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TOPOLOGICAL GROUPS AND ACTIONS 

BY T. SOUNDARA.RAJAN• 

Introduction 

Let (G, •) be a topological group and (A,+) an Abelian topological group. 
We say G weakly acts on A if G acts on A as groups and for each a E A the 
map g ----+ ga is continuous from G into A and for each g E G the map a ----+ ga is 
a continuous map of A into A. Then continuous Cohomology groups Hn(G, A) 
can be defined for G with coefficients in A for all n 2". 0. 

In section 1 we consider compact totally disconnected groups G and dense 
subgroups S of G. We show that S is pseudocompact if and only if: whenever 
G weakly acts on a discret space X, Bis a countable subset of X, u a map of 
B into X such that for any b1, ... , bn in B there is a g E G such that ub, = gbi, 
i = 1, ... , n, then there exists an s E S such that ub = sb for all b E B. 

We also show that Hn(G, A) ~ Hn(s, A) for all n 2". O in case Sis pseudo­
compact and A is a discrete Abelian group on which G weakly acts. 

In section 2 we show first that if a topological group G weakly acts on a 
topological Abelian group A then G weakly acts also on 0 1 ( G, A) = {! : G ----+ 

A: f continuous and f(l) = O}. 
We conclude section 2 by proving that if G is such that cm is a k-space for 

all m EN then Hn+l(G, A) ~ Hn(G, C 1(G, A)) for all n 2". 0. These may be 
useful for Galois Cohomology of transcendental extension fields. 

All spaces considered in this paper are assumed to be Hausdorff. 

1. 

We start with a well known 

LEMMA (1.1). (1.8.2 and l.9.3in [12]) Let X be a Hausdorff zero-dimensional 
topological space. Then the following conditions are equivalent. 

(a) X is pseudocompact 
(b) Every countable open cover of X byclopen (closed and open) sets has a finite 

subcover for X. 
(c) Every discrete open cover of Xis finite. 
(d) Every continuous map X into a discrete space is finite valued. 
(e) Every continuous map of X into N is finite valued. 

PROPOSITION (1.2). Let S be a dense subgroup of a compact totally discon­
nected topological group G. Then the following conditions are equivalent. 

(a) S is pseudocompact 
(b) Every continuous map of S into a discrete space Dis extendable to a con­

tinuous map of G into D. 

* The author heartily thanks the referee for various improvements suggested by him. He is 

grateful to the referee for pointing out two useful references to him. 
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Proof. (a) • (b). Let f : S-----+ D be a continuous map. Then f (S) is a pseu­
docompact subset of the discrete metric space D and hence is compact and 
hence finite. Let a1, ... , a,,,, be the values of/. Define g: {a1, ... , a,,,,}-----+ IR:. by 
g(ai) = i. Now go f is a continuous map of S into R Since Sis pseudocom­
pact by Theorem 1.5 of [2] g o f is uniformly continuous on S and since IR:. is 
complete, go f extends to a continuous map h of G into R Now (go f)(S) = 
{1, ... , n} = h(S) is a dosed set in IR:., Sis dense in G and so h(G) = {1, ... , 
Now it easily follows by considering the map g- 1 : {1, ... , n}-----+ f(S), i-----+ ai 

that/ extends to a continuous map (g- 1 oh) from G into D. 
(b)• (a). Since G is a compact totally disconnected group it is Zero-dimensi­

onal and hence S is a zero-dimensional Hausdorff space. If S is not pseudo­
compact, by (e) of Lemma (1. 1) there is a continuous map f : S -----+ N which is 
not finite valued. This extends to a continuous map h of G into N. Since G is 
compact, h(G) is compact in N and so h(G) is a finite subset. But f(S) c h(G). 
This contradicts that f is not finite valued. 

Hence (b) • (a). 

Definition. (1.3). Let X be a topological space. Ga topological group under 
multiplication. We say G weakly acts on X ifthere exists a map G x X __,, X, 
(g, x) H- gx such that 
(1) (g192)x = g1(g2x) for all g1g2 E G, x EX. 
(2) 1x = x for 1 identity of G and x EX. 
(3) For each x E X, g 1-+ gx is a continuous map of G into X and for each 

g E G, x H- gx is a continuous map of X into X. 
If (A,+) is an Abelian topological group, we say G weakly acts on A if fur­

ther for each g E G, the map a H- ga is an automorphism of (A,+). 

Rem.ark (1.4). If G is a topological group and weakly acts on a discrete space 
X then the map G x X-----+ Xis jointly continuous. Let (s, x) E G x X. Since 
g H- gx is a continuous function of G into X, there exists a neighbourhood U 
of s such that gx = sx for all g EU. Now U x {x} maps into {sx} and hence it 
follows that G x X __,, Xis continuous. 

THEOREM (1.5). Let G be a com.pact totally disconnected topological group 
and S a dense subgroup of G. Then the following conditions are equivalent: 
a) S is pseudocom.pact. 
b) If G weakly acts on a discrete space X, B c Xis a countable subset, a : 

B -----+ X is a map such that if b1, ... , bn E B there exists a g E G such that 
a-(bi) = gbi for i = 1, ... , n then there exists ans ES such that slB = u. 

Proof. (a) • (b): For each b E B let G0 = {s E GJsb = b }. Since G acts on 
the discrete space X, Gb is a clopen subgroup ofG. Further let sb E G be such 
that u(b) = s0b. Now the collection { sbG 0} is a countable family of nonempty 
clopen sets in G with finite intersection property. Since Sis dense {Sn sbGd 
is a countable family of nonempty clopen sets in S with finite intersection 
property. Since Sis pseudocompact we get easily from (1.1) (b) that nbEB (Sn 
sbGb) -=/ 0. 
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Lets E n(S n sbGb), Then for each b EB we get u(b) = sb(b) = s(b). This 
establishes (b). 

(b)=>(a): Let {Ui} be a sequence of open sets in G such that ni Vi i= 0. 
We assert that ni Vi n S i= 0. Let u E nUi. Since G is a compact totally 
disconnected group it has a basis at the identity consisting of compact open 
normal subgroups of finite index [11, 2.5, p. 56]. Hen~e for each i we get a 
compact open normal subgroup Ni of finite index such that uNi c Vi-Now G 
weakly acts on the finite discrete space G / Ni = {Ni, bi1 Ni, ... , bin; Ni} transi- -
tively. Let X = { ... , Ni, bil Ni, ... , bin;Ni, ... } with discrete topology. Ifs E G 
we define s(bi;Ni) = bikNi if sbi;Ni = bikNi and s(Ni) = (sNi). This yields 
easily that G weakly acts on X. Let B = {b11N1,b21N2,b31N3, ... }. Consider 
the map of B into X given by (biiNi)-+ u(bilNi). Since u E G, the map of B 
into X easily satisfies the condition in (b). Hence by (b) there exists ans ES 
such that u(bnNi) = s(bilNd for i = 1, 2, .... Hence u- 1s(bi1Ni) = (bi1Ni) for 
all i. Now ift E G and t(bi1Ni) = (bilNi) we claim t E Ni. For tbi1 = bilx, 
x E Ni. S~ t E biiNibi/ = Ni. Hence u- 1s E Ni for all i; i.e. s E uNi for all i. 
SosEn 1 Ui. 

Now S is pseudocompact follows straight from (1.5) of [2] or theorem (4.2) 
of [5]. 

Definition (1.6). Let G be a topological group weakly acting on an Abelian 
topological group (A,+). If n EN we define c 0 (G, A) = A and cn(G, A) = 
{/ : an-+ Alf is continuous and f(x1, ... , xn) = 0 whenever any one of the 
xi is 1}. cn(G, A) is an Abelian group under+. If f E cn(a, A) we define df 
onan+I by 

df(x1, ... , Xn+I) = x1f(x2,.,,, Xn+1)+ 
n 

1)-l)i f(x1, .. ,, XiXi+I, .. ,, Xn+1) + (-lf+l f (x1, • .. , Xn)-
1 

dis a map from cn(G, A) into AGn+i such that dis a homomorphism and 
d2 = 0. For each n ~ 0 we define zn(G, A) = {/ E cn(G, A)Jdf = O}. Ele­
ments of zn(G, A) are called n-cocycles. We define B 0 (G, A) = O and if n ~ 1, 
Bn(G, A) = {/ E cn(a, A)lf = dg for some g E cn- 1(G, A)}. Elements 
of Bn(G, A) are called n-coboundaries. zn(G, A), Bn(G, A) are subgroups of 
cn(G, A) and Bn(G,A) c zn(G,A). WedefineHn(G,A) = zn(G, A)/Bn(G, A) 
and call it the nth cohomology group of G with coefficients in A. 

Remark (1. 7). (a) Let G be a topological group acting on an Abelian topo­
logical group ( A, +) such that (g, a) -+ ga is a continuous map from G x A into 
A. Thendmapscn(G,A) intocn+l(G,A). This is easy. 

(b) Let G be a topological group acting on an Abelian topological group 
(A,+) such that (g, a) -+ ga is a continuous map from G x A into A. Define 
Cf (G, A) ={fan-+ Alf continuous}, defined as in (1.6), define Zf, Bf cor-
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respondingly and define H1 ( G, . By exactly following the proofs of section 
6 in Eilenberg-Maclane [8] we can easily get H1(G, A)~ Hn A) fo:r all n. 

THEOREM (1.8). Let G be a compact totally disconnected group and Sa pseu­
docompact dense subgroup. For any discrete abelian group (A,+) on which G 
weakly acts, S also weakly on (A,+) and for all n, Hn( G, A) ~ H'"(S, 

Proof. That S weakly acts on ( A, +) whenever G weakly acts on ( A, +) 
easily follows. 

If f E en( G, then f lsn belongs to cn(s, A) and/ cocycle (cobounda:ry) 
implies /Is is a cocycle (cobounda:ry). Conversely if g E cn(s, A) by (1.2), g 
has a unique extension g E en( G, A) (Since sn is also pseudocompact [2]) and 
g cocycle (cobounda:ry) implies g is a cocycle (cobounda:ry). Hence the theorem 
easily follows. 

Remark (1.9). By remark (1.4) and (1.7) (b), theorem (1.8) holds if 
Hn(G, A), Hn(s, A) are replaced by H1(G, A), Hf(S, A). 

Remark (1.10). That dense pseudocompact subgroups exist in plenty was 
proved by H. T. Wilcox [13,14]. They can be even chosen with stronger prop­
erties as it is shown in [3] and [ 4] 

2. 

LEMMA (2.1). Let G be a topological group weakly acting on a space X. Let 
K be a compact set in G and (bd)dED a net in X converging to bin X. Let W 
be an open set in X such that Kb c W. Then there exists do E D such that 
Kbd c W for all d ~ do, 

Proof. Let a E K, ab E W. Since W is open and G weakly acts on X 
there exists an open set Ua containing 1 in G such that Uaab c W. Since 
G is a topological group there exists another open set Va containing 1 such 
that Va· Va c Ua, Now abd converges to ab since G weakly acts on X. Hence 
there exists ada E D such that abd E Vaab for all d ~ da, Now {Vaa}aEK 
is an open cover for K and K is compact. Hence there is a finite subcover 
{Va 1 a1, ... , Va.,, an} for K. Let do ~ da1 , ••• , dan. Let now a E Kand d ~ do. 
Consider abd. If a E Va,ai then abd E Va,aibd and a,bd E Va,a,b. Hence abd E 

Va, Va,aib C Ua,aib c W. Hence the lemma follows. 

We now recall a proposition of J. de Vries. 

PROPOSITION (2.2). (J. de Vries [6]) Let G be a topological group, Y a topo­
logical space and Cc ( G, Y) the space of all continuous maps from G into Y with 
compact open topology. Ifs E G and f E Oc(G, Y) we define E Cc Y) by 
(sf)(x) = f(xs). Then G weakly acts on C0 (G, Y) with this definition. 

Proof. This is proposition (2.1.2) of [6]. 

THEOREM (2.3). Let G be a topological group, (A,+) an Abelian topological 
group on which G weakly acts. With compact open topology C 1 (G, A) is a 
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topological Abelian group and G weakly acts on 0 1 ( G, A) ifwe define for s E G, 
/ E 0 1(G, A), sf by (sf)(x) = f(xs) - xf(s). 

Proof. Since 0 1(G,A) c Oc(G,A) and the latter is a topological Abelian 
group [l] we get 0 1 ( G, A) is a topological Abelian group. It is well known that 
as a group G acts on AG. We have only to show that ifs E G, f E 0 1( G, A) then 
sf E 0 1 ( G, A). Iftd converges tot in G then f (tds) converges to f(ts) since tds 
converges to ts and f is continuous. Also G weakly acts on A. Hence tt:1,/(s) 
converges to tf(s). Since A is a topological group f(tt1,s) - tdf(s) converges to 
f (ts) - tf (s ). Hence sf (td) convertes to sf (t). Thus we get G acts on 0 1 (G, A) 
as groups. We now complete the proof in two steps. 

Step (1): Lets E G and fd converge to fin 0 1(G, A). Wedaimsfd converges 
to sf. 

We now define the functions gd, hd, g, hon G by gd(t) = fd(ts), hd(t) = 
tfd(s), g(t) = f(ts), h(t) = tf(s). First of all it is easily seen that Ud, hd, g, h 
are continuous functions on G. By 2.2 we get Yd converges tog in the compact 
open topology. We claim now hd converges to h. Leth E (K, 0), K compact 
in G, 0 open in A and (K, 0) is the set of all continuous maps from G into 
A mapping K into 0. h(k) E 0 for all k EK; i. e. kf(s) E 0 for all k E K. 
Hence K f(s) c 0. By (2.1) there exists a do ED such that Kfd(s) c 0 for all 
d?: do, i.e. hd(k) c 0. Hence hd E (K, 0) for all d?: do. Thus hd converges to 
h. Since Cc(G, A) is a topological group !Id - hd converges tog - h. Hence sfd 
converges to sf in O1 (G, A). 

Step (2): Let sd converges to sin G and f E O1(G, A). We claim sdf con­
verges to sf. We define 9d, hd, g, hon G by l7d(t) = f(tsd), hd(t) = tf(sd), 
g(t) = f(ts), h(t) = tf(s). Easily Ud, hd, g, hare continuous maps on G. 9d 
converges tog follows by (2.2). 

Leth E (K, 0) i.e. Kf(s) c 0. By (2.1) there exists do such that Kf(sd) c 
0 if d?: do. Hence hd E (K,0). Thus hd converges to h. Then Yd - hd 

converges tog- h. Hence we get G acts on O1(G, A) and the theorem follows. 

THEOREM (2.4). Let G be a topological group weakly acting on an Abelian 
topological roup (A,+). Let further en beak-space for each n E N. Then 
Hn+l(G, A)-::= Hn(G, C 1 (G, A)) for all n > 0. 

Proof. We define a map u n 

by setting (unf)( s1, ... , Sn+1) = (-l)n f (s2, ... , Bn+1)( st). Since cn+l is a k­
space by Corollary (3.2) in [7, p. 261], un is a bijection between en( G, 0 1 ( G, A)) 
and on+l(G, A). Now exactly as in [8] we get dun= an+ld. Hence we get eas­
ily for all n ?: O, u n carries cocycles (coboundaries) into cocydes (coboundaries) 
and cohomologous cocycles into cohomologous cocycles. Hence we get easily 
an isomorphism between Hn(c, O1 (G, A)) and Hn+l(G, A) for all n?: 0. 
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Remark (2.5). (a) If G is a metric group or a locally compact Hausdorff 
group then an is a k-sapace for each n EN. 

(b) If K is a countable field of characteristic zero and Eis an extension of 
countable trascendence degree then G(E/K) wuth Krull topology is a metric 
group (weakly) acting on (E, +) and (E*, •). 

(c) If K is a:ny field and Eis an extension of finite trascendence degree then 
G(E/K) with Krull topology is a locally compact Hausdorff group (weakly) 
acting on (E, +) and (E*, •). 

For. both (b) and (c) one can consider Galois Cohomology. 
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