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ON THE K-THEORY AND PARALLELIZABILITY OF
PROJECTIVE STIEFEL MANIFOLDS

By E. ANTONIANO, S. GITLER, J. Ucci AND P. ZVENGROWSKI

§1. Introduction

Let V, s be the Stiefel manifold of orthonormal s-frames in R™ and let X, ,
be the projective Stiefel manifold obtained by identifying each s-frame in V,,
with its negative. The double covering V, , — X, . determines a line bundle £
over X, that we will call the Hopf bundle.

In this paper we study the question of the parallelizability of X,, , and obtain
the following results:

Parallelizable Undecided Nonstably parallelizable

Xpn-1,n=1 X2 All other X,
Xonan—2,n=1
Xnssn=2,4,81<s<n
XIG,B

The results in the first-column are obtained by a study of the tangent bundle
of X, ., and are stated in Theorem 2.1.

On the other hand, we will apply the Hodgkin spectral sequence to compute
almost completely the K-theoretical ring for Xy, ; (Theorem 6.6). In particular
we will compute the order of the complexification of the Hopf bundle (Theorem
6.8). When this is added to the fact that the tangent bundle over X,, , is stably
isomorphic to ns-times the Hopf bundle, it will follow that any nonparalleliz-
able projective Stiefel manifold X, ; # Xis s is not stably parallelizable (Theo-
rem 7.1). In Section 2 we prove the positive results on parallelizability of
projective Stiefel manifolds. In Section 3 we give a brief description of the
Hodgkin spectral sequence in the form we will use it in §5. Section 4 contains
a description of the representation rings of the different groups and some
homomorphisms between them. In particular we describe the homomorphism
induced by the inclusion

Z, X Spin(4n — 2k + 1) — Spin(4n)

which in turn is used to describe the Tor term in the spectral sequence. In
Section 5 we compute the E, term of the Hodgkin spectral sequence for
Xyn,or—1. We prove that the spectral sequence collapses and so obtain E.. = E,.
In Section 6 we discuss the extension problem in the spectral sequence for
K*(X4n,2:-1) and as a consequence obtain the order of the Hopf bundle over
Xyn,s. In Section 7 we state and prove the nonparallelizability results. Finally,
in Section 8 we prove Proposition 7.2.
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several readings of the manuscript. We also wish to thank P. Sankaran for
simplifications of the original proof of theorem 2.1(c).

§2. The positive parallelizability results

In this section we prove that certain projective Stiefel manifolds are paral-
lelizable.

THEOREM (2.1). The projective Stiefel manifold X, , is parallelizable in the
following cases.

(@) (n,r)=(16,8)
b) r=n,r=n—1;0orr=n— 2 with n even
(c) n=2,4,8.

The proofs of (a) and (b) are based on Lam’s methods [L], which (c¢) will be
proved using another construction for the tangent bundles of V,,, and X, ,.

Proof of (a). By [L, Corollary 3.3], 7(Xi6s ~ 27¢ where 7 is the tangent
bundle, ~ denotes stable equivalence and ¢ is the Hopf bundle over Xs.
Under the projection 7: X;65 — Xi6, = RP'®, the Hopf bundle ¢,5 over RP*
satisfies 7*(£,5) = £. Since 27¢35 ~ 0 by [A], it follows that 27¢ ~ 0 and Xjes
is stably parallelizable. Now dim X;¢s = 92 and span (S°) = 0 whereas span

8
(Xies) = <2) = 28 by [L, Theorem 3.2]. The Bredon-Kosinski Theorem [BK]

completes the proof for Xeps.

Proof of (b). First consider X, ,—» with n even. Let G = Gr(1, 1, ---, 1, 2)
be the flag of manifold of n — 2 unoriented lines and 1 oriented 2-plane, all
mutually orthogonal in R™. Because n is even, there is an obvious covering
map X, ._» — G with fibre Z,"3, induced by the covering V, ._» = Gz(1, - -,
i, 2)) = G. To show X, n—2 is stably parallelizable it will therefore suffice to
show G is stably parallelizable (in fact G is parallelizable but we do not prove
this here). By [1, Corollary 12],

7(G) = Elsi<j5n—1 & ® gj:

where &, ---, £, are line bundles and £,-; an oriented 2-plane bundle
constructed over G as in [L]. Let us apply the second exterior power A to the
bundle isomorphism

n=(£0 .. - ®& ) DE
noting that A%(¢;) =0,1<i<n— 2and A\*(£,-;) = 1 since £, is an oriented
2-plane bundle. We thus obtain
(g) = (215i<jsn—2 & ® EJ)Q ((Elsisn—2 St) ® gn—l) ®1=7(G)S1

whence G and X, ,_, are stably parallelizable. We again apply the Bredon-
Kosinski Theorem to show X, ,—» parallelizable. By [L, Theorem 3.2], span
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oo = (” 5 2). Now

1+ dim X, = (’2’) =m - (odd), m=n/2

so we see from the Radon-Hurwitz formula that

span S 1= -1+ p(3) =—-1+ p(m) =span S™ ' <m
where p(m) = 2° + 8d if m = (odd)2**, 0 < ¢ < 4. Since m = n/2 < (n ; 2)

for m = 3, it follows that Xy, om—» is parallelizable for m = 3. The remaining
case X, - is covered in (c).

Both X, .-, and X, , can be mapped onto G’ = Gg(1, 1, ---, 1) as finite
coverings and G’ is easily seen to be parallelizable by the A? construction. So
X n-1 and X, ,, are also parallelizable. These two cases also follow from the
theorem that the quotient of a Lie group by a finite subgroup is parallelizable
[B, p. 502].

Proof of (c). We first derive some results for the Stiefel manifolds V,, , and
their tangent bundles. For convenience a point in V,, , is denoted v = (vy, - - -,
v,;), where v; € R" and (v;, v;) = é;;.

LEMMA (2.2). The tangent space T,(V,,,) is the R-vector space
Tv(Vn,r) = {(wly Tty wr)l w; € Rn and <Wi, Uj) + <wj7 vi) = 0}'

Proof. Let v(t) = (vi(t), - - -, v.(t)) be an arbitrary differentiable curve in
V.. with v(0) = v. Differentiating the equations (v;(t), v;(t) ) = 8;; and setting
v’ (0)=w= (wy, ---, w,) gives the desired result.

For the tangent space T},;(X,,) to X, , at a point [v] = {v, —v} € X,,, we
have the identification

T[v](Xn,r) = {[U, w]l w e Tv(Vn,r)7 [U, LU] = [—U, —l.U]}

Thus a tangent vector field on X, , is equivalent to an odd (or skew) vector
field s on V,,, i.e., s(—v) = —s(v).

LEMMA (2.3). Span X,,, = max{(é), p(n) — 1}.

»

Proof. As mentioned above, the bound (;) appears in [L, Theorem 3.2]. For

the other bound, consider the p(n) — 1 Radon-Hurwitz transformations ¢; €
O(n) satisfying ¢; + ¢;* = 0 and ¢:¢; + ¢;¢; = 0 for i # j. Setting w*(v) = (¢;v1,
.o+, ¢0,) for 1 < i < p(n) then gives a (p(n) — 1)-field on V,, . which is skew,
hence also a (p(n) — 1)-field on X,, ,.

The completion of the proof of Theorem 3.1(c) is obtained by noting that
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X,, and Xg, are stably parallelizable (since X,; = RP® and X;3; = RP") and
then using the method in the proof of (a) above. By Lemma 2.3, span X, , = 3
and span X, = 7, and so we may invoke the Bredon-Kosinski Theorem
individually in each case, e.g., dim X3, = 13 and span S** = 3. The remaining
case Xz; = RP' is trivial.
§3. The Hodgkin spectral sequence

Let H be a closed subgroup of a compact connected Lie group G with torsion-

free fundamental group. Then we have [H1], [R].

THEOREM (3.1). (Hodgkin). There is a multiplicative strongly convergent
spectral sequence such that:

(a) As an algebra E;” = Torg)"[R(H), Z] (lives in one line).

(b) The differential d, is a derivation such that d,: E.>"" — E,»" is zero for
even r.

(¢c) E.* is the graded algebra associated to a multiplicative filtration of
K*(G/H), i.e., there is a filtration

0=F_2CFOCF2C CF2n=KO(G/H)
O=F_1CF1CF3C “ee CF2n+1=K1(G/H)

with F; - F; C F;; under the product in K*(G/H) and E.’ = F,/F,_,.
Furthermore, the product in E.* is that induced naturally by that in K*(G/H).

We have the two edge-homomorphisms
(a) Torge)’[R(H), Z] = E;° —> E.° = F, — K°(G/H).
(b) Torge)'[R(H), Z] = E;' —> E..' = F;, — K'(G/H).
which can be identified with the « and 8 constructions [R, Section 4].

§4. Representation Rings of Spin and SO

The following descriptions of the representation rings of Spin(n) and S0(n)
can be found in Milnor [M], Gitler and Lam [GL], and Anderson, Brown and
Peterson [ABP].

Let T, and T’ bé the maximal tori of Spin(2n) and S0(2rn). We have the
following diagram of vertical inclusions and horizontal double coverings:

T, - T,

n N
Spin(2n) — S0(2n)
n N

Spin(2n + 1) — S0(2n + 1)

Since the induced diagram on the representation rings consists only of
injections, we can identify all rings as subrings of the representation ring of
T,
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R(T,) = Z[u.®, -+, u®, wy ™2, oo, a2, Uy -+ - un)]/~

where now and in what follows, the relations ~ are suggested by the notation,
ie,u’u;2=1fori=1, ---,nand (u; --- u,)>=w,? - - - u, It is convenient
to think of this ring as a subring of the larger ring

Z[uh sy Un,y u’l_l; ) un—l]/~

in which the element (u; .- - w,) is really a product.

Now we will introduce some well known elements. Let II, be the k-th
elementary symmetric function in the variables {u;> + u; > — 2} fori=1, . .-,
n. This is called the k-th Pontrjagin class.

Let
+
A2n - Ze1-~~en=1 ufl61 R uneny
A2n— = Zel-'~en=—l ulel tte uneny

where in both sume ¢; = +1 and Ay, = I;(w; + w;™2).
These elements satisfy the following relations:

I, = (Aen® — A3,7)?, Agn*Ag™ = Yiey 4¥7'0,, and
Aons1 = Agn™ + Ay
Now we can describe the other representation rings as
R(T.) = Z[w? ---, u?, ™%, -, un 2]/~
R(Spin(2n)) = Z[I1;, ---, W,—q, Ag,*, Agn7]

Z[y, -, Mpg, (A2.7)% (A9:7)7]
{(A2:")*(A2,7)? = (Bhe1 4770 ,-0)%)
R(Spin(2n + 1)) = Z[I4, ---, Iy, Agpiil,

R(S0(2n + 1)) = Z[W,, ---, IL,].

Notice that R(Spin(2n)), R(Spin(2n + 1)) and R(S0(2n + 1)) are polynomial
rings.

The homomorphisms induced by the natural inclusions S0(2n — 1) C S0(2n)
and Spin(2n — 1) C Spin(2n) are given by

R(S0(2n)) =

=
Aon™ = Ay g

Hii__’Jeri,L'=1,---,n—1
0 i1=n

With this is is not difficult to describe the homomorphisms induced by the
inclusions of SO(m — r) C S0(m) and Spin(m — r) C Spin(m).
The variables II¢ are in the kernel of the augmentation and in order to
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handle this kernel effectively it is convenient to make the following change of
variables:

XZn = A2n+ - A2n_

62n = A2n+ - 2n—1

62n+1 = A2n+1 - 2"
We now describe the homomorphisms induced by the inclusions

fxj
Z, X Spin{(4n — 2k + 1) —— Spin(4n), k=1, ..., 2n.

where j is'the usual inclusion and f is an injection of Z, into a central subgroup
of Spin(4n) that projects onto the center of S0(4n) under the natural double
covering. More precisely, f X j is the composition

fxj ©
Z; X Spin(4n — 2k + 1) —— Spin(4n) X Spin(4n) — Spin(4n)

where u is the multiplication map.
To do this it is better to study first the homomorphism

fxj
Zy X Spin(4n) ——— Spin(4n)
where now j is the identity map.
II
By restricting the double covering Spin(4n) — S0(4n) to the maximal tori,
we get the following diagram

S'xS8S'x...x8' D S'xS8'x ... x 8
—_

gl= l=
T2n H T2n’
—_
n N
Spin(4n) II S0(4n)
é
where D(zy, -+, 2on) = (2120, 227 23, + -+, 22n '21), 2; a complex number of

absolute value 1.

With this description for D, the isomorphism induced by g on the represen-
tation rings takes the form

g#: Z[uli2’ CTty uZni2; (ul ot u2n)]/~ =4 Z[alily A aZntl]/~
h? > ao, U2 — o, tayy, for 2 <i=<2n,
and (u1 s UQn) —> .

Using the parametrization g for Ts,, we can now describe the restriction of
f X j to the maximal tori as



ON THE K-THEORY AND PARALLELIZABILITY 35

xJj
ZyX8'%x8'x... xS ——81x8ix...x 8!

(ty 21,22, "ZZn) — (217 tzZ’ © 2221, tz2n)

where Z, = {—1, 1}.
Write R(Z,) = Z,[y]/(y® = —2y), with y = x — 1 and x: Z, — S* the only
nontrivial 1-dimensional representation. Then we have

PROPOSITION (4.1). The homomorphism of representation rings induced by
[Xj:Zy X Top —> Top is given by

(f X PHw™) = (y + Dw*?
and

(FX D - uza) = (w1 -+ - Usa).

Here
R(ZZ X TZn) = R(ZZ) ® R(TZH) = Z[y’ u1i2’ Ct Ty u2ni2’ (ul A u2n)]/~-

Proof. A direct computation on the one dimensional representations shows
that

(f Xj)#(aoddil) = aoddil

(f x j)#(aevenil) = (y + ]-)aeuen:ﬂ

and by changing variables we get the Proposition.
The following Lemma is easy and its proof is left to the reader.

LEMMA (4.2). Let I1,’ be the k-th elementary function in the variables X; +
C, ..., Xs, + C and I1, the k-th elementary symmetric function in the variables
Xl, ceey, in. Then

2n—k+j

I, = Yieo ( j > C/ ;.

Since (f X j)*(II,) must be the k-th elementary symmetric function in the
2n variables

(Fxjp)iuw+uw?-2=(y+Duw*+wu2-2)+2, i=1,---,2n,
and (y + 1)y = —y, we obtain
COROLLARY (4.3). The homomorphism of representation rings induced by
f X j: Zy X Spin(4n — 2k + 1) — Spin(4n)

is given by
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(f X )HIL) = I/ = (—1)"-1[2;1 z‘~’f-1<2” ‘ji + j)y ni_,-} + (1 + y)IL

(f X ) (Xan = =25 o4pgpmny — 22" 1y
and

(f X j)#(b4n) = 2" 64nsp1
where in the right side of the first formula

.= dan—ohr1” + 2 0 g1 — X Mgp—y, ifi=2n—k
' 0 ifi>2n—k

The matrix expressing the elements II;” in terms of the II; has the following
form

1 26y =-2°CGMy  2°(GMy
0 1+y =20 Ny 2°G )y
0 0 1 2(7" %)y
. . 0 1+y
0
. ) . . i

By Netto’s formula [N, formula (2), page 51], we see that this matrix is its
own inverse. Hence the new variables II;” can equally serve as generators.

§5. Computation of TorR(spi,,@,.))*[R(Spin(4n -2k + 1) X Zz), Z]

We describe Tor#spinny) [R(Spin(4dn — 2k + 1) X Z,), Z] as a graded algebra.
For this purpose, let 2 < k < 2n and set

A = R(Spin(4n))/(11;, - - -, II,—x) and
B = R{(Spin{dn — 2k + 1) X Zy)/(1L’, ---, Hanr’),

where II;’ is as in 4.3. Then (f X j)* induces an algebra homomorphism 4:
A — B that makes B an A-algebra, and we have

PROPOSITION (5.1). As graded algebras:
Tor % spinwny [R(Spin(4n — 2k + 1) X Z,), Z] = Tor,*[B, Z].
Proof. Let A = Z[Il4, ---, Is,—;] and let ¢: A — R(Spin(4n)) be the

inclusion. Then R(Spin(4n)) is A-free and by [CE, XVI, Theorem 6.1] we have
a spectral sequence:

Tor,s[Tor,[R(Spin(4n — 2k + 1) X Z,), Z], Z]
= Torrspinun) [R(Spin(4n — 2k + 1) X Z,, Z].
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But since Tor,[R(Spin(4n — 2k + 1) X Z,), Z] = Tor’ = B, the spectral
sequence collapses and we get the Proposition.
In order to describe Tor,[B, Z] write

A= Z[HZn—k+1’ SR § P X4n, 54n],

B= Z[B,y]/<y2 =—2y, 52 = —92n—k+ls 1 24n—2k—1[1 + (_1)k+1<§:’; : i)]y)

and 0(04,) = 2¢715,
0(Xy,) = =215y — 2271y
and 6(II;) =1, for i=2n—k+1, ..., 2n.

LEMMA (5.2). Fori=2n—k+1, ..., 2n, we have in B
II,) = 22i_1<2in)y — Y ihke 22(i_j)<2nj— J)Hj’
Proof. In R(Spin(4n) X Z,),
2n — i+
J

But nowin Bwe have II; =0 fori=2n—k+ 1, --., 2n as well as I’ = 0
fori=1,-.-.,2n—kandyII;" = —2II;’. So we get the Lemma by substitution.

Let m = g.c.d. {22i_1<2in>

COROLLARY (5.3). A can be described as
A =Z[r, -+, Tr-3, p, Xin, 04n]
where the elements 7;,i=1, ---, k — 3 and p satisfy 0(7;) = 0 and 0(p) = my.
Let A" =A/(71, - -+, Tk—3) = Z[p, Xun, 0n].
PROPOSITION (5.4). As graded algebras
Tors*[B, Z] = Az*(t1, - -, tr-3) ®z Tora-[B, Z]

where Az*(ty, - - -, ty—3) is the exterior algebra on generators of degree 1.

;= (1) ¥in 22j_1< )yn'i—j + (1 + y)1,’.

i=2n—k+1,---,2n—2}.

Proof. Since A is a polynomial ring, we can use the Koszul resolution to
view Tor,*[B, Z] as the homology of the chain complex Ag*(t, - - -, ti_s, P,
X, D) in which the differential is the derivation given on generators by

dt;) =0(w;) =0
d(P) =0(p)
d(X) = 0(X4n)
d(D) = 6(Ap).



38 ANTONIANO, GITLER, UCCI AND ZVENGROWSKI
But we have the isomorphism of chain complexes
AB*(tly '} tk—?:, Pa Xy D) = A-Z*(tly ) tk—S) ®Z AB‘*(Py X) D);

here the right hand side has the differential d = ¢ ® d’, where ¢ is the
augmentation and d’ is given by

d’(P) = 6(p)
d’(X) = 6(Xsn)
d’ (D) = 0(b4n)-

We thus get the Proposition. ‘
Now we are ready to describe Tor,’'[B, Z]. This is the homology of the
Koszul complex

d d d
0-B—->B®B®B—>B®B®B—->B—0

where d is the derivation of B-modules given by

d(P) = my
d(X) = =215y — 2271y
d(D) = 2¥15.

Let 2* = g.c.d. {m, 2**!} and let am + b2*""* = 2*. We then have a new
basis for Ag*(P, X, D) given by

u;=aP—-b(X—-yD) d(u) =2
u,=D where d(u,) =216
us=2""1"*pP+m2 *(X—yD) d(uz)=0

PROPOSITION (5.5). As graded algebras
Tors *[B, Z] = Az* (21, 22, 23, u) ®; Z[y, 6]/~
where z,, 2;, 23, U are of degree 1, y and 6 are degree 0 and ~ is given by:

1) ¥'=-2y,2%=0

2) 62 —_ _22n—k+16 + 24n—2k-—1[1 + (_1)k+1(§z : Ilz):L/’ 2k—15 =0

3) 2u=0, r=min{a, k—1}
4) 21y = O, 21U = 0

— 94n—2k—1—a+r _qE+f2n — 1 -
5) 2,0 =2 1+ (-1) on — k)% 22U 0

6) uy=—2u-— 25176z, ud=-22"F1y=2""yz,

Proof. Take
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z1 = (y + 2uy,

- e on — 1
2 = (6 + 28 1)y, — 2F1 al:l + (—-1)k+1(2z B k):lul,
23 =us, and u=—2"""6u; + 2" "y,

Now the Theorem follows by direct inspection of kernels, images and relations.
COROLLARY (5.6). The Hodgkin spectral sequence for Xy, sx—1 collapses.

Proof. As we see from Propositions 5.1, 5.4 and 5.5, the E, term is generated
as an algebra by E.° and E,' and since the differentials are zero there for
dimensional reasons and are derivations, we obtain the Corollary.

Employing the results of this section, we can describe the E. term of the
Hodgkin spectral sequence for X, or—; as

E.f = AZP(ty, -+, tees, 21, 22, 23, U) Oz Z[5, yl/~
where t,, - - -, trs, 21, 22, 23 and u are of degree 1, y and § are of degree 0 and
~ is exactly as in Proposition 5.5.
§6. The Extension Problem

To get K* (X4 2¢-1) from the E.* term of the Hodgkin spectral sequence,
we have to solve an extension problem. We will have this in mind in what

follows.
We consider two categories of algebras which we will call Cx and Cg.
The category Cx consists of Z,-graded algebras K = K° ® K* with multiplic-
ative filtration
0=F,CFCF,C...CF,,C..-CK'=U, F,,
OZF_1CF1CF3C LR CF2n+1C L CK1= U‘iFQi-}-l
F;. F;C Fy;.
The category Cg consists of Z-graded algebras:
E=E"®SE'®OE*® --.
There are two natural functors between these categories of algebras:
T: Cx — Cg,

T(K) = E, with E* = F,/F;_, and the product induced by the multiplicative
filtration on K, and

L: Cz — Ck,
LE)=K,F;,=E°®E*® ... E*and Fy;, =E'® E*® ... ® E**.

It is clear that T o L: C; — Cg is the identity functor and we have the
following extension problem:

PROBLEM (6.1). Given E in Cg, describe all algebras in T (E).
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We will partially answer this question in some elementary cases. For this
let us restrict our attention to algebras that are quotients of a universal
algebra, i.e., of a cummutative algebra which is the tensor product of an
exterior algebra over Z, finitely generated by elements of odd degree, with a
polynomial algebra over Z, finitely generated by elements of even degree.

Any Z-graded algebra can be considered as Z,-graded by considering its even
and odd parts. In particular this is true for universal algebras, and we can
speak of an object of Cx as a quotient of a universal algebra.

PROPOSITION (6.2). Suppose E = T(K) and E is generated by homogenous
elements e,, -« -, e,. For each e; € E = F;/F;_, choose a representative k; € F;.
Then the elements k;, - - -, k, generate K.

Proof. Let k € K be a homogeneous nonzero element, i.e., k € K’ or k € K*.
Then k € F; — F,_, for some j. Let k be the image of k in F;/F;_, = E; and
write it as a sum of products of the ey, - - -, e,.

Let k’ have the same expression as k but in the elements k&, - - -, k,. Then
k — k'’ € F;_, and the assertion follows by induction on j.

COROLLARY (6.3). If E = T(K), then E and K are both quotients of a common
universal algebra.

Now let K € Cx be a quotient of the universal algebra U by a Z,-graded
homogeneous ideal Ix. To each element e € Ix, we can associate its homoge-
neous part of highest degree, denoted by h(e). All these homogeneous elements
generate a homogeneous ideal of U denoted by h(Ix).

PROPOSITION (6.4). Let E = T(K), where E and K are both quotients of the
universal algebra U, by ideals I and Ix. Then h(Ix) = I%.

Proof. Given u € U, denote by'(u) £ and (u)g its classes in E and K. Notice
that if u is homogeneous of degree n, then (u)x € F,,.

Now, if u € I, the (u)z = 0 and so (u)x € F,,_;. Thus (u)x = (u’ ) with u’
of degree =n — 2. Thenu —u’ €EIxandu=h(u—u’) € h(Iy), so Ir C h(Ix).
If u € h(Ix), then u + u’ € Ik for some u’ of degree <n. Then (1’ )x € F,_,
and (u)g = (W)x= (u+u’')xin E" = F,/F,_,, so u € Ig. This ends the proof.

COROLLARY (6.5). If E = T(K) and I is generated by elements of degrees 0
and 1, then K = L(E).

This is the case for the E.* term of the Hodgkin spectral sequence for the
Stiefel manifolds [R], therefore K* = E.* thus giving a Z-grading to K* in
this case.

THEOREM (6.6). As algebras
K*(Xunon-1) = Az*(ty, -, tes, 21, 22, 23, U) ® Z |y, 6]/~

where ~ is described as in Proposition 5.5, except for the two relations in
dimension two
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U =ay + a6 + azdy

and
22U = bly + b26 + b35y
for some integers a; and b;.

Proof. It follows as a Corollary of Proposition 6.4 and Corollary 5.6.
In particular for the case k& = 2n, when we are dealing with the group P0(4n)
= X4n4n—1, we have that

ziu = 2%azdy
2ou = 2% 'bydy

where as and bs are 0 or 1. This coincides with Held and Suter [HS, Theorem
6.2] where they further determine that a; = b; = 0.

Now we wish to identify the complexification of the Hopf bundle over
X on—1 wWith the element y + 1 € K*(X,,, 2x—1). For this notice that the element
y + 1 is the «a construction on the one dimensional representation

X: Spin(4n — 2k + 1) X Z» — Zs — S* = U(1)

where the first arrow is the projection on the second factor. (See [R, 4.1] and
our definition of y in section 4). We have

PROPOSITION (6.7). The « construction on the one dimensional representa-
tion X € R(Spin(4n — 2k + 1) X Z;) is the complexification of the Hopf bundle.

Proof. By definition of the « construction [H] or [R, 4, 1], a(X) is the
complex line bundle over X, »»—; associated to the principle bundle

Spin(4n — 2k + 1) X Z; — Spin(4n) — X4, 241

when we let act Spin(4n — 2k + 1) X Z; on C via the representation X.
But since X factors through Z, we have

Spin(4n) Xspin@n—2k+1xz, C
= Spln(4n)/Spin(4n — 2k + 1) XZ2 C= V4n,2k—1 XZZ C

}

where v,(m) = maximum power of 2 dividing m and [x] = integral part of x.

THEOREM (6.8). The complexiﬁcation of the Hopf bundle over X,, ; has order
224ms) in K(Xuns).

Proof. This is a direct consequence of Theorem 6.6 and Proposition 6.7 for
s = 2k — 1. (See the definition of « in Section 5.)

and this ends the proof.

Let
4n — s + 2
2

1>

aldn, s) = min{Qn -1,2 -1+ u2<2?>
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For s = 2k the fibration

T

in—2k
S g X4n,2k - X4n,2k—1

is totally noncohomologous to zero in K-theory [GL] and since = pulls the
Hopf bundle over Xy, 2:—1 back to the Hopf bundle over X,, 2., we get the
theorem. One can use the same fibration to describe K*(Xy, ) in terms of
K*(X4n 21-1) as Gitler and Lam do for Stiefel manifolds in [GL].

§7. The negative parallelizability results
The object of this section is to prove the following:

THEOREM (7.1). The projective Stiefel manifold X, s is not stably paralleliz-
able in the following cases:

a) moddands<n-—1
b) meven,n>4,s<4n — 2 and (n, s) # (8, s), (12, 8) or (16, 8).
All others are parallelizable (Theorem 2.1) except possibly Xizs.

Proof. This is the union of Corollaries 7.3, 7.4 and Proposition 7.5, 7.6 and
7.17.

Let 2°™* be the order of the Hopf bundle in KO0(X,,) and let 2™ be the
order of its complexification in K(X,,). Since complexification followed by
realification is multiplication by two, we have

B(n,s) =a(n,s) +e with e=0 orl.

PROPOSITION (7.2). Let n > 2,1 < s < 4n — 2 and (4n, s) # (12, 8) or
(16, 8). Then v5(4ns) < a(4n, s).

The proof is in the next section.

COROLLARY (7.3). If n= 2,1 =<s <4n — 2 and (4n, s) # (12, 8) or (16, 8),
the manifold X4, . is not stably parallelizable.

Proof. The tangent bundle 7(X,, ;) is stably isomorphic to ns times the Hopf
bundle [L]. Then by Proposition 7.2, (X4, ;) is not zero in K(Xj, ).

COROLLARY (74). If n= 2,1 <s<4nand 1 < k < 3, the manifold X ,+1,
is not stably parallelizable, except possibly for Xio,4.

Proof. If n > 2, then v;(4ns) = a(4n, s). To see this one checks it directly
for (4n, s) = (12, 8), (16, 8), (4n, 4n — 1) and (4n, 4n — 2), and then applies
Proposition 7.2 in the other cases.

Since the natural inclusion X, — Xyn+ss pulls the Hopf bundle back to
the Hopf bundle we have that a(4n, s) < a(4n + k, s). But »,((4n + k)s) <
v2(4ns) so than 7(Xyn+r) is not zero in K(Xy,1s,).

For n = 2 we know that a(8,s) =3 for 1 <s < 7 and then «(8 + &, s) =3
fork=1,2,3and 1 =s =< 7. Since »,((8 + k)s) <3 except for (10, 4), this
completes the proof.
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PROPOSITION (7.5). If n> 1 and k = 0 or 1, the manifold Xy, 13 4n+x is not
stably parallelizable.

Proof. This is obvious for £ = 1 since v,((4n + 3)(4n + 1)) = 0 and
a(4n + 3, 4n + 1) = 1 because the Hopf bundle is not trivial.

Now, following the ideas of Sections 5 and 6 it is possible to show that for
n>1, a(4dn + 2, 4n) = »,(8n).

Since the natural inclusion Xy,2 4, — Xun+3 4, pulls the Hopf bundle back
to the Hopf bundle, we have that a(4n + 2, 4n) < a(4n + 3, 4n) and then
7(Xin+s.4n) is not zero in K(Xyn+s.4r).

PROPOSITION (7.6). The manifold X, 4 is not stably parallelizable.

Proof. As in the proof of Proposition 7.5, we can show that «(10, 8) = 4.
Since (10, 4) = «(10, 8), 7(X10.4) is not zero in K(X44).

PROPOSITION (7.7). The manifold X, . is not stably parallelizable if (n, s) =
(7, 4), (7, 8), (1, 2), (7, 1), (6, 3), (6, 2), (6, 1), (5, 3), (5, 2) or (5, 1).

Proof. Take first the case (7, 4). We will make use of the Atiyah-Hirzebruch
spectral sequence for KO to show that 8(7, 4) = 3. We already know that
B(7,4) =< p(8,4) =3.

Let f: X7 4 — P the classifying map of the Hopf bundle, so we have the
fibration

f
V7,4 i X7,4 — P~

It is well known that H*(V;,; Z) = 0 for i < 3 and that is enough to see from
the Serre spectral sequence of the above nonorientable fibration that f*(y?)
# 0 in H*(X74; Z) where y? € H*(P®; Z) is the generator.

In the Atiyah-Hirzebruch spectral sequence we have

0 # f*(y?) € o™ = H'(Xy,4; KO*(#)).

But f*(y?) is a permanent cycle since it comes from P>, and it is not a
boundary for dimensional reasons, so

0 #f*(y%) € E.*™

Thus, in K0(X74), 2°(¢ — 1) = (£ — 1)® is not zero since (¢ — 1)% is
represented by f*(y?) € E.*~*. This shows that 8(7, 4) = 3.

The other cases follow from the fact that 3(4, 3) = 2 and 8(6, 2) = 3. This
also can be proved by using the Atiyah-Hirzebruch spectral sequence as above.

§8. Proof of Proposition 7.2

We begin by recalling a well known theorem of Lucas. Let vo(x) be the
maximum power of 2 dividing x, «(x) the number of 1’s in the dyadic expansion

of x and Z the usual binomial coefficient.
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THEOREM (8.1). (Lucas). ”2<Z> = a(b) + ala — b) — a(a).

We will also make use of the following easy consequence of 8.1:

LEMMA (8.2). Suppose that 2¢|2n, 2¢|i and 0 <j < 2. Then
2n < 2n
2\ i ) SR\ + )
For the proof of Proposition 7.2 first observe that v,(4ns) < v,(4n) < 2n —
1 if n > 2. Thus it is sufficient to prove
in —s + 2
2

assumes the same value for s = 2k — 1 and s = 2k.

1=

(%) vo(dns) < min{Zi -1+ 1/2(2?)

forn>2and1<s<4n — 2.

—s+2
Observe dn-s+2

Since vy (4n(2k + 1)) < »,(4n(2k)), it is enough to prove (*) for s even and for
s = 4n — 3. Thus we must prove

PROPOSITION (8.3). Letn>2and 1 <k <2n — 1. Then
. 2n .
v2(8nk)<2l—1+zf2<i> forall i=z2n—-—k+1
and
PROPOSITION (8.4). Let n> 2. Then vo(4n) <2i — 1 + v2<2?> foralli = 2.
Proof of 84. Let2n=2m+ 2"+ ... + 2%, 0<n, <ny, < --- <n,. Then
v2(4n) = n; + 1 < 2m*! — 1 and 8.4 follows for { = 2™.

Nowlet 2 <i< 2™ andwrite i =21+ ... + 2% i, < ... < i, < n,. Then by
the Theorem of Lucas », 2in =m—un.But2i—1+ vZ<2in =20t — 1 4+,

—i1>n1+1=u2(4n)fori121,and2i—1+u2<2in>23+n1>n1+1=

1/2(4n) for il = 0.

Proof of 8.3. We will consider 5 cases. Let iy = 2n — k + 1 and 2n = 2™ +
Q2 4 ... +2na’0<n1<n2< cee < .

Case 1: 2 < vy(k) — ky < n; and »,(8nk) = 2 + n; + k;. Here it suffices to
prove 8.3 for k = 2n — 2%, But then i, = 2% + 1.

Fori= 2%, k, < t<n,,then, since 2"' > 2t + 3=k, +t + 3,
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2i+1+u2<2in)=2”1—1+n1—t>2+n1+k1=y2(8nk).

For i # 2/ and i < 2™ we simply invoke Lemma 8.2. And for i = 2™ we have
20— 1=2""~12=2+ 2n;, > 2 + n, + ki = 1,(8nk).

Case 2: vy(k) = k; = 0 or 1 and k; < n;. The proof is analogous to the proof
of 8.4.

Case 3: vo(k) = ky = n, and v,(8nk) = 2 + 2n,. In this case it suffices to
prove 8.3 for k= 2n — 2*!, But then iy = 2"+ land 2i, — 1 =2"" + 1>
2+ 2n1 = vz(Snk)

Case 4: vo(k) = ky > n, and 1k # n,, - -, n,. Then n,—; < ky < n, for some ¢t
=2, ..., s, and it is enough to prove 8.3 for & = 2% + 2x+1 + ... + 271 4
M+ 4 ... 4+ 2% Thenip=1+ 2"+ ... + 241+ M1 gnd 2j, — 1 = 24+t = 2
+ 2k, > 2+ ny + By = v (8nk).

Case 5: vy(kR) = ky = n,for some t = 2, - .., s. In this final case it suffices to
prove 83 fork=2"+ ... + 2™ Soip =1+ 2™+ ... + 2™, Qbserve that 2i,

-1+ y2<2in) =1+2"" 4 n,>24n, + ht = po(8nk) and 21 — 1= 2 + 2n,
0
> 24 n, + n. = vy (8nk). For iy <i< 2%, theni=21+ 22+ ... + 2% with n._,

= i, < n; and by the Theorem of Lucas », 2in =2n—14,.502i—1+ v 2in =

2t —14+n,—i,= 2+ i, +n.>2+n, + n, = r,(8nk).
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