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THE UNION PROBLEM
AND DOMAINS OF HOLOMORPHY

By Luts MANUEL TOVAR®
Let X be a complex space and {2y C 23 C --- a sequence of open Stein sub-
(o]

setsin X. Let O = |J Q;. The question is, is {2 Stein? If ( is a Stein manifold,
=1

that is the case. For an arbitrary manifold X, J. E. Fornaess in [3], has giv-
en an example of a sequence of increasing Stein subsets in a manifold whose
union is not Stein. If X has singularities, nothing is known about this. In this
paper I show that if X is a normal Stein space and 1 is relatively compact in
X, then Q1 is a domain of holomorphy. In [10] I gave the anouncement of this
result with the additional condition that 0\ S is dense in 31}, where S is the
singular set of X. I give in the first part the proof of this result and next, I
show that the additional condition is not necessary.

For the basic notions and properties of Stein spaces we refer to [6] and [8].

THEOREM (1). Let X be a normal Stein space, 13 C Qs C --- a sequence
[¢0e]

of open Stein subsets of X and let O = |J Q, be irreducible. Let S be the
j=1

singular set of X. If } cC X and d0\S is dense in 1, then (1 is a domain of

holomorphy.

Proof . The proof is based in the techniques of Fornaess-Narasimhan utili-
zed in [5]. We will show for any p € (82\S) and any sequence {z,} of points
of Q, z, — p, there is a subsequence {z,,} and a holomorphic function F in
€1, which diverges in {z,;}. We may assume that X is a pure n-dimensional
and connected space. Andreotti and Narasimhan in [1] show that a pure n-
dimensional Stein Space may be realized as a branched domain over C™ in
such a way that: we can find holomorphic mappings ®, : X — C™,r =1,2,...1
such that if Z] is the branch locus of ®, then

i) ®, has discrete fibers

ii) ®, is a local isomorphism in 0\ 2]

l

ii)S= N Z!

r=1

Moreover, we can find holomorphic functions fi, f2,..., f; on X such that
if we set Z, = {f, =0}, then Z! C Z, and nNZ, = S.

Let d, be the boundary distance of the unramified domain

o, :0\Z, - C"
Since X'\ Z, is Stein without singularities and each Q;\Z;, is Stein, then

1\Z, is an increasing sequence of open Stein subsets of X\Z,, therefore is
Stein [2], —log d, is plurisubharmonic in (1\ Z, and the function

* Becario de C.0.F.A.A., LP.N.
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_ [ max (0, -log d; + M, log | f+(z)|) on \2Z,
or(z) = 6 on Z,

is plurisubharmonic on {1, where M, is a large enough constant, see [1].
Let p € (80\S), and choose r such that p € Z,. We can find hy,hs ..., hyp
holomorphic functions on X such that

{p} = [{h:i =0}
i=1

Write ®,(z) — &,(p) = {®2(z) — ®¢(p)}7.,, where ®},..., " are the coor-
dinate functions of the map ®,.. Since the function

z — &;(z) — @7(p)

vanishes in p, by the Nullstellensatz, there exists a neighborhood V(p) of p
and a positive integer N, such that

V() NZ =8 and (i) - 8™ = 3 auy(a)hil2)

forsome a,, . .., a,,, holomophic functionson V (p). Take V' cc V(p) aneigh-
borhood of p and let Ty := sup {37, |as,(z)]?}.
z€V!

IfT = max Ts, N > 2 max N, and z € V', let s, be the integer such that
8 8

| @72 (z) — @72 (p)| = max {|@7(z) — ®3(p)[},

then
18, (=) — &, (p) |V < Z!@* (8))V < wM (max {|®2(z) - 22(s) )N
s=1
< |82 () — @2 (p) [PV < V(D |y, (2) (Zlh
t=1
< nNT(Y" |hi(=) )
i=1

Since —log d.(z} + M, log |f-(z)] £ e,(z), it follows that there exists a
constant Cy > 0, such that, if z € V' N, then d,(z) > Cp exp (—(z)), sO

0§ exp (~Npr(2)) < de(2)V <|| 8(2) — 8r(p) IV < oV T |hi(2)]*)
=1
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Since hy, hg, ..., hy are continuous in {1, there exist constants Cy,Cy > 0
such that

m m
SokP >0y in O\V' and ) [k <Oy in O

N
Let C3 = min (ECK?T’ C}) therefore if z € {1,
m
C3 exp (—Npr(z Z ? < 0y exp (pr(3))

Consider now the following results.

LEMMA. LetI1 : D — C™ o finite bounded unramified domain of holomorphy
over C", Let ¢ > 0, p.s.h. function on D. Let hy, hs, ..., hy be holomorphic
functions on D and «, 8, A, B positive constants such that

k)
o exp (—Ap(z)) < Y |hi(2)* < B exp (Be(z)).
i=1
Then, there exist holomorphic functions gi, g2, - - - , gm on D satisfying

k(13 m
Y gihi =1 and ij lgi(2)? exp (—Cp(2))dv < 0
i=1 i=1 D

where C is a constant depending on A, B,n, m.

Proof . See [9, Theor. 1, Cor. 1], where this result is proved by Skoda for
pseudoconvex domains in O™, but the proof remains valid for finite bounded
unramified domains over C. o

Applying this result we have that there exist holomorphic functions gy, g2,

.., gm on O\ Z, and a constant C* such that

Zg,-hg =1 on O\Z, and ]f |g; (2)|? exp (—C*pr(z))dA < oo
=1 \Zr

LEMMA. (Fornaess-Narasimhan [5]). Let D be a normal complex space and
® : D — A" a represeniation of D as a finite covering map on A™. Let f be
holomorphic on D such that ® is unramified out of Z = {f = 0}. Let N be the
sheet number of ®. Then for any holomorphic function g on D\Z such that

j[ lg|*dv < co.
D\z

The function f¥~1g extends to a holomorphic function on D. o
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Appliying these results, we have } ", g;h; = 1 on O\Z, and F; = f}g; is
holomorphic on Q. Since fr(p) # 0, if z, — p, for somes = 1,...,n, we have”
|F;(z)| — oo. Since d0\S is dense in 90 the Theorem follows. ©

THEOREM (2). Let X be an irreductible Stein space of pure dimension n and
A an analytic set which is at least two-codimensional in X. Then it is not
possible to express the difference space (Y,Oy), where Y = X\A and Oy :=
0] Xy, as an increasing and nested union of open Stein subsets of X.

Proof . Suppose the result is not true. Then there exists X and A as above,
and an increasing and nested sequence of open Stein subsets {Q};},cn of X,

[o o]
such that X\4 = {J ;.
j=1

For any z € X, we know there exists a neighborhood basis { D, } of X and
a proper and light map IT : D,, — A"(o,rnm), such that D,, is an analytic
polyhedron and the triple (D, II, A™(0, rn)) is a finite branched analytic co-
vering.

Since the level sets of II are compact and II is light, these level sets are
zero-dimensional. Then, dim;II = dimzX— dim L (IT) = n, where Lx(IT)
denotes the level set of IT in X. By the proper mapping theorem, we have,
II(Dy) = A™(0,rm).

Let ¢g € A. take the following restrictions:

a) Choose a neighborhood U’ of ¢g small enough so that the branching order
of IT in any neighborhood of ¢g contained in U’ is constant.

b) Since I~ (II(A N U"))|U' is the union of the restriction of A to U' with
an analytic set Ao, take z9 € (A N Af) and choose a neighborhood Uy of zg in
such a way that Uy N Ag is empty and Uy is Stein:

Since A is at least two=dimensional in X, Up\4 is not Stein. Now Il is an
holomorphic and finite mapping between two spaces of the same dimension,
therefore A™(yo, r)\II(A) is not Stein either. Then we can find a Hartogs figure

H cc (A™(yo,r)\II(4))

such that its Hartogs completion H* is contained in A™(yo, r), but H* is not
contained in A™(yo, r)\II(4).

From the above we obtain II™}(H) N (UpN A) = 6, so there exists an integer
N, such that 171 (H) c (UpnNQp). UpNQy is Stein, so we can find an Oka-Weil
domain W such that II=}(H) c W cc Uy N Qy,[8].

Notice that IT is a local homeomorphism in Up\IT(A*), where A* is a negli-
gible set formed by the images of the singular set of X and the regular points
of Ug where rank Il # n.

Take y* € (H* N dI(W)). Let T (y*) = {a1,@9,...,0:}. If yr — y*,
with {ym} C TI(w), then, there exist corresponding sequences {v},} — oy,
i=1,...,r, with {¢},} € W. Therefore we can find a holomorphic function f
in W which is not bounded in each sequence {v%,}.

For each y € (II(w)\A*), if T~ 1(y) = {z1,22,..., 2}, let Ay be a neighbor-
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k
hood of y contained in II(W)\A* such that I"(Ay) = | A,,, where A, isa
i=1
neighborhood of z; and

Im: As; — Ay

is a biholomorphism. .
Define f; := (fja, ) o 71, Clearly f; is holomorphic in Ay. Consider the

symmetric polynomial

P(al,ag,...,ak) =aj-ag---a.

Then define the function P* in H(W)\A* as

P = P(fL 12, 1h

in Ay. IfAynAy' # §apdy,y' € (II(W)\A*), note that, (£}, fZ,..., f¥) isjust
a permutation of (f, !},, f!f,, ooy f;‘,), therefore P* is well-defined in II(W)\4*) D
(H\A*). Since f is continuos in W, f is locally bounded in II(W), so it is possi-
ble to extend P* to H*. But P* is holomorphicin H and not bounded in {y,,},
a contradiction. o
COROLLARY. Let X be a normal Stein space of pure dimension n and Q =

[ o]

U Q;, where each §Q; is an open Stein subset of X and such that Ql; D 2,4,
i=1
J € N. Then the singular set of X is nowhere dense in the boundary of ).

Proof. Denote S the singular set of X. We assert 91\ S is dense in 90.
Otherwise, there would be p € S N30 and a Stein neighborhood Uy, of p, such
that

Up[)(002\S) =0
i.e. S would be dense in 9{} in some neighborhood of p. Since § is closed in a1},
it follows that
S, = 90y,

Now, § is at least two-codimensional in X, so § N 311 does not separate U,
in two open disjoint subsets of X. It follows U,\S C Q, therefore

co

U\S = J(0;n0p)
j=1

But each 03;NUp is Stein, so the above equality contradicts the Theorem. o

From this Corollary and Theorem (1), it follows immediately:
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THEOREM (3). Let X be a normal Stein space, {11 C Q13 C --- @ nested se-
o0

quence of open Stein subsets of X and let = |J Q; beirreducible. If(} CC X,
i=1
then (1is a domain of holomorphy.

Definition. Let X, Y be two complex spaces of the same dimension. We say
that the holomorphic mapping I1 : X — Y defines a ramified covering of Y, if
for every point y € Y there exists a neighborhood U such that II™1(U) is the
disjoint union of complex spaces Wy, Ws, ... for each of which every induced
map I, |y, — U is finite.

P Le Barz in [11] proved the next important result.

THEOREM (4). (Le Barz) Let I1 : X — Y a ramified covering of Y. If Y is
Stein, so is X.

Applying this result we obtain the next generalization of Theorem (3).

THEOREM (5). Let 11 : X — Y be a ramified covering of a Stein space ¥ and
suppose that X is normal. If 13 C {13 C -+ is a nested sequence of open Stein

[s o]

subsets of X and (1 := |J Q is irreducible and relatively compact in X, then
j=1

1 is a domain of holomorphy.
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