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THE UNIFORM PROPERTIES OF FOX’S SPREADS
By Joun H. V. HunT!
1. Introduction

In [12] R H Fox introduced spreads. After defining a complete spread, he
showed how to associate to each spread (f, X, Z) a complete spread (g,Y, Z)
- called a completion of (£, X, Z) - which is uniquely determined up to certain
topological properties. Spreads are topological entities, and all Fox’s defini-
tions and proofs occur in the topological category.

The purpose of this paper is to prove the results listed in §4 of [141.(1) We
assume that the base space Z of a spread (f, X, Z) is a topologically complete
Hausdorff space. We assume that 7 carries a complete uniformity 2, and we
show how to endow the antecedent space X of the spread with a uniformity
i in a natural way. This uniformity is compatible with the topology on X. We
first show that (f, X, Z) is a complete spread if and only if (X, i) is a com-
plete space. Then we show that every completion of a spread is obtainable
by means of uniform constructions in the following way. Namely, let (f, X, Z)
be a spread and let (Y, %) be a completion of {X, ). Then there is a dense
unimorphic embedding j : (X, 4) — (V,Y). Let g : (V,V) — (Z,20) be the
unique uniformly continuous extension of the uniformly continuous function
foi 1. (5(X),B|5(X)) — (Z,20). Then (g,Y, Z) is a completion of (f, X, Z) 2)

We describe Fox’s spreads in §2, and we describe the completion of a uni-
form space in terms of minimal Cauchy filters in §3. We give a basic construc-
tion in §4. Applied to spreads, this yields in §5 a connection between topology
and uniformity which enables us to prove the resuits enunciated above. The
notation that we use is in some instances slightly different, but more explicit,
than that used in §3, 4 of [14].

The author became interested in Fox’s paper through discussions with
Francisco Gonzdlez-Acufia (see also [8], [9]), and would like to thank both

1bThis research was partially supported by Grant No. PCCBNAL 790007 of the Programa Nacio-
nal de Ciencias Basicas de CONACYT at the Centro de Investigacién y de Estudios Avanzados
del IPN, México.

1s a résumé of the results proved in preprin of the bibliography o: . This preprint

(1) This is a résumé of the resul di int [6] of the bibliography of [14]. Thi i
that is no longer appearing in its original form. The proofs of the results listed in §4 of [14]
are now appearing in the present paper, and those listed in §5,6 of [14] are appearing in [15].

(2) These results were presented in preliminary form (with the base space of a spread a para-
compact Hausdorff space) at the Ohio University Topology Conference, Athens, Oh., 15-17
March, 1979 (Abstracts, p.20). They were also presented, together with the results now pro-
ved in [15], at the Symposium on Algebraic Topology in Honor of José Adem, Oaxtepec, Mor,
México, 10-16 August, 1981 (see [14]), at the special session on “Knot Theory and Manifolds”
at the summer meeting of the Canadian Mathematical Society, Vancouver, 2-4 June, 1983
(Program, p.11; also preface of [21]), and at the International Conference in Categorical To-
pology, University of Toledo, Toledo, Oh., 1-5 August, 1983 (Abstracts, p.15; also pp. x, xii of
[1]). The author would like to thank Dale Rolfsen for the invitiation to participate in the spe-
cial session in Vancouver and for providing support to do so, and Ed Tymchatyn and Herschel
Bentley for providing support to attend the conference in Toledo.
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him and Adalberto Garcia-Maynez for their interest in this work and that in
[15]. He would also like to thank Professor A H Stone for pointing out Mi-
chael’s papers [17], [18] to him (in connection with the latter see also [10]),
and Guillaume Briimmer for some of tne references and remarks in footnote

(5) below.
2. Fox’s Spreads

In this section we summarize §1 — 3 of [12]. We introduce some of our own
terminology and our notation for Fox’s construction of the completion of a
spread (c.f., §2 of {14]).

We say that (f, X, Z) is a spread if f : X — Z is a function from a Tj-space
X into a Ty-space Z such that the components of the inverse images of the
open sets in Z form a basis for X. We call Z the base space of (f, X, Z) and
X the antecedent space of (f, X, Z). The anteof a spread is necessarily locally
connected.(3)

Let (f,X,Z) be a spread. We say that a function x is a spread-point in
(7,X, Z) if it is a function defined on the filter base of open neighpoint z € Z
and, for each open neighis 2 component of f~(W), and

(2.1) for each pair of open neighbourhoods W, W' of z such that W C

W, x(W) © x(W").
We denote the image of the function y by Imy. Thus (2.1) is equivalent to each
of the following:

(2.2) Imy is a filter base,

(2.3) Imy has the finite intersection property.

Notice that [} Imy either is empty or consists of a single point (see also p. 629
of [17]).

We say that a spread (f, X, Z) is complete if (JImy # @, for each spread-
point x in (f, X, Z). It is easily verified that (f, X, Z) is complete if and only
if (Imy)*- the filter generated on X by Imy - is the neighbourhood filter of
some point in X (such a point is necessarily unique and lies in f~1(2)).

We say that a complete spread (g, Y, Z) is a completion of a spread (f, X, Z)
if there is a dense embedding y : X — Y such that j(X) is locally connected in
Y (i.e,, Y has a base of open sets whose intersections with j(X) are connected
- see also footnote (5) of [14]). Every spread (f, X, Z) has a completion, which
is unique in the following sense : if (g;, Y;, Z) is a completion of (f, X, Z) and
Ji + X — Y; is a dense embedding such that j;(X) is locally connected in ¥;,
for © = 1,2, then there is 2 unique homeomorphism J : ¥; — Y3 such that
J2 =Jog1,91 = geoJ (see §2 of [14] for the correction of an oversight in Fox’s
proof of the uniqueness theorem; the same oversight occurs in [17]).

We give a brief account of Fox’s construction of the completion of a spread
(f,X,Z). We denote by X, the collection of all spread-points in (f, X, Z). In

() We have not required Z to be locally connected, as Fox does, as it is not needed in proving the
results in this article (see also [7]). In [17] Michael generalized the notion of a spread (f, X, Z)
to the case in which neither X nor Z is necessarily locally connected.
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order to topologize X, we write

UIW = {x € X, : U = x(W),

for each open set W in Z and each component U of f~1(W). The collection
of all U|W's forms a basis for a Tj-topology on X,, which we assume X, to
carry. We define a function f, : X, — Z as follows: f,(X) is the unique point
z € Z such that the domain of x is the filter base of open neighbourhoods of
z, for each x € X,. If W is an open set in Z and {Ug}g is the collection of all
components of f~1(W), then {Ug|W} is the collection of all components of

fo1(W) and

71 w) = UJwsw).
B
Thus {f,, Xs, Z) is a spread.

Let ¢ be a spread-point in (f,, X5, Z), and let z be the unique point in Z
such that the domain of ¢ is the filter base of open neighbourhoods of z. For
each open neighbourhood W of z, let x(W) be the component of f~1(W) such
that ¢(W) = x(W)|W. Then x is a spread-point in (f, X, Z) and (Imy = {x}.
Thus (fs, Xs, Z) is a complete spread.

We define a function j, : X — X, as follows: j,(z) is the spread-point in
(f, X, Z) that associates with each open neighbourhood W of f(z) the compo-
nent of f~1(W) containing z, for each z € X. Then f = f, o j5. Also

7o (U) = (UW) N j5(X),

where W is an open set in Z and U is a component of f 1 (W). Thus j, : X —
X, is a dense embedding and j;(X) is locally connected in X;. Consequently
(fs, Xs, Z) is a completion of (f, X, Z).

We call (fs, Xs, Z) the canonical completion of (f,X,Z),and j, : X — X,
the canonical embedding of X in X,.

The following result for arbitrary topological spaces X,Y,Z is a conse-
quence of the lemma in §3 of [12].

LEMMA (2.3). Let j : X — Y be a dense embedding such that j(X) is locally
connectedin Y,and let f : X — Z, g : Y — Z be continuous functions such
that f = go j. Then, for each open set W in Z, the correspondence between the
collection of all components of g~ (W) and the collection of all components of
§(£71(W)) defined by

V=VnjX)
is a bijection.
3. Minimal Cauchy filters and completions

We assume that uniform spaces are defined in terms of uniformities of cov-
erings, as in [19]. (Notice that in this case the uniform topology of a uniform
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space is necessarily Hausdorff.) We assume familiarity with the elements of
uniform spaces and - with the exception of the completion of a uniform space
in terms of minimal Cauchy filters described below - we refer to [19] for no-
tation, definitions and standard results.

The completion of a uniform space is constructed in terms of equivalence
classes of Cauchy filters in [19]. Unfortunately minimal Cauchy filters, which
we wish to use for this purpose, are not defined in [19] (references are [2], [3],
[20], in each of which, however, uniformities of relations are used). Thus we
describe minimal Cauchy filters and the construction of the completion of a
uniform space in terms of them.

Let (X, i) be a uniform space. Two Cauchy filters &, n in (X, H) are equiva-
lent if ¢ N7 is also a Cauchy filter in (X, ). The intersection of an equivalence
class of Cauchy filters in (X, 4f) is also a Cauchy filter in (X, 4f), which, being
contained in no other Cauchy filter in (X, 1), is called a minimal Cauchy filter
in (X, 4). It is well-that, for a base {4, } of 4,

(3.1) aCauchy filter £ in (X, {{) is a minimal Cauchy filter in (X, &) if and

only if, for each A € ¢, there is some U € 4 and some U € U such
that St(U,4) c A

(c.f,, proposition 5, p. 183 of [2]; lemma 2, p.139 of [3]; proposition 1, p. 182 of

[20]). Consequently

(8.2) if ¢ is a minimal Cauchy filter in (X, 4}, then £ N J, U, is a base for

¢. ‘

We denote by X the collection of all minimal Cauchy filters in (X, 4{), and for

each A C X, U € U, we write

A={teX:Ac¢)
w={U:Uewu}.

Then {% : U € 44} is a uniformity base on X, and we denote by il the
uniformity that it generates on X. The uniform space (X, 1) is complete, and
the function

7 (X ) — (X0,
T 527

where &, is the neighbourhood filter of z in the uniform topology of (X, i{),is a
dense unimorphic embedding. We call it the canonical unimorphic embedding

of (X, 81) in (X, 1), and we call (X, ) the canonical completion of (X, 11).(4)
4. A basic construction

Let X be a topological space with topology £.

() An account of uniform spaces in terms of uniformities of coverings and the construction of
the completion of a uniform space in terms of minimal Cauchy filters is given in [13]. This is
the same as here.
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For a collection o4 of subsets of X, we denote by ¢(<4, R) the collection of
all components of all sets in o4, and for a family 9 of collections of subsets of
X, we write ¢(U, R} = {c(c#,K) : H € U}.

Clearly, if 7,7 are equivalent topology bases on X, then so are ¢(7,/),
e(T,K); and, if i, &' are equivalent uniformity bases on X, then so are ¢(41, =R),
c(,R).

( Now let 77 be a topology base on X, and let i be a uniformity base on X.
We denote by [ 7] the topology generated on X by 7, and by [4{] the uniformity
generated on X by il Then the following result is easily proved.

PROPOSITION (4.1). If [T is the uniform topology of (X, [4]), then [¢(T,R)]
is the uniform topology of (X, [¢(,<A]).

We call [¢(T,K)] the K-component topology of |T] on X, and [¢(4,R)] the
R-component uniformity of [U] on X.

5. The uniform properties of a spread
over a topologically complete Hausdorff space

In this section (f, X, Z) denotes a spread in which Z is a topologically com-
plete Hausdorff space (i.e., Z carries some complete uniformity compatible
with its topology).(%)

Thus both X, Z are Hausdorff spaces, and we denote their topologies by
R, T, respectively. We denote by f~1(7) the collection of all inverse images of
all sets in 7; thus f~1(7) is the initial topology induced on X by f : X —
Z. That (f, X, Z) is a spread is then by definition the statement that the ¢-
component topology of f~1(77) coincides with £, i.e.,

K =[e(f7HD), A
We assume that the space Z carries a complete uniformity 21 which is com-
patible with its topology 7. We write f~1(20) = {f =YW : W € 20}, where
F~1(W) is the collection of inverse images of all sets in ™, for each W € 20.
Then f~1(20) is a uniformity base on X and [f~!(20)] is the initial uniformity
on X induced by f : X — Z. We write

U= le(f7H(20),R);
i.e., 4l is the -R-component uniformity of [f~1(20)] on X. Since the initial uni-
formity [f~1(20)] on X is compatible with the initial topology f~}(J) on X
(see pp. 176, 177 of [2]), 4l is compatible with £ by (4.1).
We can represent the connection between uniformity and topology on a
spread diagrammatically as follows:

(5) This is the common usage of “topologically complete” nowadays (problem 6L of [16]; chap. 2
of [6]; p.370 of [13]). It is confusing to call a completely regular Ty -space which is a G in its
Stone-Cech compactification “topologically complete” ([4], [19], [22]). Such a space is more
properly called “Cech-complete” (9.2.e of [5}; 3.9 of [11] - notice, however, that a topologically
complete space is called “Dieudonné complete” in 8.5.13 of [11]).
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UNIFORMITY TOPOLOGY
(X, 4) —— — — — (X
lzd idl
(X 1@)) — — — — — (X7Y9)
I
| |
(Zﬂm T T (Z!‘j)

The broken arrows indicate that the topological spaces on the right carry the
uniform topologies of the corresponding uniform spaces on the left. The func-
tions are continuous on the right, and uniformly continuous on the left.

We denote by {W,}, the collection of all open coverings of Z in 20 (it is a
uniforinity base for 2), and we write

Uy = e(f7Hm),9),

for each A. Then {7, }, is a collection of open coverings ot X and, as a unifor-
mity base on X, it generates il

PROPOSITION (5.1). The correspondence between the collection of all spread-
points in (f, X, Z) and the collection of all minimal Cauchy filters in (X, i)
defined by '

x — (Imx)*

is a bijection.

Proof . Let x be a spread-point in {f, X, Z), and let z be the unique point
in Z such that the domain of x is the filter base of open neighbourhoods of
z. Then, for each W), there is some W € W, such that z € W. Consequently
x(W) € U,, and so Imy N U, # 0. Since Imy is a filter base (by 2.2), this
shows that (Imy)™ is a Cauchy filter in (X, ).
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In order to see that (Imx)™ is a minimal Cauchy filter in (X, 4l), let U =
x(W), where W is an open neighbourhood of z. Since the neighbourtilter in
(X, 41), there is by (3.1) some W, and some open neighbourhood W' of z such
that W' € a, and St(W',wy) c W. Let U' = x(W'). Then U' € ‘i) and
U' c U by (2.1). We claim that St(U’,u,) < U. Suppose that U' n U" # §,
where U" is a component of f~1(W") and W" € W4. Then W' NnW" # §, and
consequently W"” c W. Thus U" is contained in some component of f~1(W).
Since U" NU # 6, it follows that U" c U. Thus St(U’,%,} c U. This shows
that (Imx )T is a minimal Cauchy filter in (X, ) by (3.1).

In order to see that the correspondence is surjective, let £ be a minimal
Cauchy filter in (X, ). Since f : (X, ) — (Z,2) is uniformly continuous,
(£(€)) T -the filter generated on Z by f(¢) (the filter base consisting of the im-
ages of all the sets in ¢) - is a Cauchy filter in the complete space (Z,, and
as such it converges to a point z € Z. We define a spread-point x in (f, X, Z)
such that ¢ = (Imy)* as follows. Let W be an open neighbourhood of z. Since
W € (f(€))T, there is an element U' € ¢ N |J, U, such that W > f(U'), by
(8.2). Since U' is connected, it follows that U’ is contained in a component
U of f~1(W). Since ¢ is a filter, U is the unique component of f~}(W) in ¢.
We define x(W) = U. Since Imy < £, Imyx has the finite intersection prop-
erty. Thus x is a spread-point in (f, X, Z) by (2.3). Consequently (Imy)* isa
minimal Cauchy filter in (X, i), as we have seen in the first part of this proof.
Thus ¢ = (Imx)*.

In order to see that the correspondence is injective, let y, x' be spread-
points in (f, X, Z) and suppose that x # x'. Let the domains of x, x' be the fil-
ter bases of open neighbourhoods of the points z, 2! € Z, respectively. If z # 2/,
then there are disjoint open neighbourhoods W, W' of z, 2’ respectively. Thus
x(W) nx'(W') = 8, which implies that x(W) ¢ (Imx')*, because (Imx')* isa
filter ; i.e., (Imx)* £ (Imx')*". If z = 2/, then there is an open neighbourhood
W of this point such that x(W), x'(W) are different components of f~1(W).
Thus x(W) N x'(W) = 0, which as before implies that x(W) ¢ (Imx')™; i.e.,
again (Imy)* # (Imy')*. QE.D.

COROLLARY (5.2). (f, X, Z) is a complete spread if and only if (X, 4) is a
complete space.

Proof. If ¢ is a minimal Cauchy filter in (X, {{) and z € X, then £ converges
to z if and only if (] ¢ = {z}. Thus the result follows immediately from (5.1).
Q.ED.

Theorem (5.3). Let (g,Y, Z) be a completion of (f,X,Z) and letj : X — Y be
o dense embedding such that j(X) is locally connected in 'Y and f = go j. Let
us denote the topology on Y by S and write

B = [e(¢7"(20),5)];

i.e., U is the S-component uniformity of g~ *(20)]. Then
(i (Y,D) is a complete space,
) j:(X,4) — (Y,D) is a dense unimorphic embedding,
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so that (Y, ) is a completion of (X, ).

Proof . Since (i) has been shown in (5.2), we show (ii).
Let us write

U= c(g_l((WA)aé’)r

for each A. Then 9, is an open covering of ¥ and it follows from (2.3) that

7(2) = N 5(X),

for each A. This shows that j : (X,4) — (5(X),%|j(X)) is a unimorphism,
because {4}, is a base for U. Thus 5 : (X, 4} — (Y, ) is a dense unimorphic
embedding. QE.D.

THEOREM (5.4). Let (Y, D) be a completion of (X, ), and let j : (X, 4} —
(Y, ) be a dense unimorphic embedding. Then f o371 : (j(X), D|j(X)) —
(Z,20) is uniformly continuous and as such admits a unique uniformly conti-
nuous extension g : (Y, 0) — (Z,20), and (g,Y, Z) is a completion of (f, X, Z).

Moreover, if S denotes the uniform topology of (Y,D), then

D= [c(g~ (W), S));

i.e., U is the S-component uniformity of [¢~*(20)}.

Proof . Since 571 : (5(X),B|5(X)) — (X, 4),f : (X, 4) — (Z,20) are uni-
formly continuous, fo3 ™1 : (5(X), V|7(X)) — (Z,20) is uniformly continuous.
Thus it is standard that it admits a unique uniformly continuous extension
g: (V,0) — (Z,20), because j(X) is dense in ¥ and (Z, 20} is complete.

We make use of the canonical completion (fs, X;, Z) of (f, X, Z) and the
canonical embedding 7, : X — X, in order to prove that (¢,Y, Z) is a comple-
tion of (f, X, Z). Let us denote by il the spread uniformity of (fs, X,,Z) on
X,. Bince (X, ;) is a complete space and 7, : (X, ) — {X;,4l,) is a dense
unimorphic embedding by (5.3)(1), (ii), it is standard that there is a unique
unimorphism J : (X,,4) — (Y,) such that j = J o j,. Hence j(X) is locally
connected in Y, because j,(X) is locally connected in X;and J : Xy —» Y isa
homeomorphism. Also it follows from the commutativity of the inner triangles
in the diagram
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J
Xy ————— - — = - - — - - Y
//
Js X )
fs g
f
A

that fs]5s(X) = goJ|js(X). Consequently f; = go J, since j5(X) is dense in X
and Z is a Hausdorff space; i.e., the whole diagram is commutative. From this
it follows that (g,Y, Z) is a complete spread, because (fs, X;, Z) is a complete
spread and J : X, — Y is a homeomorphism. This shows that (9,Y,7) is a
completion of (f, X, Z).

In order to prove the last part of the theorem, let us write

T = [e(s1(20), ).

Since 5 : (X, i) — (Y, %) is a unimorphic embedding by (5.3) (ii), it follows
from (5.4)(ii) that the identity function d : (5(X), 0|5 (X)) — (4(X), ¥'|5(X))
is a unimorphism ; i.e., V|j(X) = V'|5(X). Since 5(X) is dense in Y, it is
standard that it follows from this that 0 = ', ] Q.E.D.

It is easily seen that the bijection

I:X;— X’,
x = (Imx) ™,

given in (5.1), satisfies ? = I o j,. In fact, since £, D Imy, by definition of
Xz (see §2.8 for notation), it follows that ¢, = (Imyz)™T, because (Imy;)* is
a minimal Cauchy filter in (X, i) by (5.1). That is, 7(z) = I o js(z), for each
ze X.

Since X is a Hausdorff space, it follows from this that I coincides with the
unique unimorphism J : (X,, ;) — ()? , 3:1) such that 7 = J o j,, the existence
of which is established in the proof of (5.4). We conclude by proving directly
that
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I (X, 8,) — (X, 1)

is a unimorphism in order to pose a question.
Let us denote by S, the topology on X,, and let us write U] =

e(f;1(Wy),Ss) for each A. Thus {3} is a collection of open coverings of X,
which as a uniforngty base on X, generates ;. We show that

@) I ("l[i) < Uy,

G I W) < (1)
for each A.

Let U|W € U, where U is a component of f~}(W) and W € W,. Then Ue
2Ly, and we show that I(U|W) c U. Let x € U|W. Then U = (W), andso U €
Imy. Consequently U € (Imy)7; i.e., (Imx)* € U. This shows that I(U|W) c
U, which proves (i). Now let I € Iy, where U is a component of f ~Y(W) and
W € W). Then UW € U3, and we claim that I-Y0) c st(uw, U3). Thus
suppose that (Imy)* € U, where x is spread-point of some point z € Z. Some
W' € W, contains z. Let U' = x(W'), where U’ is a component of f~1(W').
Then U, U' € (Imy) ™. Thus UNU’ # @, which implies that (U|W)n(U'|W') # 8.
Since x € U'|W' and U'|W' € U, it follows that x € St(U|W, 13 ). This shows
that I~ 1(T) c St(U|W, 13), which proves (ii).

The relations (i), (ii) imply respectively that I, -1 are uniformly conti-
nuous.

QUESTION (5.5). Under what circumstances is

€. Conclusion

In [15] we show how, when the category of spreads is restricted to those in
which the base space is a topologically complete Hausdorff space, the theory
of spreads can be developed using familiar definitions and theorems from the
theory of uniform spaces (see §5,6 of [14]}). By virtue of the results in the
present paper it is known that this program can be carried out.
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