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SOME RESULTS CONCERNING THE TIGHTNESS 
OF CHAIN-NET SPACES* 

By OFELIA T. ALAS AND RICHARD G. WILSON 

In this paper, no separation axioms are assumed unless specifically men
tioned. !Al denotes the cardinality of a set A. If mis a cardinal (which is assu
med to be an initial ordinal) then m+ will denote the cardinal successor ofm, 
m+n will denote the nth cardinal successor of m and m+w the wth successor 
cardinal of m. The co finality of m will be abbreviated to cof( m). Recall that a 
cardinal mis said to be regular ifm = cof(m). 

We use [A]x (or simply [A] ifno confusion is possible) to denote the closure 
of A in the topological space X of which A is a subset. If m is a cardinal then 
[A]m will denote them-closure of A (that is to say, [A]m = u{[B] : B c A and 
JBJ ~ m}). Following [6], t(X) will denote the tightness ofa topological space 
X. The cardinal invariant T (called T-tightness in [3] for want of a better 
name) was introduced in [7]: Let X be a topological space; T(X) is the small
est cardinal number m with the property that for any increasing sequence 
{Fa : a E p} of closed subsets of X such that cof(p) > m the set u{Fa : 
a E p} is closed. Another variation of tightness, the set tightness t 8 (see [7]) 
was introduced in [2] with the rather inappropriate name of quasi-character. 
Again let X be a topological space; t 8 (X) is the smallest cardinal m such that 
for any A c X and p E [A]\A, there is a family 'B of subsets of A with J'B! ~ m, 
such that p E [u'B] but p ff. u{[B]: BE 'B}. 

It is clear from the above definitions that T(X) ~ t(X) and t 8 (X) ~ t(X) 
and it was shown in [7] that in fact, t 8 (X) ~ T(X). 

For completeness we include the definition of a chain-net space. For any 
cardinal m, an m-sequence or chain-net of length m in a topological space X 
is a net in X directed by the ordinal m. The space Xis said to be a chain-net 
space or (in the notation of [2]) a pseudo-radial space if whenever a subset A 
of X fails to be closed, there is a chain-net in A which converges to a point 
outside of A. It is clear that if Xis a chain-net space, then the closure of any 
subset A of X can be obtained by iterating the chain-net closure of A (that is, 
adding to A the limits of all chain-nets in A). The minimum length of chain
nets needed to do this globally is called the chain-net character uc(X) of the 
chain-net space X (see [5]). 

If Y is a T1 topological space and x E Y then a local t/J-base at xis a family 
<v of open sets such that n<v = { x}. The local pseudocharacter at x is defined 
by 

t/J(x, Y) = min(J<vJ : <vis a local tj,-base at x). 
We recall the following result. 
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LEMMA (1) ([2; Proposition 2.4]). Let X be a Ti chain-net space with t 8 (X) ~ 
>.. If a subset A of Xis >.-closed and for each x EX, v;(x, AU {x}) ~>.+,then 
A is closed. 

The following closely resembles [2: Proposition 2. 7] but there, X is assumed 
to be T2 and the Generalized Continuum Hypothesis is required for its proof. 

LEMMA (2). Let X be a Ti chain-net space and ta(x) ~ ..\. If A is a subset of 
X and IAI ~ >. +, then [A]>. = [A]. 

Proof. If IAI ~>.then the result is obvious. Thus we assume that IAI = >.+ 
and well order A as {xa : er E >.+}. It is then easily seen that [A]>. = u{[{xa : 
er < ,8}] : ,8 < >.+}. Let B = [A]>.; then Bis >.-closed and for any x E X\B, 
putting Y =BU {x}, we have that 

{x} = n{(Y\[{xa: er< ,8}]): ,8 < >.+} 

and so v;(x,B U {x}) ~>.+.Thus by Lemma 1, Bis closed and the result is 
clear. 

The following result may be easily obtained by repeated application of the 
preceding lemma. 

COROLLARY. Let X be a Ti chain-net space and t 8 (x) ~ >.. If A c X and 
IAI ~ >.+n for some non-negative integer n, then [A]>.= [A]. 

The atomic tightness a(p, A) of a limit point p of a set A in a space X is 
defined by: 

a(p,A) = min{IBI: B c A\{p} andp E [Bl}. 

We will need the following simple results: 

LEMMA(3) (7; Lemma l]).Ifp E [A] then cof(a(p,A)) ~ T(X). 

LEMMA (4) ([7; Corollary 1]). If t(X) is a successor cardinal then 
t(X) = T(X). 

The next lemma generalizes [7; Corollary 2]. 

LEMMA (5). Let..\ be a cardinal. Ifin a topological space X every µ-closed set 
is closed for allµ< >.+w, then either T(X) <>.or t(X) = T(X). 

Proof: We will assume that T(X) ~>..Let Ac X and define 

D = u{[B]: B c A and IBI ~ ..\+w}. 

We proceed to show that Dis µ-closed for allµ < >.+w and hence is closed. 
To this end, suppose that F c D and !Fl< ..\+w. There is then a family !B of 
subsets of A such that l!BI < ..\ +w and for each B E !B, IBI ~ >. +w and such 
that F c u{[B] : BE !B}. Thus I U !Bl ~>.+wand so [F] c D. Ift(X) < >.+w 
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then since ,\ s T(X) s t(X) it follows either that t(X) = ,\, in which case 
t(X) = T(X), or that t(X) = ,x+m for some positive integer m. The result now 
follows from Lemma 4. If on the other hand it happens that t(X) = ,\ +w, then 
let us assume that T(X) = ,\ +n for some non-negative integer n. Thus for any 
subset A of X and p E [AJ, since cof(a(p, A)) s ,\ +n and a(p, A) s t(X) = ,\ +w, 
it follows that a(p, A) s ,\ +n or a(p, A) = ,\ +w. Since t(X) = sup{ a(p, A) : A c 
X and p E [Al} it follows that there is some Ac X and some p E [AJ such that 
a(p, A) = ,\ +w. Fix this p and A and let 

F = u{[B]: B c A and !Bl s ,x+n}. 

Fis not closed since p E [FJ\F and so in order to obtain a contradiction, we 
need show only that F is µ-closed for each µ < ,\ +w. However, if H c F and 
IHI< ,x+w then for any q E [H], a(q, H) < ,x+n by the argument given in the 
previous paragraph. Hence q E F and the result is proved. 

LEMMA (6). Let X be a topological space. If t(X) = pis a regular cardinal 
and furthermore, there is some subset A of X and some p E X such that p E [ A J 

but p (/. [BJ for all subsets B of Awith IBI < p (that is to say, pis attained), 
then t(x) = T(X). 

Proof: Let A and p be as in the hypothesis of the theorem. Then there exists 
some subset C of A such !Cl= p and p E [CJ. Well order C as {xa : a::< p}. 
Then u{{xa : a::< ,B} : ,B < p} is not closed and so 

t(X) = p = cof(p) s T(X). 

The inverse inequality is always true as noted earlier. 

The main result of the paper generalizes parts a) and c) of [7; Corollary 5]. 
Part b) has been generalized in [ 4] 

THEOREM. Let X be a chain-net space. Then t(X) = t 8 (X) = T(X) provided 
either of the following conditions hold: 

1) t(X) is a successor cardinal or a regular cardinal which is attained. 

2) T(X) 2: ,\ and X does not contain any convergent chain-net whose length is 
a regular cardinal greater than ,\ +w. 

Proof: 1) This follows immediately from [6; Proposition 4], Lemma 4 and 
Lemma 6. 

2) The result will follow from Lemma 5 ifwe can show that for eachµ < ,\ +w 
every µ-closed subset of X is closed. However, if a subset A of X is not closed 
then there is a chain-net in A of regular cardinality p which converges to a 
point x outside of A. Clearly p < ,\ +w, but then x E A. 

In [1], the question was posed as to whether or not a chain-net space with 
countable tightness has to be sequential; that is to say. whether its chain
net character (uc) has to be ~o-It was shown in [5] that under CH this is false 
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and in [8] it was further shown to be false in ZFC. However, the examples con
structed in these papers all have u c = ~ 1, and the question arises as to whether 
Uc~ t+ in the class of Hausdorff spaces. Another example in [5] showed that 
in the class of T1 spaces with unique chain limits (the so-called Tc spaces), the 
chain-net character of a chain-net space with countable tightness can be 2No. 

The rest of this article is dedicated to the construction under MA+ l CH of a 
T2 chain-net space with countable tightness whose chain-net character is 2No. 

The construction uses a combination of the techniques employed in [5] and 
[8]. 

Letµ be the first ordinal of cardinality 2No and let { Ca : a < µ} be a family 
of nowhere dense subsets of the Cantor set whose union is not meager (as a 
subset of the Cantor set). MA implies that u{ Ca : a < €} is meager for each 
e <µ.We can clearly assume that the Ca are non-empty and disjoint. 

Since u{ Ca : a < e} is meager there is a countable family :h. of closed 
nowhere dense subsets of the Cantor set such that u{ Ca : a < 0 c u:h • 
Since u{ Ca : a < µ} is not meager, it follows that for each e < µ there 
exists a minimal .B(e) 2:': e such that C.e(E) - u:h =I-0. For each e < µ choose 

x,e(e) E C,em-uJe andletX= {x.a(E): € < µ}.Itisclearthat IXI = 2Na since 
µ is regular and the Ca are disjoint. 

Suppose now that A is an uncountable subset of X of regular cardinality 
it < 2Na. It follows that for some minimal) < µ, {xi,(€) : € < )} :) A. But 
{x,e(E) : € < -X} c U{Ci,(€) : € < -X} c UJ,-,, where TJ = sup{,8(€) : € < )}. 
Hence A c UJ,., and since ,c is a regular cardinal it follows that A n T is of 

cardinality it for some T EJ,.,. Then [(AnT)]x = [(AnT)]Rnx c TnX since 

Tis closed. But T n X c (uJ,.,) n X c {x,e(e) : e < .X}. Hence IT n XI < 2Na. 

Thus An Tis of cardinality it and its closure has cardinality less than 2No. We 
denote by * this property of the space X. 

Clearly IXI = 2No and it is easy to see that there are 2No closed sets in 
X with cardinality 2No. (X must have 2No points of complete accumulation.) 
Hence there are 2No countable sets in X whose closures have cardinality 2No. 

We enumerate these as {Na : a<µ} in such a way that each set occurs 2No 

times in the enumeration. For each a < µ we choose Ya E [Na]\N and a 
sequence Sa C Na convergent to Ya in such a way that Ya =f Yi, if a =f ,8. 

Let Z = {Ya : a < µ}. Z clearly has property * in the relative metric 
topology p that Z inherits from X. 

Let Za = {y,e: ,8 < a} and define topologies Ta on Za as follows: 
TI in the discrete topology on Z1. 
Having defined a locally countable, first countable topology on z11 for each 

,8 < a, we define a locally countable, first countable topology Ta on Za in such a 
way that for each ,8 < a, (Zi,, T,B) is an open subspace of (Za, Ta) and plZa c Ta. 
1) If a is a limit ordinal then Ta = u{ T,e : ,8 < a}. 
2) If a= 1 + I and San Zais finite then y"I is isolated in Za. 
3) If Sa n Za is infinite then we choose a nested local base of p-clopen sets at 
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y7 , {Bn: n E w} in such a way that (Bn\Bn+i) n (San Za) =/-0. Choose 
Zn E (Bn \Bn+i) n (San Za) and countable T7 -clopen, p-closed sets Un so 
that Zn E Un c B\Bn+l· Neighbourhoods ofy 7 will then be of the form 

{y7 }u LJ{Un: n ~ K}: (k E w). 

It is clear that if each Un is p-closed and T7 -clopen then each of these sets is 
p-closed since y7 is the only point of accumulation of the family {Un: n E w }. 
Furthermore, Ta :::) p and hence the neighbourhoods are T0 -closed. 

Let T = U Ta, 
a<µ 

It is clear that T is a topology on Z which refines p and hence has property 
*. Now define Y = Z U {p} ( where p (J_ Z) and where neighbourhoods of p are 
of the form U U {p} where Z\ U is closed in Zand of cardinality less than 2No. 

We claim that: 

1) Y is chain-net. 
Suppose p E [Ar for some Ac Z (closures are taken in the topology T). Then 
[ A f must have cardinality 2No. [ A f may be obtained from A by sequences 
and then a chain net of length 2No in [Af converges top. We note that no 
smaller chain can converge top since Z has property*· Thus we have shown 
that uc(Y) = 2No. 

2) Y has countable tightness. Again let p E [A]Y (some A c Z). [Af must 
have cardinality 2No. Hence in the metric topology p, A has a countable dense 
set N c A. N is enumerated 2No times in the enumeration N 0 , and hence N 
has 2No accumulation points in the topology T (N c Za for some a < µ and 
then for all, > a such that N,., = N, ISv n Zvl = No and hence y7 E [N]z). 
Thus [Nf has cardinality 2No and sop E [Nr. 
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