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AN EQUATION OF CONTACT VECTOR FIELDS 
AND COMMUTATORS OF CONTACT DIFFEOMORPHISMS 

By JAVIER PULIDO CE.JUDO 

Introduction 

The problem of expressing any diffeomorphism, contact isotopic to the iden­
tity and compactly supported, as a product of commutators, is linearized; this 
yields an equation of contact vector fields. This equation is translated into a 
functional equation on the Heisenberg group and solved; the functional spaces 
are. adequate for the Heisenberg group structure (see [F,S]). This linearized 
problem in the non-contact case yielded [Ml] and [M2]. The same procedure 
holds for any odd dimensional Euclidean space but is not included here. 

A contact form in R3 isa 1-form w that satisfies: w/\dw is a never vanishing 
form. For a O" -diffeomorphism / : R3 - R3 , we have the differential D f : 
R3 x R3 - R3 x R3 that makes the following diagram commutative 

Df 
TR3 = ----+ 

I 
----+ 

where II is the projection on the first factor. 
Given a vector field X we associate to it the vector field /.X = D f oX o 1-1; 

ifµ is a 1-form, we denote by 

< µ, X >p= µp(Xp) 

and define the pull-back/*µ to be the 1-form 

< /* µ, X >p=< µ, J.X > /(p) 

In this setting we say that a diffeomorphism / is contact if there exists a O" 
map A : R3 - &+ such that f*w = Aw, where&+ is the set of positive reals. 

The support ofa diffeomorphism fis defined as the closure of the set where 
/ (z) =I z, i.e. 

supp f = {z E R3 l/(z) ¥-z}. 

Consider the contact form 

w = dz + xdy - ydz, 

let G denote the group of contact diffeomorphisms with compact support, for 
which there exists F: [O, 1] x R3 

- R3 and A: [O, 1] x R3 

- &+, both in O" 
and satisfying 
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where Ft = F(t, •), ~t = ~(t, •), supp Ft is compact for all t, Fo = id (identity 
map) and F1 = /. One has the following problem: 

Find suitable f. E G, where i = 1, ... , n such that for all g E G there exists 
'-'i E Gwith 

1) lu1, Ji]••• [un, /n] = g 

where lu, /] = u/u- 1 /- 1. 

2) 

For g =id we can choose '-'i =id. What happens when we perturb g slightly? 
Let '-'it be isotopic to the identify on G, then, by direct computation we get 

a1u;,, Ii] ... l'-'np In] I (~ , . . ) 
at = - L.J li..-"'i0 - '-'i0 

t=O i=l 

where 

3) • ( ) aui, ( -1 ( ) ) 
'-'i• p = at "'i• p for p E R3 . 

Let X be a vector field andµ a 1-form, let Lxµ be the Lie derivative ofµ 
with respect to X; we say that Xis a contact vector field if there exists a or 
map p : R3 --. R such that 

Lxw=pw. 

It can be proved that ui• is a contact vector field if and only if '-'i• is a contact 
isotopy, hence we have the following problem: 

Find suitable diffeomorphisms Ji, ... , /n such that for any contact vector 
field Y there exist contact vector fields Xi, ... , Xn with 

Y = Lf•Xi-xi 

In this paper we give a positive answer to this question precisely stated. 
I wish to express my gratitude to John Mather and Roberto Moriy6n, whose 

help was very important for the preparation of this paper. 

§ 1. Preliminary 

Given a vector field X, we define on the algebra of differential forms 
A(R3) = eAP(R3) the Lie derivative Lx and the interior product i(X), in 
the following way: 
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Let Lx be the only degree O derivation that satisfies 

for every 0-form >. : R3 -+ R. 

Lx>. = d>.(X) 

Lxd>. = dLx(>.) 
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The interior product i(X) is the degree -1 antiderivation that, for a p-form 
a and X1, ... , Xp-1 vector fields, associates 

i(X)a(X1, ... ,Xp-1) = a(X,X1, ... ,Xp-1). 

Lx and i(X) are related by the Cartan formulae 

Lx =di(X) + i(X)d 

i[X, Y] =Lxi(Y) -i(Y)Lx 

where Y is another vector field and [ , ] the Lie bracket. 

Note that for the vector field E = f. we have i(E)w = 1 and i(E)dw = 0. 
For a 2n + 1 manifold equipped with a contact form w, a vector field E with 
the properties above always exists and is called the characteristic vector field 
(or Reeb's vector field, see [1]). 

Any vector field X can be written uniquely as 

X = [i(X)w]E + H(X) 

where i(H(X))w = O; [i(X)w]E is called the vertical part of X and H(X) the 
horizontal part. i(X)w is called the vertical component, and we denote it by 
11(X). Note that 11(X) =< w, X >. 

Let u denote the set of vector fields such that 11(X) = O and ,,S the set of 
1-forms µ for which i(E)µ = 0. We define a: u-+ ,,Sby X-+ i!X)dw. 

Consider the subbu.ndle F of TR 3 whose fiber over pin R is Fp = {Xp e 
p x R3 1wp(Xp) = O} and the subbundle ,,S of A1 (R 3 ) whose fiber over pis 
Sp = {µp E pA} (R 3) lµP ( Ep) = 0}; then u and ,,S are the set of sections of 
F and S respectively and a defines a bundle map which is actually a bundle 
isomorphism. This follows from the fact that i(X)w = O and i(X)dw = 0 imply 
i(X) ( wAdw) = O, and Fp and Sp having the same dimension. 

u is called the set of horizontal vector fields and ,,S the set of semi basic 
forms, so a gives a continuous one to one oorrespondence between these two 
sets. 

In [ B, P] we prove that the vertical component of a oontact wctor field oom­
pletly determines the field. Though it is proved there for 0 00 vector fields, the 
proof is also valid fot the or case. 
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Given a er map g from R3 into R we associate to it the er-l horizontal 
vector field 

.\(g) = a- 1((i(E)dg)w - dg) 

and the er- l contact vector field 

/3(g) = gE + .\(g). 

This follows from the fact that 

(i(E)dg)w - dg 

is semibasic. 
Clearly v(/3(g)) = g, and from the fact that the vertical component deter­

mines the contact vector field we also have 

/3(v(X)) = X. 

By support of g we mean 

supp g = {p E R 3 jg(p) =J: O}, 

and by support ofX we mean 

supp X = {p E R 3 jX(p) =/= O}. 

/3 establishes a correspondence between contact vector fields with compact 
support and maps from R3 into R with compact support. For gin the image 
of er (R 3, R) by v, the degree of differentiability is preserved. 

If h : R3 x I - R is an isotopy of the identity, we consider the one parameter 
family of vector fields on R3 

and inversely, for a family of vector fields Us, we consider the flow 0 on R3 x I 
and define the isotopy 

hs(P) = IIRs0(p,O,s), 

where IIRa is the projection on R3 . Then, hs(P) = Us(P) and h8 (p) is a contact 
diffeomorphism if and only if Us (p) is also a contact vector field. 

§2. Definitions and Notation 

In R3 we define the product 

(x, y, z) • (a, b, c) = (x + a, y + b, z + c + bx - ay), 
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O = (0, 0, 0} is the identify and ( z, 11, z)- 1 = (-x, -11, -z). R3 with this product 
becomes a nonabelian group called the Heisenberg group. We will denote it by 
H. 

Fix pin Hand consider the diffeomorphisms Tp(q) = q • p and pT(q) = p • q, 
Tp lies on G but pT does not lie on G. 

Consider Pi with the i'th coordinate equal tot and the others equal to 0. 

Define X; =p: T for i = 1, 2; then X1 = fz + 11-l-z and X2 = -#u - xfz. 
Let A be a real number, At- 0. Define on H the scalar product A(x, 11, z) = 

(Ax, A11, A2z). Also define the element in Gas A((x, 11, z,)) = A(x, 11, z, ). 
Let Bk denote the subset of the space of differential operators of the form 

Dk = X;1 ... X;-,., where X;; = X1 or X2 and k = 1, 2, .... Let Ok denote the 
subspace spanned by Bk. Moreover, define Go = { o0 maps from H into R with 
compact support} and Gk= {11 E GoJDk11 E Go for all Dk in Bk}- On Go and 
Gk we have the norms: 

1111 llo= sup J11(p)J and 
pEH 

1111 Ilk= sup II Dk11 llo . 
D"EBi. 

Note that the subspace of Gk whose elements have fixed support is a Banach 
space. 

For/ in G and 11 in Gk, we define /.11 = A11 o 1-1, where f*w = Aw, in 
particular Tp•11 = 11 o TP-l and A.11 = A211 o A- 1. 

Note that /* preserves Gk and 

(1) 

Since 

(2) X;(110Tp) = (X;11)0Tp, X;(110A) = (X;11)0A, for i = 1, 2, pin Hand A> 0. 

On H we define the "normlike" function 

This function satisfies: 

(3) i) !PIH ~ 0 and IPIH = 0 iff p = 0, 
ii) JSpJH = JSJJPIH and 
iii) there exists a constant Osuch that Jp + qJH ~ O(IPIH + lqJH ), 

whenever p and q are in Hand Sis a real number. 
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Let us denote B.(o) = B.(o,o,o) = {p e HIIPIH < e} and B.(q) = 
Tq(B.(O)). 

Given A > 0 we define E,t,1: = {11 E G1:I fH 11 = 0, supp 11 e BAO} and for 

1i(t) = p ·,},~.A:= {11 e G1:I J 11 o ,i(t)dt == O for all pin H}. 

When k is fixed, we just write EA and~. respectively. 
We denote by a" the set of compactly supported contact vector fields X for 

which theverticalcomponent11(X) lies in G1:. For Xin G" we define II X ll1:=II 
11(X) ll1:-Leto: denote the o" contact vector fields with compact support. 

3. Main Result and Lemmas Needed for the Proof 

In this section we will state the main result as 

THEOREM (1). Let k > 28, then there exist real numbers L, M such that for 
every Y in o:, we can find Y; in o:12 for i = 1, ... , 5 with 

3 

Y = I)T,,~• Y; - Y;) + L,Y4 - Y4 + M,Y& - Y5. 
j=l 1 

We will see that this theorem is a consequence of 

PROPOSITION(l). Let k > 28, then there exist real numbers L, M such that 
given 11 in GA: we can find ui in GA:, i = 1, ... , 5 with 

3 

11 = LT,,~• u; - u; + L,uz - "a,+ M,u5 - u5. 
j=l , 

Since IX1,X2J = -2-/., wehavethatG1: iscontainedino"/ 2.Ifwearegiven 
X in a", then 11(X) lies in G1:. Use Proposition (1) to find "i in G1: such that 

3 

11(X) = LT,,,_• u; - u; + L,u4 - u4 + M,u5 - u5. 
j=l , 

Define Y; = P(ui) (see §1). Since o"/ 2 lies in G1:;2 and the vertical part 
characterizes the contact vector field, then, from the aditivity of p and the 
definition /,u = 11(1.(P(u))), we get Theorem 1. 

From the above discussion we see that our main task is to prove Proposition 
1. In order to do so we will need the following lemmas whose proofs we omit 
here but can be found in full detail in [P]. 

LEMMA(3.1). (Interpolationlemma):LetvbeanelementofG1: and;~ 1 ~ k 
non negative integers, then there exists a universal constant O (just depends 
on k) such that 
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LEMMA (3.2). There exists a constant C such that for all v, win Gk 

II vw Ilk< 0(11 v lloll w Ilk + II v llkll w ilo). 

Note that ifwe consider 

Fo = {v E o0(H)lsup lv(p)j < oo}, 
pEH 

Fk = { v E c0(H)IXv E Fo for all X in Ok 

and Fk = Fk n • • • n F0 , 

41 

then the same assertion follows for v in F k and we get Lemma 3.1' and Lemma 
3.2 1. 

LEMMA (3.3). If vis in EA then we can find vi in E ~A and a constant C such 
that 

i) v = v1 + v2 + v3 

ii) II Vi Ilk::; 0 II v Ilk• 0 

LEMMA (3.4). Let v in E~ and define j<»v = I; v o Ti. then j<»v satisfies 
iEZ 1 

i) j <Pv = j<Pv o Tp; 
ii) II j<»v II::; GA 11 v ilk 

iii) Jl(j<Pv O ,t)(t)dt = 0 for all pin H 
iv) II j<Pv llo$ GAk II j<»v lb and 

II j<Pv llo::::; GAk+l II j<»v ll2 k + L □ 

LEMMA (3.5). The family {B4(l, m, n) l(l, m, n,) E Z3} is a l,ocally finite cover 
of H and if X B,(l,m,n) denotes the characteristic function, then there exists a 

constant C such that ~X B,(l,m,n) < C the sum taken over all (l, m, n) in Z3. □ 

LEMMA (3.6). There is a partition of unity { 1fih}h=l on H satisfying: 
i) For each h in N there exists qh = (lh, mh, nh) in Z3 such that supp 1Pn c 
B4(qh), 
ii) Let VA = {h E Njjqhl < 4A} then BA(o) is contained in the union, taken 
over all h in VA, of B4(qh). 
iii) { 1/ih} can be indexed in such a way that the intersection of B4(qh) with 
BA(O) is empty whenever h > GA4 for some constant C; moreover, if the former 
intersection is nonempty for some h, then it is so for all h1 less than h. 
iv) For each k there exists Gk such that for all h in N we have II "Ph Ilk::; Gk. □ 

§4. Proof of Theorem 1. 

We have pointed out in §3, that Theorem 1 follows from Proposition 1. 
Hence we will prove Proposition l. This in turn will follow by the Observation 
and by modifying the proof of the Claim below. 
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Obseroation: Let v be an element in Gk with support contained in BA(O) 
and JRa v =I-0, then there exist v in Gk and ti in EA such that v = A. v - v + ti. 

Proof: Let ho: R3 -+ R with supp ho contained in [-1, 1]3 and JRa ho =I-0, 
then JR:s A 2ho o A- 1 = A6 JRa ho. 

Define 

then JRa(A 2h o A- 1 - h) = 1. Let a= fR11 v, v = ah and ti= v - A 0 v- v, then 
supp ti is contained in BA (0) and JRa ti = 0. 

Claim: Given v in EA, there exist constants C, (! and u1, ... , us, e in Gk such 
that 
a) I::r=l Tp,•Ui - Ui + (A/4).u4 - u4 + 2.u5 - U5 = v - e 
b) II Ui Ilk::; C 1111 Ilk, i = 1, ... '5 
c) II e Ilk::; CA12-[k/2l II v Ilk, moreover e lies in EA. 

Proof of Claim: From Lemma (3.3) we can write v = v1 + v2 + v3 with 11; in 

EiA. Let us fix a C00 function b : R -+ R satisfying supp b contained in [-1, 1] 
and b(t) + b(t + 1) = 1 for all tin the interval [-1,0]. Define 

bi((x, 71, z)) = b(x) 

b2((x,71,z)) = b(y) 

b3((x,71,z)) = b(z) 

and construct e; = b; ;'Pv;- It follows from Lemmas 3.2, 3.3. and 3.4 that 

(1) II e; Ilk::; CA2+[k/2l II v Ilk 

and supp e; is contained in Hu (0), furthermore, ifwe define v; = 11;-e;, then 
;'Pv; = 0; it is not difficult to see that this last condition implies the existence 
ofu; in Gk such that (Tp;)•u; - u.; = v; and 

(2) II u; Ilk::; CA II v; Ilk, 
therefore 

(3) II u; Ilk~ cAa+[k/2l 1111 Ilk• 
Note that supp u; is contained in supp v;, whlch in turn is contained in 

supp 11;, 
So far we have expressed 11; in the desired form module an error e;; we seek 

now to express e; in the desired form module an error supported in B4 (0). 
Let {~h}h=l be the partition of unity of Lemma (3.6). Define e;h =~he;= 

(~hb;);'Pv;, then II e;h Ilk~ CA2+lk/21 1111 111:-
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Note e; = I:h e;h, e;h = 0 for all h > O(4A)4, supp e;h is contained in 
B,.(qh) and lqhl > 4A implies e;h = 0. We will now "translate" each e;h until 
we end with i;h in G1r, having support in B4(0), and i;h equal to e;h module a 
sum of terms of the form Tp ;• u - u, j = 1, 2, S and u in Gk. In order to do this 
we first realize that for each qh = (l, m, n) in Z3 and qh • p11 • p2m • p3n-lm = 0. 
To simplify the notation we suppose l, m, n are all positive; let N = Ill + 1ml + 
lnl + 1111ml and write 

qh,O = qh 
-1 

qh,l = qh 'P1 

-I 
qh,l = qh 'P1 

-I 
qh,l = qh 'P1 

-I -1 
qh,l+l = qh 'P1 'P2 

-I -m 
qh,l+m = qh • P1 'P2 

-I -m -1 
qh,l+m+l = qh 'P1 'P2 'P3 

-I -m -n-lm -0 
qh,N = qh 'P1 'P2 'P3 = , 

let i = 1, 2, ... , N, hence u;hi = T(-~1 -)•e;h has support in B4(qh,i) and from 
q,. q1,,,, 

(1) in section Owe know 

(4) II u;hi llk=II e;h Ilk, i.e., 
(5) II Ujhi Ilk~ OA2+[k/ 2l II v Ilk• 

Observe that 

I l+m 

e;h = LTP1• Ujhi - Ujhi + L Tpz• u;hi - Ujhi 
i=l i=l+l 

N 

+ L TPa• u;hN - u;hN + i;1r, 
i=l+m 

with i;h = u;hN· Note that in order to solve the problem when at least one of 
the coordinates of (l, m, n) is negative, one considers the equality T;-1Tpu -
Tpu = Tp(-u) - (-u). Note also that supp i;h is contained in B4(0) and 
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(6) II eih Ilk~ CA2+[k/2l II v Ilk• 
To proceed with the proof of the claim, let P be the natural with the prop­

erty B~(qp) n B 4A(o) I- ,p and B4(qp+1) n B4(0) = ¢, we know that Pis less 
or equal to CA4, we also know that lqhl < CA for all h = 1, ... , P, therefore 
lh < CA, mh < CA and nh < CA 2 and so N < CA 2. Let us define 

3 P l1,. 

u1 =ii1 + L L L Ujhi 

j=l h=l i=l 

3 P l1,.+m1,. 

u2 =u2 + L L L Uj hi 
j=l h=l i=l1,. +1 

3 P N 

u3 =u3 + I: I: I: ui hi 

j=l h=li=l1,.+m1,.+l 

and 

3 p 

e = L L eih 
j=lh=l 

therefore we have 

(7) II Uj Ilk~ CAB+[k/2] II v Ilk 
with support of ui contained in BcA(O) for j = 1, 2, 3, and 

(8) II e Ilk~ cAs+[k/2l II v Ilk 

with supp e contained in B4 (o), moreover 

3 

LTP;•Uj-Uj=v-e. 
j=l 

Ifwe define e = (A/4).(-e) we get 

(9) II e Ilk< CA11-lk/ 2I II v Ilk 

with supp e contained in BA(O) and 

3 

LTP;•ui - ui + (A/4).(-e) - (-e) = v - e. 
j=l 

Note the constant in (9) is 4k- 2 times the constant in (8). 

In order to end up with the proof of the claim, we want to write e as a sum 
of an element in EA plus terms of the desired form. For this purpose, fix Ii 
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in Gk with J Ji = 1 and supp /i contained in B1(o) , let D = A/2and define 

Iv= ..EdL so that J Iv= 1. Since JD.Ji= D5 J Ji= D5 
j D./i 

we get 

II ID Ilk< cn- 3-k II '1 Ilk i.e., 

II Iv Ilk< cn- 3"-k 

and supp ID is contained in Bv(o). Let 

A- Je _ Je 
- /(2.ID - Iv) - 25 - 1' 

so IAI < CA 4 II e llo, Therefore ifwe define e = e- A(2./v - Iv) we get 

hence 

II e llk<II e Ilk +IAI II 2.1v - ID llk<II e Ilk 

+CA 4 II e lllloll ID llk<II e Ilk +CA 1-k II e llo 
<II e Ilk +CA II e Ilk< (1 + C)A II e Ilk, i.e. 

(10) II e Ilk< CA II e Ilk, 

(11) II e Ilk< eA12-lk/21 11 v Ilk 

where e is the constant in (9) times the constant in (10). Define u4 = -i and 
us= AID• The claim is proved. 

Proof of Proposition 1: We will find real numbers L, M for which the hypoth­
esis of the Theorem in the Appendix are fulfilled. This will be achieved by a 
suitable modification in the proof of the claim. 

Let e be the constant in (11) and fix L > max (4e, 2). Since given A such 
that supp II is contained in B A(o), there exists n E N such that 4Ln 2:: A. 
We can assume that 4Ln = A. We COfY the proof of the claim with this last 
assumption to get e = L':e = L.(L':- e.), therefore ifC' is the constant in (8) 
we obtain the inequality 

Now, since 

II e Ilk 5 (Ln)ll-[k/ 2)4B+[k/2lo' 11 v Ilk • 

< (Ln)ll-[k/2)4k-2o' 11 v Ilk, 
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we obtain 

(9') II e llt< O"(L") 11-lt/ 2l II " llt, 
where O" = 4t- 20 1 is the oonstant in (9). 

We proceed with the proof of the Proposition by repeating the steps of the 
proof of the claim, but with (9') instead of(9), so we get 

(11') II e llt$ 4C(L")12-[k/2] II " llt 
< 4CL12-[k/2] II " llt• 

We know k > 28, if we define p = 4CL12-[k/ 21, then p < 1. 
Let "• = -(e + L.e + ... + LZ- 1e), then since L > 2, 1 + L2-k + ... + 

(L2-k)n-l < 2 for all n and we get 

so by (8) we obtain 

(12) II "• llt$ OAS+[k/ 21 II " Ilk• 

Let u5 = l/v then 

i.e., 

(13) II U5 llt$ OA 12-[k/ 2l II " llt• 
Finally let M = 2 and K be the largest of the constants in (7), (11) and (12), 

then we have proved that 

3 

LTP;•u;-u;+L.u•-u•+M.u5-u5 = 11-e, ; = 1, 2, S 
j=l 

with II "i llt$ K II " llt and II e !It$ P II " llt, P < 1. 

Appendix 

THEOREM: Let B be a Banach space with norm, 1111, let P : B x B -+ B be a 
linear operat:or for which, given " in B, there exist constants p < 1 and K > 0, 
and u, w elements of B such that II P(u, w) - "II< p II" II and II u II< K II" II, 
II w II< K II " II-Then P is surjective. 

Proof: Let"= eo be an element in B. Find uo, wo according to the hypoth­
esis of the Theorem with respect to the constants p and K. Define -e 1 = 
P(uo, wo) - eo, Use the same method to define inductively ui, wi and ei+I; 

therefore we have II ui II< Ki II v II, II wi II< Ki II v II and II ei+l II< i+l II v 11· 
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Let Un= Eo "i and wn = Eo w,, then {un} and {wn} are Cauchy sequences 
and II P(un, wn) - v II is bounded by II en+l II, which approaches Oas n tends 
to oo. Let u and w be the respective limits of { un} and { wn }, so we end up with 
P(u,w) = v. 
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