <4M | [, 8 dul

and this in turn extends to all pairs of u-integrable functions f, g such that

| f1 <|g|, thus proving u is a Schauder basic measure.
Q.ED.

§4. Schauder basic measures in Hilbert space

Throughout this section H is a complex Hilbert space with norm | || and
inner product (, ).

THEOREM (4.1). Let x;, . .., x, be vectors in a complex Hilbert space. Then

inf | X231 caxull® < Ther | 2a1® < sup Ti-r caxe |

where the Inf and the sup are taken over all collections of numbers ci, ..., ¢,
such thatc,==x1fork=1,...,n.
Proof. Let ¢, ..., ¢, be independent, identically distributed random vari-

ables with values +1. Then ’
E | Tk cexell® = E Tho1 i (%, %) :
= Yho1 X1 E(erej) (xrs %) = Xha1 | 2 |l®
The inequalities follow from this equality. Q.E.D.
(The authors wish to thank Prof. S. D. Chatterji for providing this proof.)

Throughout the remainder of this section Q is a set, 2 is a sigma algebra of
subsets of Q and y is an H-valued countably additive measure on (2, X).
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THEOREM (4.2). The following statements are equivalent:

(a) u is a Schauder basic measure.

(b) There exists a bounded linear operator @ on H with a bounded inverse
such that Qu is orthogonally scattered.

Proof. That (b) implies (a) follows from Proposition 3.2. Suppose (a) holds.
Let k be as in Proposition 3.3. Let {E;, E,, ..., E,} C Z be a partition of Q
and let a4, a, . .., a, be complex numbers. From Theorem 4.1. we have

infie; -1l 1 ian(ENI® < Tia 1o |2 1(E) |
< supjgi-1 Lj-1 G (Ep) |12
The property of the constant K in Proposition 3.3 shows that

1
K SUPIg1=1 | X1 ciain(E) | < | X1 aiu(E) |l
< K inf =1 || 2= cain(E) .

Combining these inequalities we obtain
1
7 T g PN wEDN? < | Bi= qin(E) 12 < K? 3ia 1|2 w (B N2

According to Hannu Niemi ([11] Theorem 3) that this last inequality holds is
equivalent to the existence of a bounded orthogonally scattered measure y, on
(Q, 2) with values in some Hilbert space Hy, and a bounded linear transfor-
mation A: H,, — H, with a bounded inverse (where H, and H, are the closed
linear subspaces of H, and H generated by {u,(E): E€ 2} and {u(E): E € Z},
respectively), such that ;u Ap,. Let U be a unitary transformation from H,,
onto H, and define £ = U,,. Now define @ = UA™" on H, and Q equal to the
1dent1ty on the orthogonal complement HOH,. Then £ is orthogonally scat-
tered, @ is a bounded linear operator on H with a bounded inverse and £ = Qu.
Q.E.D.

As a corollary we now prove the following results on the spectral represen-
tation of a continuous uniformly bounded linearly stationary (U.B.L.S.) sto-
chastic processes. {x;} C H is said to be a U.B.L.S. process if there exxsts a
constant M such that

(D= @Gxeer | < M || Xky ajxg |

for all ¢, t; in R and all complex numbers a;, j = 1, ..., k. It turns out that
continuous U.B.L.S. processes admit a spectral representation

X = J.IR e2miwt /,L(dw)
where u is a countably additive H valued measure on R (see [9]).

THEOREM (4. 3) Let {x,: t € R} C H. Then the following statements are
equivalent:
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(a) {x:} is a continuous uniformly bounded linearly stationary stochastic

process.
(b) x. = [, e u(dw) for some Schauder basic measure u on the Borel sets
R

of R.
(c) There exists a continuous stationary process {y:} C H and a bounded
linear operator B with bounded inverse such that x, = By;,.

Proof. Let {x;:t € R} be a continuous U.B.L.S. process. Let u be a countably
additive H valued measure on R such that

X, = J'IR o 2rivt u(dw).

From Theorem 4 in [10] we know that there exists a countably additive
orthogonally scattered measure £ on the Borel sets of R and a bounded linear
operator B with bounded inverse such that 4 = B¢. Thus by Theorem 4.2 p is
a Schauder basic measure. This proves that (a) implies (b). Conversely, if x, =
Jr e y(dw) With u being a Schauder basic measure then by Theorem 4.2
there exists a countably additive orthogonally scattered H valued measure ¢
and a bounded linear operator B with bounded inverse such that u = B¢. Let
Ye = [g ¥ £(dw). Then {y} is stationary and x, = By;. Hence x; is a
continuous U.B.L.S. process. This shows (b) implies (a). The fact that (b) and
(c) are equivalent follows immediately from Theorem 4.2.

A minor modification of the above proof shows that a sequence {x,: n € Z}
C H is UB.L.S. if and only if it is the “Fourier series” of a Schauder basic
measure and this holds if and only if {x,} is “equivalent” to a stationary
sequence.

§5. Notes and comments

The main result of §4, namely Theorem 4.2, can be specialized to yield the
following characterization of unconditional Schauder basic sequences in Hil-
bert space. Let {x,: n =1, 2, ...} be a sequence in a Hilbert space H. Then
{x,] is an unconditional Schauder basic sequence if and only if there exists a
bounded linear operator @ on H with a bounded inverse such that Qx, L Qx;
forn#kn k=12,....

The proof follows applying Theorem 4.2 to the measure

Xn
p(E) = Yoer W

defined on all subsets E of the positive integers. A more direct proof may be
given using Theorem 4.1 to show that if {x,} is a Schauder basic sequence in
H and {e,} is an orthonormal basis of c.l.s. {x,} then @ Z a,x, = Z a,| x, | e,
defines a bounded linear operator with a bounded inverse on c.l.s. {x,}.

This characterization of unconditional Schauder basic sequences in a Hilbert
space is actually equivalent to the well known result that all unconditional
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Schauder bases in a Hilbert space, which are bounded (above and below), are
equivalent. [See 15, Notes and Comments to Chapter 1, Section 9 in p. 208].

Combining Theorem 3 of Niemi [11] and our Theorem 4.3 one obtains that
the following statements (a) through (d) are equivalent for a Hilbert space
valued countably additive measure p on (Q, 2):

(a) uis a Schauder basic measure.

(b) There exists a bounded linear operator § with a bounded inverse such
that Qu is orthogonally scattered.

(c) There exists a finite positive measure m on (Q, 2 ) and a positive constant
M such that for all simple complex valued functions ¢ on Q

1
e lolPdn<lfoédul*<M[,1¢]* dm.

(d) There exists a positive constant K such that for any finite collection
{E1, ..., E,} C Z of disjoint sets, one has

1
7C i g Pl eEN N2 < | 2iw (B |1? < K? 3ia | 6| w(E)) |2
forall g,€C,j=1,2,...,n.

Niemi proved the equivalence of (b), (c), and (d). Our contribution consists
on the observation that (b) = (a) and the proof that (a) = (d). Actually
Niemi’s results also contemplate the finitely additive case while ours is
restricted to the countably additive case since we rely on the Bartle, Dunford
and Schwartz theory of integration of scalar functions with respect to a
countably additive Banach space valued measure.

We would like to emphasize the fact that in many cases of interest the
measure m in statement (c) above, can be constructed explicitly. Suppose
there exists a complex valued countably additive measure 8 on (Q X Q, X
2 ) such that (u(A4), u(B)) = 8(A X B) for every A, B € Z; and suppose further
that the diagonal A = {(s, t) € Q@ X Q:s = t} of @ X Q is the countable
intersection of sets of the form U%, E; X E;, where {E;, --- , E,} is a
measurable partition of Q. Then the measure m can be taken to be the
“diagonal” of B, i.e., m(E) = B(E X E N A). Indeed m defined in this way is
countably additive and finite, and for every E € =,

m(E) =lim ¥7 [ w(E N Ep)|* = lim B(E X E N Uk E; X E),

where the limit is taken over the sequence of sets Uj-; E; X E; whose
intersection is A. These conditions are satisfied in many cases of interest. In
particular, they are satisfied when u is the spectral measure of a strongly
harmonizable sequence {x,}, i.e., when x, = [} e* u(dt) and B(A X B) =

(w(A), u(B)) extends to a countably additive measure on the Borel sets of the
unit square.
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Suppose u is a Schauder basic measure on the Borel sets of the interval
[0, 1) with values in a Banach space X. Define x, = [} €™ u(dt). It is easy
to see that {x,} is a U.B.L.S. sequence in X.

The following example, kindly supplied by Alberto Alonso, shows that not
every U.B.L.S. sequence in X is of this form.

Example (5.1). Let X be the Banach space 1'(Z) of absolutely summable
complex sequences on the integers. Let 4, € X denote the element of 1,(Z)
defined by 6,.(j) = 0 if j # n and 8,(n) = 1. It is easy to see that {5,} is a
U.B.L.S. sequence in X. Actually || 2 a,0,4xll = | 2 anb.]l = 2 | a,|. Now
suppose there exists an X valued Schauder basic measure u on the Borel sets
of [0, 1) such that

Op = J'(l) e21rint ﬂ(dt)

for every integer n. The map T:I(u) — X given by TF = [} f du sends every

u-integrable function into the sequence of its Fourier coefficients, but this
sequence must be absolutely summable and it is known that there are contin-
uous functions on [0, 1) for which the sequences of their Fourier coefficients
are not absolutely summable. Thus such a Schauder basic measure u cannot
exist.
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