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RECURSIVE NONPARAMETRIC ESTIMATION
OF NONSTATIONARY MARKOV PROCESSES

By ONESIMO HERNANDEZ-LERMAt, SERGIO O. ESPARZA
AND BENJAMIN S. DURAN

1. Introduction

In this paper we consider the problem of estimating the transition probabil-
ity density of a discrete-time, d-dimensional, nonstationary Markov process.
To solve this problem we use recursive estimators of the type introduced
by Wolverton and Wagner (1969), and Yamato (1971), and show that, un-
der appropriate hypotheses, the estimators are uniformly consistent in mean
square, strongly pointwise consistent, and strongly. consistent in L; norm.

The nonparametric estimation of stationary Markov processes has been
studied by many authors, e.g., loannides and Roussas (1987), Nguyen (1984),
and Yakowitz (1985); for earlier references, see Prakasa Rao (1983), Chap-
ter 6. The nonstationary case, however, has not received as much attention,
but we can mention two papers related to our work: Gillert and Warten-
berg (1984) show the weak consistency of the usual (nonrecursive) Parzen-Ro-
senblatt density estimators, whereas Herndndez-Lerma and Doukhan (1989)
combine an empirical distribution process with regression-like estimators to
obtain consistent estimates for the transition law of a class of Markov control
processes.

In fact, the motivation for considering nonstationary Markov processes is
our interest in adaptive Markov control systems with unknown transition law,
as in the last cited paper [cf. also Gordienko (1985), Herndndez-Lerma (1989),
Herndndez-Lerma and Marcus (1987), and references therein]. The evolution
of these control systems depends on the control actions applied at each time
t, which in turn depend on the current estimates of the unknown transition
law. The resulting process is then, in general, nonstationary.

The paper is organized as follows. In Section 2 we state some basic assump-
tions and give some preliminary results. Among these assumptions there is
an ergodicity condition that guarantees the existence of a unique invariant
probability measure p for the Markov process, which is shown to be abso-
lutely continuous with density, say 5. In Section 3 we introduce the recursive
Wolverton-Wagner (WW) estimates 4;(z) of the invariant density v(z), and
give conditions for their consistency (Theorem 3.1). Next, in Section 4, we
consider the joint density f(z,y) = ¢(y|z)v(z), where ¢(y|z) denotes the (un-
known) transition probability density. To estimate f(z,y) we use again WW
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estimates, denoted by ft(:c, y), and obtain the corresponding consistency re-
sult (Theorem 4.1). Estimates for ¢(y|z) are then defined in Section 5, in the
usual, obvious way, by

qt(ylz) = ft(zs y)/’?t(l'),
and their consistency (Theorem 5.1) follows from the results in Sections 3 and
4. The proofs of the main results are all collected in Section 6, and we conclude
in Section 7 with some general remarks on the relation of our work to Markov
control (or decision) processes. ' -

For sequences of independent and identically distributed (i.i.d.) random
vectors, the WW density estimates have been studied by several authors, in-
cluding Menon et al. (1984), Prasad (1985), and Yamato (1971). For additional
references, see, e.g., Devroye and Gyorfi (1985), and Prakasa Rao (1983).

Notation and terminology. B® denotes the Borel sigma-algebra of RY, and
B(RY) stands for the Banach space of real-valued, measurable, bounded func-
tions on R, with the supremum norm || u ;= sup,|u(z)|. If V is a finite signed
measure on B%, || V || denotes its variations norm. In particular, recall that if
P and Q are probability measures on R? with densities p and q, respectively,
then P — Q is a finite signed measure with variation norm

Ay ) P-Ql=25uplP(8) - @) = [ Ip(e) - ala)liz
B

where the sup is over all the Borel sets B € B%; see, e.g., Devroye and Gybrfi
(1985), p.2. The right-hand side (r.h.s.) of (1.1) is called the Lj-normof P — Q@
(or of p — ¢). Integrals without limits represent integrals over all of R?, and
we also use the convention 0/0 := 0.

2. Preliminaries

Let {z;,t = 0,1,...} be an R%valued Markov process with transition den-
sity ¢(y|z), and arbitrary initial distribution pg. Thus for every t = 1,2,...,
the distribution u; of z; is given recursively by

@.1) pe(B) = / Q(B|2)us—1(dz), for B € B9,

where Q(B|z) denotes the transition probability measure, i.e.,

(2.2) Q(B|z) := / q(y|z)dy, for z € R%, and B € B4,
B

We assume throughout that the following ergodicity condition holds [cf. Do-
brushin (1956), Iosifescu (1972), Ueno (1957)].
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ASSUMPTION 2.1. There exists a positive number a < 1 such that

| Q(-|z) — Q(-]y) II< 2a for all z and y in R%.

Sufficient conditions for Assumption 2.1 are given, e.g., by Georgin (1978),
Hernandez-Lerma and Cavazos-Cadena (1988), or Hernandez-Lerma (1989,
Section III.3); for autoregressive models z;1 = f(z¢) + &, where {{;} is a se-
quence of ii.d. random vectors, see Doukhan and Ghindés (1983), or
Herndndez-Lerma and Doukhan (1989). On the other hand, Assumption 2.1
implies that, independent of the initial distribution pg, the Markov process
has a unique invariant distribution g, i.e.,

2.3) u(B) = / Q(Blz)u(dz)  forall Be BY,

and moreover, for any ¢t > 0,

24) e = |I< 26,
or equivalently,
sup || @*(Jz) -k ||< 205,
where Q*(|z) denotes the t-step transition probability, given z¢ = z.

To estimate p, we first assume the following.

ASSUMPTION 2.2. (a) The initial distribution pg is absolutely continuous
with a bounded density ~g.
(b) There is a constant g and a function g € B(Rd) such that q(y|z) < 7, and

la(y|z) — a(¥'|2)] < |9(z)lly — ¥'| for all z,y, and y' in R4,

Assumption 2.2 (a), together with (2.1), (2.2), and an induction argument,
implies that u; is absolutely continuous with a density 4; given recursively by

2.5) v¢(y) = / 9(y|z)ve-1(z)dz forallye R%andt > 1,

and this in turn, by (2.4), yields that g is absolutely continuous, so that there
exists a nonnegative measurable function 4 such that

I‘-(EL:/;'T(Z‘)dI for B € B%.

Thus, from (2.2) and (2.3), v(y) = [ ¢(y|z)7(z)dz for almost all y € RY,
whereas using (1.1), we can write the inequality (2.4) as
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(2.6) / [ve(z) — v(z)|dz < 20F.

On the other hand, Assumption 2.2 (b), combined with (2.5), implies that

2.7 e [|1< eo forallt > 0,

where cg := max{g, || 7o ||}, and

(2.8) ve(w) — %) <l gl ly— |
for all y and y' in R%, and ¢t > 1. Similarly,

() =&)<l gl lv— o'l

so that « is a Lipschitz bounded function (note that || v ||< § < ¢o), and from
(2.5)

uts) =100 < [ alole)lre-(e) —7(a)ldz < 270

Therefore, we conclude:
PROPOSITION 2.1. || ¢ — v ||= sup; |[v¢(z) — v(z)| = 0ast — oo.

An alternative (less direct) way to obtain Proposition 2.1 is by using the
converse to Scheffé’s Theorem given by Boos (1985). Assumptions 2.1 and
2.2 are supposed to hold throughout the following.

3. Estimation of the invariant density

Foreachn =0,1,.. ., let u,, be the function defined by

un(z) = b %u(z/bn), for z € RY,

where u is a given probability density function (p.d.f.), sometimes referred
to as the kernel function, and {b,} is a sequence of positive numbers. The
recursive Wolverton-Wagner (WW) estimate 4; of the density v is then defined
as

t—1
Ft(z) = t—IZun(zn—-z), forzeR%andt=1,2,....

n=0

Observe that these are indeed recursive estimators, since
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3.1) (t + DAr1(2z) = t3¢(2) + ue(ze — 2),

and that, on the other hand,

ft(B) := /B 4¢(z)dz, for B € B¢,

defines an estimate for the invariant probability measure u.

We assume throughout that the kernel u is bounded, || u ||< oo, and also
% := [ |z]u(z)dz < oo. With respect to the sequence {b:}, we will assume that
it is nonincreasing, and it satisfies some of the following conditions.

Condition 3.1. (a) by — 0. (b) tb¢ — oo. (c) 3, t73/26;% < co.

A sequence satisfying these conditions is, for example, b; := ¢t~", with
0<r<1/2d.
To state our first consistency result, let us define the bias function

Bi(z) := Eqt(z) — (=),

and the mean square error function

(3.2) My(z) := E[5(z) — 7(z)]* = Var[3:(z)] + Bi(z)?,

where Var(-) denotes the variance.

THEOREM 3.1. Suppose that Condition 3.1(a) holds. Then, ast — oo,
() sup,|Bi(2)| — 0.
If in addition, Condition 3.1(b) holds, then
(b) sup, Var[4:(z)] < ct~1b;% — 0, where ¢ := 2 || u || co/(1 — @), and
(c) supz Mi(z) — 0.
Suppose also that Condition 3.1(c) holds. Then
(d) 4:(z) — 7(z) almost surely (as.) for all z € R, and

(@ || & — 1 1= [ 15e(2) - v(s)ldz — O as.

Notice that under Conditions 3.1(a) and 3.1(b), equation (3.2) yields that
parts (a) and (c) in Theorem 3.1 are equivalent. This has been proved by Pra-
sad (1985) for i.i.d. sequences {z:}. He also gives conditions under which, for
i.i.d. sequences, Theorem 3.1(c) is equivalent to uniform strong consistency,
but we have been unable (as yet) to extend Prasad’s result to Markov sequen-
ces.
The proof of Theorem 3.1 is given in Section 6. Following the outline sketch-
ed in the Introduction, we now turn to the estimation of the joint density

f(z,y) = a(y]z)(2).
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4. Estimation of the joint density

In this section we extend Theorem 3.1 to the 2d-dimensional joint process
2zt := (z¢, Tt+1),t = 0, 1,.... Todo this, we begin by noting that {z;} isa Markov
process, and z; has density

(4.1) ft(z’ 2/) = q(yiz)'ﬁ(x)’ t>0,

which converges in Lj-norm to f(z,y) = ¢(y|z)v(z); in fact, from (2.6),

[ [ 11te9) = 162, )ldvdz = [ 1u(a) = (z)lde < 20",

Moreover, both f(z,y) and fi(z,y) are uniformly bounded, namely,

(4.2) 17(z,9)| <G| 7 [I< ef, and |fi(z, )| < Geo < cf,

and since | fi(z,y) — f(z,¥)| £ 7| 7 — v ||, Proposition 2.1 yields

4.3) | fi—fl= s:?[ft(z,y)—f(z,y)|'—>0ast—>oo.

To obtain the analogue of the Lipschitz condition (2.8), we strengthen As-
sumption 2.2(b) as follows.

Assumption 4.1. There is a function h € B(R?) such that, for all z, z', and
yinRY,
la(v]2) — a(yl=")] < [R(v)l|z — 2|
With this additional assumption, we have:

PROPOSITION 4.1. fi(z,y) satisfies the uniform Lipschitz condition
|fe(z,9) = fe(z', )] < e1 -max{|z — '], |y - ¥']}
for all 2d-vectors (z,y) and (z',y'), wherecy :=co(2 || g || + || 2 |I).

To define an estimate’ ft(:c, y) of the joint density f(z,y), let us consider
again the sequence {b,} and tue functions u(z) and un(z) introduced in Sec-
tion 3, and let

uh(2,3) 1= n(2)un(y) = b3 % (z/bn)uly/bn), for (z,4) € R¥,

Then we define
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t—1
4.4) fi(z,y):=t71 Z up(Zn — T, Zn+1 — ¥)

n=0
t—1

=¢1 Z Un(Zn — )un(Tnt1 — ¥)-

n=0

To state the corresponding consistency result, we introduce the bias func-
tion

B (z,y) = Efi(z,4) - f(=,v),

and the mean square error function

* H 2 7 *
M; (z,9) = Elfi(z,9) - f(z,9)]" = Varfi(z,y)] + B (z,9)".
Let us also consider (cf. Conditions 3.1(b) and (¢)):
Condition 4.1. (a) tb?d — 00. (b) Et_3/2bt_2d < o00.

THEOREM 4.1. Suppose that Condition 3.1(a) holds, i.e., by — 0. Then, as
t — oo,
(a) supz y|B{ (z,y)| — 0.
If in addition, Condition 4.1(a) holds, then
(b) supzy Var| fi(z,v)] < et~ b, 2d _, 0, for some constant c, and
(c) supz y M{ (z,y) — 0.
Suppose also that Condition 4.1(b) holds. Then
) ft(x, y) — f(z,y) as.forall (z,y) € R?? and

@©) [[|fi(=,y) — f(z,y)|dzdy — 0 as.
The proofis given in Section 6.

5. Estimation of the transition density

Having the estimates 4;(z) and f(z,y) of v(z) and f(z,y), respectively,
we can now define an estimate §¢(y|z) for the transition density ¢(y|z) =
f(z,y)/7(z) in the obvious way:

Gt (y|z) == ft(z, y)/43:(z), ’ for (z,y) € R* andt> 1.
Then the consistency Theorems 3.1 and 4.1 yield the following.

THEOREM 5.1. Let z € R? be such that v(z) > 0. If the assumptions of
Theorems 3.1(d) and 4.1(c) hold, then, as t — oo,
(@) supy Elae(s]2) ~ a(y}e)F — 0.
If also Condition 4.1(b) holds, then
(b) G¢(y|z) — q(y|z) as.forall y € R? and
(© || Q1(+12) — Q([2) 1= [ 1d:(v12) - alsla) dy — 0 a.s., where
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0:(Blz) := /B du(ylz)dy, for B € BY,

is an estimate of the transition probability measure Q(B|z) in (2.2).
6. Proofs
Let us first state some properties of the functions u,(z) := b, %u(z/b,).

LEMMA 6.1. For every z € R% and n > 0,
(@) up(’) isapd.f on RS,
(b) Eup(zp — 1) < b;d | w |-
(c) Eun(zn — z) < cq, where cq is the constant in (2.7).
(@) Var[up(zn — z)] < Eu?,(:cn —z) < b;d |« co.
(e) The covariance function I'(n, m) := cov[un(zn — z), um(zm — z)| satisfies

[P, m)| <[l u || bda™ " Bun (2 — ) <I| u || cobpta™"
orall 0 < n < m, where a < 1is the number in Assumption 2.1.
P

Proof . (a) and (b) are obvious, by the definition of u,,. Part (c) follows from
(2.7) and the equality

Eup(z, —z) = /un(y — z)vn(y)dy
©.1) - / by + 2)u(y)dy.

Writing 42 = u, - tn, (d) follows from the definition of u, and part (c), and
finally, (e) is a special case of Ueno’s (1957) Lemma 3. o

Proof of Theorem 3.1. (a) By definition,

t—1

62 Bus) = Exu(e) —1(s) =t Elun(zn — 2) — (s,
n=0

and by (6.1),

[Bun(n =) =10 < [ Frnlbuy +2) = () ulw)d.

Now inside the absolute value on the rh.s., add and substract v,(z), and
then use the Lipschitz property (2.8), to obtain

(Bunlen = 2) =202 <l o b [ Wlulo)iyt 70— ]

=l gl @bntllvn—71-
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Thus, part (a) follows from (6.2), Proposition 2.1, and Condition 3.1(a).
(b) In terms of the covariance I'(n, m) in Lemma 6.1(e), and noting that

(6.3) S T(n,m) <|| u |l eoby? D o™ <l || eoby %2t /(1 - a),
n,m nm
where the sum is over n,m =0,1,...,t — 1, we obtain

Var(§:(z)] =72 ) T(n,m) < ct™1b; ¢,

nm:
where ¢ = 2 || u || ¢o/(1 — ). This proves (b).

¢) This part follows from (a) and (b), together with (3.2).
To prove the strong consistency in (d) we will use a Lemma by Van Ryzin
(1969), stated here for ease of reference:

LEMMA 6.2. (Van Ryzin). Let {Y;} and {Y}} be two sequences of random vari-
ables on a probability space (Q, 3, P), and let {3t} be an increasing sequence of
sub-sigma-algebras of 3. Suppose that Y; and Y/ are measurable with respect
to I, and.:

(i)Y;>0ae,
(ii) EYi < oo,
(iil) E(Yi41|) < Vi + Y/ as, and
(iv) >, EY{| < oo.
Then Y; converges a.s. to a finite limit.

Proof of Theorem 3.1(d). The idea (as in the proof of Van Ryzin’s (1969)
Theorem 1) is to use Lemma 6.2 to show that the sequence

©.4) Vi = [3e(e) - B,

where z € R? is an arbitrary fixed point, converges a.s. to a finite limit, say
Y, and this, together with part (b), implies Y = 0 a.s. This in turn yields

Jt(z) — 9(z) = 3e(z) — EFe(z) + BAe(z) —(z) = 0 as,
by part (a).

Let 3¢ be the sigma-algebra generated by =zo,...,z:—1, fort = 1,2,....
Clearly, Y; in (6.4) is G¢-measurable, and it satisfies (i) and (ii) in Lemma 6.2.
Let us define :

It :=4¢(z) — EAt(z), and Ui := ui(z: — z) — Eue(z — z).

Then ¥; = I'?, and the recursive relation (3.1) yields
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L1 = 4t41(2) — BAegr(z) = (¢ + 1)1 (T + Uy),
so that
Yiy1 = Yi + (¢ + 1) "2 [UE 4 2tT,U; — (2t + 1)Y4]
<Y+ (t + 1)—2(Ut2 -+ ZtFtUt),

since Y; > 0. Thus

E(Yip1|9) < Vi +Y! as,

where

Y, == (t+ 1) "2E(U? + 21U |Dy).

To verify condition (iv) in Van Ryzin’s Lemma 6.2, first note that

(6.5) E|Y]| < (t+ 1)"2{E(U?) + 2tE[T: U]},

with E(U}) = Var|us(z: — z)] < b;? || u || co, by Lemma 6.1(d). On the other
hand, using

B(r?) = Var[f()] < ct~'67%,
and Schwartz inequality, we obtain

1/2

E(0:y)) < [E(CHEWRH] < oY1,

for some constant C. Thus, (6.5) becomes (for some constant Cy)

EY]| < Cy(t+1)72 (1 + ¢1/%)p; ¢
< 20,73 %0,

and Condition 3.1(c) yields }_ E|Y{| < oo. Therefore, by Lemma 6.2, Y; in (6.4)
converges a.s. to a finite limit, and as noted earlier, part (d) follows.

Finally, part (e) follows from (d) and the extension to Scheffé’s Theorem
in Glick’s (1974) Corollary C, which can also be found (e.g.) in Devroye and
Gyorfi (1985), p. 10, or Prakasa Rao (1983), p. 191. This completes the proof
of Theorem 3.1. o

Proof of Theorem 4.1. This theorem follows from exactly the same argu-
ments used in the proof of Theorem 3.1, translated to the 2d-dimensional
case, and we omit the details. However, just for the sake of illustration, we
note that, for instance, Lemma 6.1 for u,(z) can be translated to uy,(z,y) as
follows.
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LEMMA 6.3. For every (z,y) € R* and n >0,
(@) up(-,7)isapdf. onR2d
(b) But(2n — 7, 2n41 — 4) <6724 u .
() Eu;(xn —I,Tp4l1 — y) < 0(2)
(d) Var{uh (2n — 2,2n41 — 4)] < Blus (2 — 2, 2041 — 9)]? < 3] u 26522,
(e) The covariance I'* (n, m) := Cov[u}, (Tn — 2, Tn+1—Y), U (Zm — T, Tm+1—Y)]
satisfies

T*(n,m)| < c(z,” u ||2b;,'2da""'_"_1 ifm>n+1, or
< c(2,|| u ||21),:2d ifm=n. o
Proof of Theorem 5.1. Let z € R® be such that v(z) is positive, say, v(z) >

€ > 0. Then by Theorem 3.1(d), 4;(z) > /2 a.s. for all t sufficiently large, and
therefore,

|d: (y]z) — a(y]z)]
6.6) < [7(2)%:(2)] (@) fe(z,¥) — f(z )| + f(z,9)]3:(z) — 7 (2)]}
< 267 H(2)|fe(z,¥) — £(z,9)| + £ (2, 9)[5:(z) = 7(=)[}.

Thus, part (a) follows from the inequality (a + )% < 2(a? + b%) and The-
orems 3.1(c) and 4.1(c). Part (b) is obvious from Theorems 3.1(d) and 4.1(d),
and finally, integrating in (6.6) yields

[ litole) ~ atvle)ldy < 26 2@ [ Vita ) — 1oy + ru(a) (=),

so that part (c) follows from Theorems 3.1(d) and 4.1(d) and (e). ©
7. Concluding remarks

We have presented consistency results for a class of recursive density es-
timators for Markov processes, but as already noted in the Introduction, the
motivation for considering nonstationary Markov processes is our interest in
adaptive Markov control systems. More explicitly, concerning Theorem 5.1,
our (long-term?) goal is to extend it to Markov control/decision processes thh
unknown transition law

(71) : . . Q(B|a:, a) = PI‘Ob(ICH.l € Bl:l:t = z,a4 :a,),

where z; and a; denote, respectively, the state variable and the control action
applied at timet. If the state space is finite, there are several ways to estimate

Q(B|z,a) in (7.1); see, e.g., Kurano (1987) and his references. Slmllarly, if the
control system is of the form
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(7.2) Ti1 = F(ze,ae, &), t=0,1,...,

where F is a given function and the ¢ are i.i.d. dlsturbances with common
distribution g, (7.1) becomes

(7.3) Q(B|z,a) = /IB[F(:l:,a,z)];A(dz)1

where Ig is the indicator function, and the problem of estimating Q reduc-
es to the problem of estimating u ; cf. Gordienko (1985), Hernandez-Lerma
(1989), Hernandez-Lerma and Marcus (1987). In particular, if u is absolutely
continuous with density 4, it is clear that our Theorems 3.1 or 5.1 contain
the “controlled” case (7.2), (7.3), because the control variables a; = a have no
effect whatsoever on the disturbances &;. In the general case (7.1), however,
it is not clear how one should incorporate the effect of the control actions into
the estimators. '
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