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SHIFT GROUP FOR A WEAKLY HARMONIZABLE PROCESS 
ON A LOCALLY COMPACT ABELIAN GROUP* 

BY DOMINIQUE DEHAY 

1. Preliminary 

In contrast with the second order continuous stationary processes, the ex­
istence of the shift group for a weakly harmonizable process is not always 
guaranteed. In this work we deal with the problem of the existence and the 
boundedness of the shift group for a weakly harmonizable process defined on 
a locally compact Abelian (Le.a.) group. We investigate three kinds of shift 
groups: shift groups without boundedness hypothesis about the shift opera­
tors (called here general shift groups), shift groups with bounded shift operas 
tors, and uniformly bounded shift groups. 

An extensive body of knowledge has been developed for weakly harmoniz­
able processes on Z or R with a uniformly bounded shift group [2,8,12]. In 
[1], Abreu and Fetter studied the strongly harmonizable processes on Z with 
a general shift group. Here we present some improvements and some gener­
alizations of the results of these papers, to the weakly harmonizable processes 
defined on an Le.a. group. 

A brief synopsis of the paper is as follows. In Section 2, we characterize 
the spectral Hilbert measure of a weakly harmonizable process on an Le.a. 
group G which admits a general shift group (Lemma 2.1 and Corollary 2.2) 
or a uniformly bounded shift group (Theorem 2.6) (for G = Z see [1,2]). Un­
fortunately, we do not succeed in the characterization for a shift group with 
bounded shift operators (Lemma 2.4). Afterwards in Section 3 (Theorems 3.1 
and 3.2) we deduce an extension to our general setting, of the factorization 
properties of the shift groups stated in [1] and in [12] . 

Notations (1.1). From now on, consider Gan Le.a. group, G its dual, and 
B(G) the Borel u-algebra of G. Let P(G) be the set of trigonometric functions 
on G, that is the set of functions P: G--+ C defined by P(,) = I: ak < tk,, > 
for some a1, ... , an in C and some t1, ... ,tn in G, where< t, 1 > designates 
the action of, in G at tin G. 

Consider a Hilbert space H, for instance H = Lb ( n, A, P) for some proba­
bility space (0, A, P). For a nonnull process X: G--+ H, let l.s.X be the linear 
space spanned by the set {X(t) : t E G}, H(X) be its closure in the Hilbert 
space H. 

Shift group. A nonnull process X: G--+ His said to admit a shift group 
whenever there exists a group S = {St : t E G} of (linear) operators St : 
l.s.X--+ l.s.X such that StX(s) = X(s + t) for alls, tin G. The shift operators 
are densely defined in H(X), and in this paper no hypothesis is assumed about 
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thei:r adjoint operators in contrast with the assumptions in [6] and in [12]. If 
a shift operator St is bounded, we still denote by St its unique extension as a 
bounded operator on H( X). Following Tjostheim and Thomas [12], whenever 
a process X : G --+ H has a uniformly bounded shift group, we say that the 
process Xis uniformly bounded linear stationary (UBLS). 

Weakly harmonizable process. Finally, we recall that for any weakly 
harmonizable process X : G --+ H, there exists a unique regular u-additive 
H-valued set function vx: B(G)--+ H, called the spectral Hilbert measure of 
X, such that X(t) = f0r < t,. > dvx, fort E G [5,9,10]. 

In the following example, we point out various possibilities about the exis­
tence and the boundedness of the shift groups. 

Example (1.2). Harmonizable white noise. In this paper a white noise on 
Z will be a process E: Z--+ H, such that< 1:(n),1:(p) >H= 0 for n-:/= p, and 
sup{ll1:(n)IIH : n E Z} = K(1:) < oo for some constant K(1:). The classical 
notion of stationary white noise is recovered whenever 111:(n)IIH = K(1:) > 0, 
for any n E Z. It is known that such a white noise E is weakly harmonizable, 
and we easily obtain the following equivalences. 
1. \In E Z, c(n)-/- 0 * E admits a general shift group. 
2. \In E Z, 1:(n) -:/= 0 andsup{ll1:(n + 1) IIH/ljf(n) IIH : n E Z} < oo #\In?: 0, Sn 

is bounded. 
3. \In E Z,1:(n)-:/= 0 andinf{ljf(n + l)IIH/111:(n)IIH: n E Z} > 0 # l;/n ~ 0,Sn 

is bounded. 
4. inf{ll1:(n) IIH: n E Z} > 0 # E admits a uniformly bounded shift group. 

Furthermore, let I'/ : Z --+ H be a stationary white noise. The white noise 1:1 
defined on Z by 1:1(n) = rlnl17(n), admits a shift group which is not uniformly 
bounded, but each shift mapping S1,n, n E Z, is bounded. On the other hand, 
the white noise E2 defined on Z by 1:2 (2n) = 2-[nlt,(2n) and 1:2(2n + 1) = (2n + 
1)- 111(2n + 1) admits a shift group with the shift mappings S2,2n+1, n E Z, 
which are unbounded and with the shift mappings S2,2n, n E Z which are 
bounded but not uniformly bounded. 

2. Spectral Hilbert measures and shift groups 

From the uniqueness of the spectral Hilbert measure of a weakly harrno­
nizable process, we state a characterization of the spectral Hilbert measure 
of a weakly harmonizable with a general shift group. 

LEMMA (2 .1). A nonnull weakly harnwnizable process X has a general shift 
group if and only if for any Pin P(G) we have 

k Pdvx = 0 • P(7) = 0 vx - a.e. 

Proof. Assume Sexists and let P E P(G). We easily obtain that for any 
t, St fc P dvx = Ia < t,. > P dvx, Thus we have Ia P dvx = 0 • \;ft E G, 
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f G < t,. > P dvx = O • VA E 8 
since the H-valued measure A --+ 
Q.E.D. 

, J~ P dvx = 0 • Ph) = 0 vx - a.e, 
P dvx is regular. The converse is evident. 

Hence, for G = Z or R, we immediately deduce the following equivalence. 

COROLLARY (2.2). Whenever G = Z or R, a nonnull weakly harmonizable 
process X admits a general shift group if and only if its spectral Hilbert mea­
sure satisfies one of the following conditions. 
i) fo, P dvx IO, for any nonnull PE P(G). 
ii) 11x is a discrete H-ualued measure, its support is locally finite and if 

supp(vx) = b1, ... , 7j, .. . } then for any PE P(G), we have 

JG P dvx = LPhj)vxhj) = 0 • P(,j) = 0, for any j. 

Condition (i) is equivalent to: every finite subfamily of {X(t) : t E G} is 
linearly independent. An interpretation of condition (ii) is given for G = Zin 
the next corollary. 

COROLLARY (2.3). Whenever G = Z, conditions (i) and (ii) of Corollary 2.2 
are disjoint. Moreover condition (ii) is equivalent to the following condition. 
ii') card(supp(vx)) = p < oo, and if supp(vx) = b1, ... , 1p}, then the vectors 

vxh1), ... , vx(,p) are linearly independent. 

In fact in this case, the process X is strongly harmonizable and admits a 
uniformly bounded shift group. The families {vx(,1), ... , vx("tp)} and 
{X(n), ... , X(n + p - 1)}, for any n E Z, are bases ofH(X) = l.s.X. 

Proof. Since G = R/21r is compact, conditions (i) and (ii) are disjoint. 
The implication (ii') • (ii) is evident. Conversely, assume that condition (ii) 
is fulfilled. Then supp(vx) is finite, say with p elements b1,••·,1'p}. Con­
sider Qx E P(R/21r) defined by Qxb) = IIk=l, ... ,p(exp(i,) - exp(i,k)) = 
I:k=O, ... ,p ak exp( ik-y). Then for any n E Z, I: akX( k+ n) = 0, and since ap = 1, 
we deduce that X(p + n) = I:k=O, ... ,p-l -akX(k + n). Moreover, whenever 
R(,) = I: bk exp(ik 1) is another element of P(R/21r) such that I: bkX(k) = 0, 
then from condition (ii), the set { 7 E R/2r.: R(,) = O} contains supp(vx) and 
R is divisible by Qx, that is, there exists P E P(R/21r) such that R = PQx. 
Hence, with dimensional arguments we easily deduce that for any n E Z, the 
family {X(n), ... , X(n + p - l)} forms a basis of l.s.X. Then we readily com­
plete the proof. Q.E.D. 

For bounded shift operators St, t E G, we only get a necessary condition. 

LEMMA (2.4). Let X be a nonnull weakly harmonizable process which ad­
mits a shift group with bounded shift operators. Then for any vx-integrable 
function f : G--+ C we have St Jc, f dvx = fc, < t,. > f dvx for any tin G, 
and fc,f dvx = 0 • fh) = O, vx - a.e. 
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Proof. It is a direct consequence of the uniqueness property of the spectral 
Hilbert measure of a weakly harmonizable process. Q.E.D. 

As for the uniformly bounded shift groups, from Theorem 4.2 in [2] and 
Theorem 3.2 in Section 3, we can state a topological characterization. We 
refer to [2] and [3] for the definition of Schauder basic measures. 

THEOREM (2.5). A nonnull weakly harmonizahle process X on an l.c.a. 
group is UBLS (that is, admits a uniformly bounded shift group) if and only 
if its spectral Hilbert measure vx is a Schauder basic measure. 

3. Dilations and shift groups 

In [7], Niemi stated that for any weakly harmonizable process X: G-+ H, 
there exist a Hilbert space H', a continuous stationary process Y : G --+ H' 
with orthogonally scattered spectral Hilbert measure vy, and a contraction 
II: H'(Y) -+ H(X) such that IIY(t) = X(t) for any t E G, and consequently 
IIvy = v x. Such a pair (Y, II) is said to be a stationary dilation of the process 
X. Theorem 3.1 ensures a geometric characterization of the weakly harmoniz­
able processes with shift groups, which generalizes Abreu and Fetter's results 
[1, Theorems 2.1 and 2.2]. 

THEOREM (3.1). A weakly harmonizahle process X: G -+ H has a general 
shift group if and only if there exists a stationary dilation (Y, II) of X such that 
II is one to one from l.s.Y onto l.s.X, that is, II admits an inverse II- 1 from 
l.s.X onto l.s.Y. 

In this case, there exists a unitary operator group { Ut : t E G} on a Hilbert 
space H' such that St = IIUtII- 1 on l.s.X for any t E G. Of course if II- 1 : 

l.s.X-+ l.s.Y is bounded, the shift group Sis uniformly bounded. 

Proof. Let (Y, II) be a stationary dilation of X. Consider the continuous 
stationary process Z with spectral Hilbert measure vz : 8(G) -+ H' defined 
byvz(A) = vv(Ansupp(vx)), Wenotethatsupp(vz) c supp(vx), Although, 
in general, the processes Y and Z do not coincide, the boundedness of the 
mapping II and the fact thatIIvy (A) = vx(A) = vx(A n supp(vx)) = IIvz(A) 
for any A, ensure that IIY(t) = X(t) = IIZ(t) for any t E G. Hence the 
restriction II' of II to H'(Z) is a contraction II' : H'(Z) -+ H(X) such that 
II' Z(t) = X(t) for any t E G. 

Whenever the shift group of X exists, for ti, ... , tn in G and a1, ... , an in 
C such that ~ akX(tk) = O, Lemma 2.1 ensures that ~ akZ(tk) = 0. Thus 
the contraction II' is one to one from l.s.Y onto l.s.X. Furthermore for the 
unitary shift group U = { Ut : t E G} associated with the stationary process 
Z, we have St = II'UtII 1- 1 on l.s.X for any t. The converse implication is 
immediate. Q.E.D. 

From the Sz. Nagy factorization theorem for the uniformly bounded fam­
ilies of operators {St : t E G} [4, Lemma XV.6.1], we readily generalize 



SHIFT GROUP FOR A WEAKLY HARMONIZABLE PROCESS 27 

Tjostheim and Thomas' characterization of the UBLS processes [12, Theo­
rems 1 and 2]. 

THEOREM (3.2). A process X : G -• H is UBLS if and only if there exist 
a stationary process Y : G ----+ H' and a bounded isomorphism TI : H 1 (Y) ----+ 

H(X) with a bounded inverse n- 1, and such that TIY(t) = X(t) for any t, that 
is, the process X admits a stationary similitude in the sense of Niemi [8]. If 
{Ut : t E G} designates the unitary shift group of the stationary process Y, 
then St= IlUtii- 1 for any t. 

Hence, any continuous UBLS process on an Le.a. group is weakly harmo­
nizable. 

Example (3.3). Let E be a white noise which admits a shift group. Con­
sider the stationary white noise l'J defined on Z by 17(n) = (sup{[[E(p) IIH : p E 

Z}/lfc(n)[IH) E(n). The mapping TT defined on l.s.rJ = l.s.E by Il17(n) = E(n) for 
any n E Z, is continuous and one to one from l.s.rJ onto l.s.E. Furthermore, 
the mapping n- 1 is continuous on l.s.Eifand only ifinf{[[E(n) IIH : n E Z} > 0, 
that is, if and only if the white noise Eis UBLS. 
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