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SOLUTION OF THE SPECTRAL ANALYSIS PROBLEM
ON THE SPACE OF HOROCYCLES

BY ANTONI WAWRZYNCZYK®
1. Notation and preliminaries.

Let G be a connected semisimple Lie group of noncompact type and of finite
center. Denote by G = K A N the Iwasawa decomposition of the group G. By
g,%, a,n we denote the Lie algebras of G, K, A and N, respectively. If A C a* is
the set of restricted roots, then for an appropiate order denoted by < we have

"= Z §n, Where
a>0

8o :={X €g|[H,X]=o(H)X, HEa}

Let us put mq := dim g,. We denote also p:= % > mga.
a>0
In what follows we shall assume that the split-rank of G is equal to one,

that is dim A = 1. This being the case A = {&, —a} or A = {e, 20, —a, —2a}.
The centralizer of K in A will be denoted by M and the normalizer by M'. The
Weyl group W := M'/M acts in a natural way of A as well as on a and in the
rank one case it contains only the identity and the reflection A a — a1 € A.

The components of the Iwasawa decomposition of the element g € G are
denoted as

(1.1) g = K(g) exp H(g) N(g).

Since A is a vector group the exponential mapping is a homeomorphism of
a onto A. The inverse mapping is denoted by log : 4 — a.

We denote by a} the space of all complex valued R-linear functionals on a.
The homogeneous space X := G/K is the symmetric space of the rank one
associated to the group G and the manifold E := G/MN is called the dual
manifold of X or the space of horocycles.

By a horocycle in X we mean a subset of the form ¢gNK C X = G/K. If we
denote & := N K then each horocycle may be represented in the form ¢ = g&p.
One proves that the isotropy subgroup of the point & is just equal to MN
hence the space of all horocycles in X can be identified with the homogeneous
space E = G/MN.

On the other hand the points of the space X can be interpreted as subma-
nifoldsin E. Set zg := K &p. Since the isotropy subgroup of zg is equal to K we
may identify X with the set of all orbits in E of the form gzg = gK&.

It follows by the Iwasawa decomposition that the mapping: K/M x 4 >
(kM, a) — ka&p € E is a smooth parametrization of the space B. The manifold
B := K/M = G/M AN is called the boundary of the symmetric space X.

* Partially supported by Sistema Nacional de Investigadores de México.
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The Haar measures on 4, K, G are denoted by da, dk, dg vespectively; the
measure dk is supposed to be normalized.

For a given smooth manifold Y we denote by £(Y') the space of all infinitely
differentiable functions on ¥ with its usual Fréchet topology of the uniform
convergence of all derivates on compact sets. If (G, Y) is a Lie transformation
group the natural action of G on £(Y') is defined as:

Lof(z) = flg7'z), g€G, zeY, feZ(Y).

We shall also deal with the space D(Y) of the Schwartz test functions on
Y which is obviously an invariant subspace of £(Y}). By ®'(Y') we denote the
space of all distributions on Y. The action of the group on '(Y} is defined by
the formula:

LQT(f) = T(Lg‘lf)s fen(y), Te %l(y)

The dual space £'(Y) is identified with the space of all compactly supported
distributionson Y.

In the present paper we are studying the invariant closed subspaces of the
space £(E). For the group G = S0(2, 1) in which case the manifold E is simply
the upper light cone in R? the problem of the spectral analysis on E was solved
in the author’s paper {7]. A family of elementary functions was defined on B
and it was proved that each closed and invariant subspace of E(E) contains
some element of the family. The analogous family of elementary functions can
be defined in the general case and the same theorem is valid (see Thm 4.2).

The space E, besides the structure of the homogeneous space of G is a sub-
ject of an additional action of the subgroup A. If y = ke M N and a; € A then
the element

(1.2) r(e1)y := kaaiMN € B
is well defined. The operation 7 : A — Aut E satifies
1.3) 7(ab) = r(a)r(b), a,b€ A

and commutes with the natural action of G on E.

Unfortunately the G-invariant spaces of functions on E are not r-invariant
in general. As a countrexample may serve the kernel of the dual Radon trans-
form B : £(8) — £(X) defined by the formula: Bf(gK) := [, f(gkMN)dk,
f € £(E). This example is explained in [7] for G = SO(2, 1), nevertheless the
fact is general.

The G-invariance of a subspace V' C £(E) implies however some additional
property of V' with respect to the action 7.

We shall prove that a non-trivial G-invariant subspace V c £(E) contains a
non-trivial subspace V; such that for every f € V; and every ¢ € D(A) which
satisfies

1.4) p(a“l) = ¢#(log a)go(a)
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the function f x ¢ := [, p(a)r(a™1)f da belongs to V;.

This property permits us to identify a subspace of V with a subspace of £(R)
which is invariant under convolutions with even test functions. The problem
of spectral analysis for such spaces was solved in {7] and in this way we obtain
the principal result of the present paper.

Conjecture. Every closed G-invariant subspace V C £(E) is invariant under
the application f — f X ¢ for ¢ € D(A4) satisfying (1.4).

We refer the reader to [2] and [6] for an exhaustive account of the material
presented above.

2. On the G-invariance and r-invariance.

The differential operators which commute with the regular representation
L were described by S. Helgason [1]. Let %(g) denote the universal enveloping
algebra of the Lie algebra g. An element X € g represents a right-invariant
differential operator on G by the formula:

D(X)f(g) = lim f(exp X g).

Let g° denote the complexification of g. The representation g 3 X — D(X)
extends to a representation of the algebra 2(g) on £(G). The elements of the
center 3(g¢) of 2(g°) commute with the left and with the right translations,
hence for any Y € 3(g°) we have ‘

D(Y)f(g) = D(Y)(Lg-1f)(e)-

If § is a subalgebra of g then in a natural way 2A(§°) may be treated as a
subalgebra of 2(g°) and the elements of 2(g°) acts as differential operators
on £(G). The theorem of Helgason identifies the space D(E) of differential
operator on E commuting with the action of G, with %(a°) in the following
sense. For every D € D(E) there exists a unique element X € (a°) such that
for every f € £(G/MN)

2.1 Df(gMN) = (D(X)L,-1f)(eMN) := R(X)f(gMN).

The elements of the center 3(g°) leave invariant the space £(G/MN) C
£(G) hence they define differential invariant operators on £(E). Let us denote
by u(Y) the element of %(a®} such that

2.2) D(Y)f = R(u(Y))f, Y €3(s), f ().

The image of the operator u : 3{g°) — 2(a°} can be recognized with the
aid of the Harish-Chandra isomorphism. In order to describe it we need more
information about the structure of g¢ and 3(g°).

Letj C g° be an extension of a® to a Cartan subalgebra of g°. Denote by & the
root system of the pair (g° j) and let & be the set of positive roots for some
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fixed order in j*. Then & = P, U P_ where Py consists of roots which are not
identically zero on @ and P. consists of the root which vanish on &. Denoting
by g¢, the root space of o in g° we introduce nf := g; gy and ny ==gnns.
acPy
The order in j* can be introduced in such a way that ny = n. The complex-
ification of the Lie algebra m of the group M has then the form:

me=jint+ Y (g5 +8%4)
aEP_.

p = % Z .
a€P
The restriction of the function p to the algebra a is equal to the function p
introduced in the first section.

Let W be the Weyl group of the pair (g°,j). The group W acts in a natural
way on j and j*. The natural injection a° — j intertwines the action of W with
the action of W. The algebra 2(j) can be identified with the symmetric tensor
product S(j) because j is abelian. With the aid of the Killing form we can also
identify 5 with j* and in this way the space S{(j) can be interpreted as the space

of polynomials on j. We denote by S (i)W theﬂspace of W-invariant elements in
S(j), which is isomorphism to the space of W-invariant polynomials on j.

Now, consider Z € 3(g°). According to Lemma 2.3.3.4 in [6] there exists a

unique Y € S(j) and Q contained in the ideal of %(g°) generated by the space
Y. g%, suchthat Z = Y+ Q. The differential operators £(X,), Xy € 8, €

acd

@, vanish on the functions which are M N-invariant, hence R{Z) = R(Y)

on £(E).

Let v be the automorphism of S(j) which on H € j takes the form y(H) =
H + p(H). As proved in Prop. 2.3.3.6 in [6] there exists T € S(j)¥ such that
Y = «(T) and the mapping Y — 4~ 1(¥) is onto S(j} . In this way we have
obtained:

We denote also:

LEMMA (2.1). For every W-invariant polynomial T on. j there exists Z € 3(g°)
suchthat Z =Y + Q, Y € §(j) and R(Z) = R(Y) = R(7(T)) on £(G/MN).

The injection a — j induces a homomorphism of S(j)¥ into S(j)". This
mapping is onto if and only if the center 3(g) acting as differential operators
on £(G/ K) exhausts the whole algebra D(G/K) of invariant differential op-
erators (cf. [3], Prop. 5.32). This is the case when rank G/K = 1, because the
Laplace-Beltrami operator generates then the algebra D(G/K). We get

LEMMA (2.2). If rank G/K = 1 then for every W-invariant polynomial T on
a there exists an element Z € 3(g°) such that R(Z) = R (+(T)) on £(E).

COROLLARY (2.3). Let rank G/K = 1 and let T € S(a°)¥. Suppose that
V < £(E) is a G-invariant and closed subspace. Then the operator R (~(T))
conserves V.
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Proof . Acoording to Lemma 2.2 R (v(T)) = «£(Z) for some central element
Z. On the other hand R(Z)f = D(Z)f for f € £(G/MN) and Z € 3(g°). By
the very definition the operator D(Z) conserves invariant closed subspaces
and the proof follows.

Now, we shall look for an integral form of the invariance property expressed
in Corollary 2.3. In the rank one case for every H € athe element H? € S(a)
is W -invariant. We have 4(H?) = (H + p(H))? and the action of H + p(H) as
of a differential operator on £(E) can be represented in the form:

R(H+ p(H))f =" PR(H)e f,

where (e?f)(kaM N) := /{198 %) f (ka M N).

Corollary 2.3 states that the operator R((H + p(H)?) = e P-R(H)?%¢” leaves
invariant each closed and G-invariant subspace.

Let us assume now, that f € £(E) admits the Taylor series expansion:

rlexp B)1(aMN) = 1(o(exp B)MN) = 5 (ZEL 1) (ga),

=0

where the series converges in £(E). The functions satisfying this condition
will be referred to as A-analytic on E.

PROPOSITION (2.4). Let f be an A-analytic function contained in a G-invari-
ant closed subspace V. < £(E). Then the function

e’ (r(a) +r(a™h))e’f, a€ 4
also belongstoV.

Proof . Let us write

e Pr(exp H) + r(exp — H))(e?f) = ( i + w(:f{)n> (e f)

2k
() en

In virtue of the preceding observations every term of the series belongs to
V and the proof follows.

Recall that f x p(kaMN) := [, f(ka; M N) (aa;l)dal.

THEOREM (2.5). Let f be an A-analytic element of a G-invariant closed sub-
spaceV C £(E). Let p € D(A) bean even function. Then the function fx(e™?p)
belongs to V.

>
-2

Proof. According to Prop. 2.4 the function E > gM N — erllog al)f(galM'N)
+e—r(log al)f(galMN) belongstoV for any a; € A. On multiplying it by o{a4)
and integrating with respect to a; we also obtain an element of V.
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Let us calculate:
j’i flkaaT M N)e=P108 a1) (a1 ) day = /1; f(ka7 M N)eP108 919) (4, 4)day
B f f(ka MN)e=?108 %) o (a1)day
A
= f x (e”?p)(kaM N).

The second integral is equal to the latter thanks to the symmetry of the
function ¢ and the proof follows.

We close the section with a proposition concerning the case where the sub-
space V contains a nontrivial K-fixed element.

Let us define for f € £(E):

(2.3) Pf = / Lyf dk.
K

The operator P is a projector onto the space of K-fixed elements in £(E).
PROPOSITION (2.6). Assume that V c £(E) is a closed subspace which is
G-invariant. If Vg := PV then for every even p € D(A) one has:

Vo X (e"'pgo) c V.

Proof . Let us consider a function v« € ®(K\G/K) and ¥ € Vp. The element
¢:E3zMN — [, u(g)y(9zMN)dgbelongs toV and is K-fixed, hence ¢ € V.
The Iwasawa decomposition of the group G leads to the following factorization
of the Haar measure dg:

dg = 2p(10ga) .
/;f(g) g /;{A/N f(kan)e dk da dn, (see[3])

We obtain:
$(bMN) = f f ] u(kan) ¥ (kanbM N)e2?(198 &) 4k dg dn
KJAJN

=f/ u(an)dn\ll(abMN)ez"(log“)da.
AJN s

The function on E given by the formula kaM N — [, u(an)dn =: Ru{ka M N)
is the Radon transform of the function « considered as an element of the space
DK\ X). '

It is known that RD(K \ X)) consists of those elements f € D(E) for which
the function A 5 a — e?(198 ¢) f(a M N) is even (see [3]).
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Then we have: [ u(an)dn e2e(loga) [ #(e”n)dn and consequently
$(bMN) = [, Ru(aMN)¥(a"WMN)da = ® x (e7?p)(bMN) for p(a) :=
Ru(aMN)ep(}Og %), When u ranges over ®(K \ X) then ¢ goes over the whole
space of even test functions. The proof follows.

In what follows we denote by D, £, £%, ete. the space of even elements in
the corresponding space.

3. The space =V.

Let us define oV := {f € £(B)| [, fgkz)dk =0, g€ G, z €E}.

By the very definition it follows that the space =V is G-invariant and r-
invariant, what permits us to describe it in the spirit of the spectral synthesis.
In order to reduce the question to the known theorems about the spectral
synthesis in £(R) we decompose the space £(E) in K-components.

As proved by B. Kostant [4], in the case of rank G/ K = 1 every irreducible
representation of K contains the trivial representation of M with multiplic-
ity less or equal to 1, what implies in virtue of the Frobenius reciprocity the
following decomposition:

L*B)= € Hr,

[W]EK'M

where Kjs denotes the family of equivalence classes of those irreducible rep-

resentations of K which contain the one-dimensional subspace of M -fixed ele-

ments; H, stands for the carrier space of the irreducible representation = and

[r] denotes the class of x. The trivial representation of K will be denoted by

[1]. For a given [n] € Kj4 let w, denote the zonal spherical functions of «

which is an M-fixed element in H, normalized by the condition wy(eM) = 1.
The space £(B) admits an analogous decomposition:

(3.2) £(B)= €5 Hr, (seelf],p.261).
[ﬁ]EKM

The operator defined by the formula:
(3.3) PM .= dim H, /f o (k) Ly, dk
K

acting on L?(B) project ortogonally the whole space onto the 1-dimensional
space spanned by w,. The same formula makes sense as an operator in £(B)

as well as in £(E).
The space E is isomorphic as an analytic manifold to the product B x 4
what implies the isomorphism of the Fréchet spaces:

£E)=2B)es(4)= P Hro2(4)
[w]€R ns
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In particular, if f € £(E) is an M-invariant function we have:

f= Z we ® fa

[T]Ef(M

where wy ® f4(kaMN) := wx(kM)fa(a) and f4 € £(4).
Given a subspace V c £(E) we denote by VM the subspace of M-fixed
elements in V and by VM ¢ E(A) the space for which

(8.4) PMyM — 4, @ VM,

The operator PM commute with r hence the r-invariance of V implies the
invariance of VM with respect to translations. In particular for the space -V
we have:

P,]rwd\/ =wyr XNy, [r]€ Ry

where the spaces =V are closed in £(A) and translation invariant.
Since the group A is isomorphic to R the Spectral Synthesis Theorem of
L. Schwartz is valid:

THEOREM (3.1). [5] For every nontrivial translation invariant and closed
subspace V C £(R) there exists a countable subset Sp V' C C without accumu-
lation points and a sequence of natural numbers m(A), A € SpV such that the
functions of the form z™e**%, A € SpV, m < m()) belong to V and generate
linearly a dense subset of V.

The set Sp V is called the spectrum of V.

Our caim is now to determine the spectrum of the space =V . To this end
let us consider the following family of functions on E.

(3.5) by (kaMN) i= wr @ e ~9) (kaMN) = wy (kM)elr=2)(108 o)

The function h, ) may be considered as an element of the carrier space £
of the representation of G induced by the character of the subgroup M AN

given by the formula:
ir(loga)

X):man —e

The condition hy ) € =V means that foreveryge G,a € A
f we (K (gk) M)e3—0) (108 H(gka)) g — o
K

By applying the formula

/ F(K(gk))dk = / F(k)e~ 20108 He k) gk (see [6], p. 197)
K K
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we obtain an equivalent condition:

j/ wn(k)el=A=P) 0 HER) gk — 0 forall g € C.
K

The vanishing conditions for the integrals of this type were studied by
B. Kostant [4] and S. Helgason [2], [3]. Let us recall, following {2] the principal
result concerning the rank one case.

THEOREM (3.2). [2] The equation
(3.6) // FkM)e-A-n00g Heh) g = 0 foralige @
K

he - ontrivial solution F € £(B) if and only if the function

W= (g (gmarie 2g))r (G (G mer 25))

vanishes in A.
By (-, -) is denoted the bilinear form on e} induced by the Klling form of

g. In the sequel we dennte by Z the set of zeroes of the function e. By the very
definition of e(- it {. wsthat N (-Z) = 0.
For a given [r] € Kpy let v1,...,vg5y, 5 be an orthonormal basis in Hy.

THEOREM (3.3). (see [2]) For every [r] € K M and A € a there exists a matrix
ij()\), 1 < ¢, 7 < dim Hy, such that the equation (3.6) is satisfied for some

nontrivial F € £(B) and for all g € G if and only if

dim H,

(3.7) ;; Qri(=) fK(vlvr(k)vp)F(kM)zo

forall1 < j <dim Hy, [7] € R’M and v € Hy.
If we assume that F' € H, the integrals [ (v|o(k)vp)dk will vanish for

dim H,
all [o] # [r] and the condition (8.7) converts in 3 Q7.(=A) fi (v|m(k)vp)
p=1

F(kM) dk =0 forallv e Hy and j < dim Hy. The last condition can be sat-
isfled for a nonzero F if the family of functions u; := 3 Q7.(—A)vp is linearly
dependent, that is if det Q™ (—A) = 0. p

‘We have obtained:

PROPOSITION (8.4). hy 5 € 2N iff det Q7(—)) = 0.

The explicit form of the functions det Q™(-) can be calculated (see Thm.
6.4, [2]). For our purpose the following information is of great importance:
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THEOREM (3.6). For every [x] € Ry the space <V is finite-dimensional
and its spectrum is determined by the condition det Q™ (—X) = 0. There exists
@ finite sequence of natural numbers my (A} sich that the functions

Y
form a base of SV x.
4. Spectral analysis theorem.

The final result about the spectral analysis in the space £(E) will be deduced
with the aid of the following theorem.

THEOREM (4.1). [TI If V < £(R) is a closed £',(R)-convolution module then
at least one of the following conditions are satisfied:
1° the identity function belongs to V,
2° some nontrivial combination of the functions e**%,e~**% belongs to V.

THEOREM (4.2). Let V' C £(E) be a nontrivial closed and G-invariant sub-
space. Then V contains at least one element from the following family of func-
tions:

h$(kaM N} := elir-s)loga o (-ir-pjlog ¢ dea;, a€lC,

hl(kaMN) := d% elir-rllogay, o,

by (kaMN) = we (kM)etA=P1082 ) e 7 and det Q7(-1) = 0.

Proof . If V is nonzero then for some 7] € Ky the space Vy is nontrivial,
Assume first that V < =/V. In this case V is finite-dimensional and spanned
by analytic functions described in Thm 3.6. In particular the elements of the
space PMV = w, x V; are A-analytic and Thm 2.5 is valid. This implies that
the space V; is closed with respect to convolutions with functions of the form
e Pp, p € Dy(A).

IfV is not contained in =/V then the space V; := PV isnontrivial and in vir-
tue of Prop. 2.6 it is also invariant under the same operation. Let us calculate
for p € Dy(A), f € Vyr or Vi (which is isormphic to V}y)):

198 a) (1 4 (=P () (a) = erllog @) f £(5)e=?198 9™ (b=1) gp
: A
- Af(b)e“k’g Vp(ab~")db = (1) * p) (a).

This formula implies that the space V, of all functions of the form e,
f € Vx is a ©;(A) convolution module. The application of convolution * :
Ve X Ds(A) — Vi is continuous with respect to the topology in D, induced
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by the injection Ds(A) < £;(4). The mapping extends continuously to the
product Vi x £5(A) and V converts in an £} (A)-convolution module. Since
A is a group isomorphic to R, Thm 4.1 can be applied. The space V; contains

then a nonzero function of the form erloga) o oe—ir(10g 6) op the function
a‘-ix ¢A(log a) |a=o belongs to V. If it is the case of the space Viy # 0 then Yy

contains or the functions of the form h§ or hl. In the case of V € =V only
the frequencies A € Z may appear and the space V, contains a function of the
form h, ) with [x] # |1]| such that det Q" (—)) = 0. The proof follows.

UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO
INSTITUTO DE MATEMATICAS

CIRCUITO EXTERIOR, CD. UNIVERSITARIA
Mexico, D.F. 04510 MExico

On leave from:
TUNIVERSIDAD AUTONOMA METROPOLITANA-IZTAPALAPA
DEPARTAMENTO DE MATEMA’_T[CAS

REFERENCES

[1] S. HELGASON, Duality and Radon transform for symmetric spaces, Amer. J. of Math., 85 (1963)
667-692.

[2] ———, A duality for symmetric spaces with applications to group representations, II, Adv. in
Math., 22, 3 (1976) 187-219.

[31 , Groups and geometric analysis, Academic Press, New York, 1984.

[4] B. KOSTANT, On the existence and irreducibility of certain series of representuiions, in “Lie
groups and their representations”, I. M. Gelfand, ed., 231-329, Halsted Press, New
York, 1975.

[5]1 L. ScHWARTZ, Théorie générale des functions moyenne-periodiques, Ann. of Math., 48 (1947)
856-929.

[6] G. WARNER, Harmonic analysis on semisimple Lie groups, vol. I, Springer Verlag, New Yorl,
1972.

[7]1 A. WAWRZYNCZYK, Speciral analysis on the upper light cone in R® and the Radon transform,
Canadian J. of Math., 40 (1988) 1458-1481.






