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TRANSFER AND THE ROTHENBERG-STEENROD SPECTRAL
SEQUENCES

By CARLOS PRIETO

1. Introduction

In [Pre] Rothenberg-Steenrod spectral sequences were constructed approx-
imating h(EG >(§ F) resp. h*(EG X F) for h, resp. h* a generalized homology,
G

resp. cohomology theory, satisfying certain conditions, such that the E,-term
is Tor™@ (h(x), h(F)), resp. Exty) (h(x), h*(F)), where EG is the total space
of the classifying bundle of the topological group G and F is an arbitrary G-
space.

If one has a triangle

f
EG>G<F D V—>EG2<F
1.1. \ /
BG

admitting a transfer
7(f): h(BG) — h(EG >(§ F),

resp. 7(f): h*(EG >(§ F) - h*(BG),

and one considers the filtration of BG
.@:BoCBl c... CBnCBn+1C CBG

induced by the Milnor G-resolution Ec C E; C ---. CE,CE,;C ... C EG
(see [Pr; §1]) one has by [Pr; 1.4.] the

PROPOSITION (1.2). 7(f) induces a transformation of spectral sequences
(B, d"} — (E", d'}
resp. 7: {E,, &} - (E,, d}

where {(E", d"}, resp. {E,, d.} is the spectral sequence induced by & for h, resp.
h* and {E", d"}, resp. {E,, d,} is the spectral sequence induced by the filtration

E:EcXFCE,XFC...CE,XFC..-CEGXF. O
e G e G
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Theorem 3.3 in [Pr,] states:
1.3. If the homology algebra h(QG) is h(*)-projective, then

(@) {qu = Tor’? (h(x), h(x))
E2, = Tor’® (h(x), h(F))

and in case that h and h* are represented by a spectrum satzsfymg the Adams’
condition 2.9 in [Pr;], then

qu = Ethl:fG) (h(*)’ h*(F))

The purpose of this paper is to show the compatibility of the transfer with
these isomorphisms. Namely:

THEOREM (1.4). Let f be such that 7(fo): h(x*) — h(F), resp. 7(fo): h*(F) —
h*(*) is an h(G)-homomorphism (see 2.7. below), where

Fi‘W\7 F

is the restriction of 1.1. to the base point (By) of BG (by the inclusion F —
EG >(§ F given by y v [x0, ¥]) and h(x), h(F), h*(+) and h*(F) are given the

h(G)-module structures induced by the G-space structures on * and F.
Then

E}, = Tory® (h(»), h(x))
1.5. ‘rl lTOl‘(l, 7(fo))

E2, = Tork® (h(*), h(F))
and

Ef? = Extf{;, (h(s), h*(F))

16, j 1Ext(1, (f2))

E¥ = Extfl; (h(x), h*(x))
are commutative.

1.7. Remark. Theorem 1.4 can be useful for proving splitting results for
maps BH — BG, H C G compact Lie groups, in adequate homology or
cohomology theories, by looking for maps f (1.1.), such that 7(f,) splits the
map G/H — =.
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2. Proof of the Main Theorem

For the proof we need a series of lemmas. First recall that the complete
G-resolution

G=E,CcD,CE,CD,C.---CE,;CD,C ... CEG
" such that the G-action ¢: EG X G — EG induces relative homeomorphisms
®n: (Dp, Epy) X G — (Ey, Ep-1)
(in particular Yy: Dy X G = E,).
LEMMA (2.1). The diagram

DnXFéiE,JéF

is a pullback—diagram, where £, is the restriction of the canonical identification
and the ©’s denote the corresponding projections.

Proof. Decompose the diagram as follows

><F—>7r,,*(E' XF)—-?E XF

N

5

n

where 7, *(E, é F) denotes the canonical pullback and u(x, y) = (x, [x, y])

([x, y] = &nlx, ¥)).

We need only show that p is a homeomorphism (over D,). Being EG
principal, there is a continuous translation map

a: E*={(x,x’) € EGX EG|nx = mx’ € BG} - G

such that x’ = xa(x, x’) for all (x, x’) € E* (cf. [Hm, 4.2.2.]). Let »:
*(E, 2( F) — D, X F be such that »(x’, [x, y]) = (x/, a(x’, x)y); v is well-

defined, continuous and inverse to pu, as one sees easily. O
Let now f: £,”Y(V N (E, X F)) — D, X F be the pullback of the restriction
G

of fto VN (E, >¢,$ F)—>E, >(§ F. This map has the form -

) = (5, P (5, 9)).
On the other hand one has the map id X fo: D, X F — D,, X F (f, is defined
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only on W = {y € F|[xo, y] € V}). Both maps admit transfers between the
same groups. Namely one has

LEMMA (2.2). 7(f) = 7(id X fo): h(Dn, E,—1) — h((D,, E,—-1) X F) and
correspondingly for h*.

Proof. Recall that D, = C(E,_;) (the cone over E,_,), whence it is contrac-
tible. Applying Lemma 2.10. in [Pr;] we get the result. O

Combining 2.1. and 2.2. with the naturality of the transfer, we obtain

COROLLARY (2.3). The diagrams

(7 n).

h(Dn, En—l) g h(Bn, Bn—l)

(id X fo)J Jr(f)
(£,).

h((Dy, Ep-1) X F) — h((Es, En-1) >G<F)

and
(&)™
h*((D,, Ep—1) X F) < h*((E,, E,-1) X F)
7(id X fo) 7(f)
(7n)*
h*(Dn, En—l) €« h*(Bn’ Bn—l)

are commutative.

For the proof of Theorem 1.4. we must show the commutativity of the
diagrams

h(Eru En—l) ®h(g) h(*) 6_‘.)) h(Bru Bn-l)

2.4. 1 ®T(f0)l lr(f)
Py Ens) uer hE) B h((En, Br) X B
and
Hom o) (h(En, Err), h*(F)) 22 h*(B,, E,0) % F)
2.5. Hom(1, 7(fy)) 7(f)

Homin)(h(Eny Ent), h*(+)) 22 h*(B,, Bay)
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To that purpose we put these diagrams on the right of the diagram

o

h(Dy, En-1) < h(Dy, Epy) ® h(x) .81 h(En, Bnes) ® h(+) B3 h(En, Enct )n B h(+)

2.6. 7(id X f2) 18 7(fo) 1®7(fo) 1®7(f)

2 .
h((Dn, Eps) X F) <= 1Dy, Enea) @ h(F) L8t h(En, Ens) ® h(F) B h(Ey, Eny)n 8y h(F)

and of its corresponding dual respectively. Diagram 2.6. and its dual are
commutative (those on the extreme left, since a -and its dual &- are natural
transformations between homology -and cohomology- theories).

The rows of 2.6. composed with 2.4. coincide with the isomorphisms (7).
and (&,), -and those of its dual composed with 2.5. coincide with (£,)* and
(7p)*- as seen in the proofs 3.15 and 3.15* in Pr,. Hence the composed
diagrams are nothing else but the commutative diagrams of 2.3. Since the rows
of 2.6. and of its dual are isomorphisms, it follows that the diagrams in
question are also commutative, as we wanted. O

2.7. N.B. The assumption that 7(f;): h(x) — h(F), resp. 7(fy): h*(F) —
h*(x), has to be an h(G)-homomorphism is needed to guarantee that the
statements of Theorem 1.4. make sense. One may easily prove that this will
be the case if f, is a G-map. This condition is satisfied, for example, if f = id X
8o, &o @ G-map, (then fy = g,), or if f=f’ X f” for f’ and f” G-maps; in this
case (@ being abelian. ¢
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