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AN APPLICATION OF SARD’S THEOREM
By M. R.R. HooLE
Introduction

Sard’s theorem states that : if UC R™ and f: U— R™isasmooth function
(C°°), then the image of the singular points of U (= the singular values of R™)
has measure zero [1].

This thenrem together with the inverse function theorem provides an inter-
esting link between Analysis and Algebraic Topology. For instance Brouwer’s
fixed point theorem can by proved using techniques from analysis [2]. We con-
sider the following result from degree theory which is proved using relative
homology theory (see [3]):

Let O be an open subset of R™ with compact closure O and B the boundary
of O.F : (O,B) x [0,1] — (0; B), f:(0; B) — (O, B) if F, f are continuous
and F(x,t), f(x) € B forx € Band t € [0,1]. F is a homotopy of fif F, = f
(Fi(z) = F(z,t)). f is said to be null homotopic if there is a homotopy F of f
with F3[O] consisting of just one point y € B.

THEOREM. If f : (0; B) — (O; B) is C' in a neighbourhood of f~1(D) and
2n + 170 I at any regular value x of finside D, then fis not null homotopic.

What our analytic proof does is to give an insight into the intermediate
process and thus clarify the geometric content of the algebraic proof. Thus
we arrive at a clearer understanding of the interplay between analysis and
algebraic topology.

Proof . Let f : f(O; B) — (O; B) as in the statment of the theorem with b
€ O aregular value of f with f~1{b} having exactly the elements ay, ..., 291 1.

Then there are neighbourhoods B(b,¢), B(a1,61),...B(a2n+1,62n+1), 6,
81,...,62n+1 > 0, such that

[ : Bla;, 6;) — B(b, €} is a diffeomorphism into its range, i = 1,...,2n+1.

Let F : (O; B) x [0,1] — (O; B) be a homotopy with F, = f. We shall prove
that b eF[0] so that f is not null homotopic. Extend F to a homotopy G on
[-1,2] such that

Gi=F,, —<tL0;G;=F;,0<t<1;,Ge=F;, 1<t<2

Then G is €1 in a neighbourhood of - %

Leto : R™+1 — |0, 00) be a O convolution kernel with small suport radius
ra(fpm+r @ = 1,e(z) = 0 for |z| < ry), and the convolution transform G4 of
G given by Ga(#,t) = [gms G(y)aly - (z,8))dy

It is easily shown that G, is C® and given any 71,72 > 0 we can take the
support radius ro so small that | Go(z,t) — G(z,t)| < 11, |DGa — DG| < 32 ;
for



36 M.R.R.HOOLE

l9a(2) — 9(2)] < 1, 5%, 19(2) — 9(9)-

fﬁgﬁ;‘ﬁ - ia—%—?é < yalra I—ﬂf}- —%lsﬂi. for any O* function g.

Put ho(z) = (Ga)-1(z) = Galz, 32), and consider f : B(a;,6;) — B(b,c)

2

Let T'= Df(a;). T can be represented as a non-singular m X m matrix.

Let |T'| = |;|up1 7.

Taking ro adequately small we can ﬁnd 0<é§<é such that |t —a;] < 6 —
|T' — (Dha){z)] < 2|T T and given € < 4IT T find of with !, < r, such that

|£{as) — har{as)] < € < g T 7. 1t then follows from standard techniques in

analysis that Dh,, is non singular for |z — a;| < §. Put hy = k. By using the
iteration g = a;, Yn+1 =2z — k(zn), Tpy1 = zn + T 1y,.1, we can prove that
for |z — k(zg)| < ﬂ%:[, k~1(2) exists and |k~ (z) — zo| < 2|T7 Y|z — k{zo)|.

Uniqueness is given by |k(u) — k{v}]| > %[%F_#’%L! Tt follows that k~! is defined

on B (b, E[Tﬁ—‘l—[> and its range is contained in B(a,, §).

Let {e, } be a sequence of positive numbers with lim €, = 0. We shall obtain
a sequence {z,} with z,€0 and |Fj(z;) — b| < €,. By the compactness of O we
may assume limz, = T exists and F(Z} = b by continuity. This will prove the
result.

We may take the § above as common to all (a;,6;). Let n = inf {|f(z) —
bllle —a;| > 6,6 =1,...,2n + 1} > 0. If r, is so small that |he(z) — f(z)] < § in
O, then hy(z) # b for z ¢ Blay,8)U..U B(azn+1,6). We may assume that
foralls e, < 7 and ¢, < Tt t=1,.,2n+1T; = Df(a;).

Using the foregoing we can obtain G, such that h5'(z) has exactly 2n+1
points for |2 — b| < €, and |Gqy(z,t) — G(z,t)| < & for all (x,t). By Sard’s
theorem we obtain z € B(b, %) which is a regular value of G, since G, is

smooth. Since Gat = he in a neighbourhood of 5 by the inverse function
1

theorem G (2} consists of exactly 2n+1 lines mtersectmg the face t = =~
normally. Let p = Inflb — z| > 0. Hence there is an open set H such that
{e1,...;82n+1} € H C 0and for any (y,t) € BdH x [0,1], |F(y,t)—b] — 5. We
may thus further assume that r, is small enough to ensure that for (y,t) €
BdH x [3},1], |Ga(y,t) — 2| > & > 0. Now since the number of points on the
lines in Go(2) is even, (2n+1) of these are on the face H x {—} and none on
BdH x [3},1], at least one, say (z,, ), must be on the face H x {1}.

Then | Fy(z,) — b] = |G1(zs) = b] < [G1(=s) = (Ga)a(=s)] + |(Ca)i(=s) — 8] <

€ €g __
$+e=c
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