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AN APPLICATION OF SARD'S THEOREM 

BY M, RR H00LE 

Introduction 

Sard's theorem states that : if Us:;; Rm and f: U-> Rn is a smooth function 
then the image of the singular points ofU (= the singular values of Rn) 

has measure zero 
This thPOrem together with the inverse function theorem provides an inter

esting link between Analysis and Algebraic Topology, For instance Brouwer's 
fixed point theorem can by proved using techniques from analysis [2]. We con
sider the following result from degree theory which is proved using relative 
homology theory (see [3]): 

Let O be an open subset of Rm with compact closure O and B the boundary 
ofO.F: (O,B) x [0,1]->(O;B), f:(O;B)->(O,B)ifF,farecontinuous 
and F(x,t), f(x) E B for x E B and t E [O, 1]. F is a homotopy off if Fa = f 
(Ft(x) = F(x, t)). f is said to be null homotopic if there is a homotopy F off 
with F1 [0] consisting of just one pointy E B. 

THEOREM. If f : (O; B) -> (O; B) is 0 1 in a neighbourhood of r 1 (D) and 
2n + 1 to 1 at any regular value x off inside D, then fis not null homotopic. 

What our analytic proof does is to give an insight into the intermediate 
process and thus clarify the geometric content of the algebraic proof. Thus 
we arrive at a clearer understanding of the interplay between analysis and 
algebraic topology. 

Proof, Let f : f ( O; B) ----+ (O; B) as in the statment of the theorem with b 
E O a regular value off with J- 1{b} having exactly the elements a1, ... , a2n+1· 

Then there are neighbourhoods B(b, c), B(a1, 51), ... B(a2n+1, bzn+i), E, 

61, ... , 62n+1 > O, such that 
f: B(ai,5i)-> B(b,c) is adiffeomorphismintoits range, i = 1, ... ,2n+l. 
Let F : ( O; B) x [0, 1] ----+ ( O; B) be a homotopy with Fa = f. We shall prove 

that b cFi[Oj so that f is not null homotopic. Extend F to a homotopy G on 
[-1,2] such that 

Gt= Fa, - S: t S: O; Gt= Ft, OS: t S: 1; Gt= Ft, 1 S: t:::::; 2. 

Then G is 0 1 in a neighbourhood of - ½. 
Let a: Rm+l --+ IO, oo) be a C 00 convolution kernel with small suport radius 

ra(JRm+1 o: = 1, o:(x) = 0 for lxJ :::::; ra), and the convolution transform Ga of 
G given by Gc,(x,t) = fRm+i G(y)a(y- (x,t))dy 

It is easily shown that Ga is C 00 and given any 111, r;2 > 0 we can take the 
support radius ra so small that I G 01 (x, t) - G(x, t) I < IJl, IDGa - DGI < 112 ; 
for 
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lga(z) - g(z)I:::; 111-a~~r,. lg(z) - g(y)I. 

I Bu8(z) _ Bg(z) I < sup I ag(z) - 8~,M I for any 0 1 function g. 
a a, - 111-zl<r,. as , · 

Put ha(x) = (Ga)-i(x) = Ga(x, f ), and consider f : B(ai, 5i) --+ B(b, c) 
2 

Let T = Df(ai). T can be represented as a non-singular m x m matrix. 
Let ITI = 1:j:;1 ITI. 
Taking r a adequately small we can find O < 5 < 5i such that Ix - ai I < 5 ----+ 

IT- (Dha)(x)I < 21/_ 11 and given E < 41J_11 , find o:1 with r'a :::; ra such that 

If ( ai) - ha, (a,) I < E < 41J_1 I. It then follows from standard techniques in 

analysis that Dha, is non singular for Ix - ail < 5. Put ha, = k. By using the 
iteration xo = ai, Yn+I = z - k(xn), Xn+I = Xn + r- 1Yn+I, we can prove that 
for lz - k(xo)I < 21f-11, k-1(z) exists and lk- 1(z) - xol:::; 2IT- 1llz - k(xo)I-

Uniqueness is given by lk(u) - k(v)I 2:-: Jj;-,-j1• It follows ihat k- 1 is defined 

on B (b, 41f-i1) and its range is contained in B(ai, 5). 
Let { En} be a sequence of positive numbers with lim En = 0. We shall obtain 

a sequence {x,} with XsE0 and IF1(x8 ) - bl< Es. By the compactness ofO we 
may assume limx 8 = x exists and Fi (x) = b by continuity. This will prove the 
result. 

We may take the 5 above as common to all ( ai, 61). Let 1/ = inf {If ( x) -
blllx - ail 2:-: 5, i = 1, ... , 2n + 1} > 0. If ra is so small that lha(x) - f(x)I < ~ in 
0, then ha(x) =I= b for x ff. B(a1, 5) U .. U B(a2n+1, 5). We may assume that 
foralls Es<1 and E8 < 41/_ 11,i=l, .. ,2n+1I'j=D/(a1)-

U sing the foregoing we can obtain Ga such that h;; 1 ( z) has exactly 2n + 1 
points for lz - bl < E8 and IGa(x, t) - G(x, t)I < ¥ for all (x,t). By Sard's 
theorem we obtain z E B(b, ¥) which is a regular value of Ga, since Ga is 
smooth. Since Ga,t = ha in a neighbourhood of -,l, by the inverse function 
theorem G;:;1(z) consists of exactly 2n+l lines intersecting the facet = -,l 
normally. Letµ = lnflb - xi > 0. Hence there is an open set H such that 
{a1, ... , a2n+1} ~ H ~ 0 and for any (y, t) E BdH x [O, 1], IF(y, t) - bl--+ ~- We 
may thus further assume that ra is small enough to ensure that for (y, t) E 
BdH x [-./, 1], IGa(Y, t) - zl > ~ > 0. Now since the number of points on the 
lines in Ga ( z) is even, (2n + 1) of these are on the face H x { - ½} and none on 
BdH x [ f, 1], at least one, say (x,, l), must be on the face H x {1}. 

Then IFi(xs) - bl= IG1(xs)- bl:::; IG1(xs) - (Ga)i(xs)I + l(Ga)i(x,) - bl< 
~+fL-~ 2 2 - " 8 • 
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