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ORTHOGONAL PROJECTIONS OF CONVEX BODIES AND
CENTRAL SYMMETRY

Luis MONTEJANO*

Let K be a solid body in R™. Suppose that we want to recognize K just
by using information that comes from some of its orthogonal projections.
- When can we conclude that K has some property just form the fact that a
sufficiently big collection of its orthogonal projection have the same property?
More precisely, suppose that we have a collection of orthogonal projections of
K which are centrally symmetric, have constant width or are solid spheres.
We would like to conclude that, if this collection is big enough, then K has the
same property. In particular, we would be interested in a set of orthogonal
projections generated by a collection ¥ of linear subspaces of R™ with the
property that for every 1-dimensional linear subspace L of R™ thereis H € &
such that I, ¢ H. Several aplications of these results will be given. In
particular, we prove that if all orthogonal projections of a solid body K are
similar then K is a solid sphere. This result is closely related to Gromov’s
Conjecture concerning affinely equivalent sections of solid bodies.

1. Preliminaries

We shall start stating without proof some elementary results which will be
very useful in the sequel.

Let H; and H be linear subspaces of R and let H', i = 1, 2, be the
corresponding orthogonal subspaces. Finally, let b1, bg, b3 € R™.

(1.1) dim Hy + dlmHz = dim(H; + Hg) + dim(H; N Hy).
In particular, if T'; are a;-planesinR",¢ =0, 1,2, and I'y C L'y, T'a C Iy,
then dim({; N ) > a1 + ag — ag.

(1.2) Either (by + Hy) N (bg + Hy) = ¢ or there exists by € R™ such that

(b1 + Hy) N (bg + Hy) = bs + (Hy N Hy).

(1.3) H- N Hy- = (Hy + Hp)*
. Hi + Hi = (Hy 0 Hy)*
(1.4) Let H, C Hs be subspaces of R™. Let us denote by PH2 : Hy — Hy
the orthogonal projection. Note that P 2PH2 = Py, where Py simply
denotes the projection P},
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(1.5) If K C R™ is a convex body which is centrally symmetric with respect
to b, then Py (K) is centrally symmetric with respect to P (b).

Let K be a strictly convex body in R", that is, every support hyperplane of
K meets K in exactly one point. Let L be a line through the origin and let IT;
and IIp be the support hyperplanes of K orthogonal to L. We will denote by
Dy, the diametral chord of K with respect to L, the chord of K with extreme
points I1; N K and IT, N K. Note that Pr(K) = Pr(Dy).

(1.8) Let K be a strictly convex body in R™ which is centrally symmetric with
respect to the point b,, then the midpoint of every diametral chord of K
is b,.

2. Some lemmas

We start this section with the following technical lemma.

LeMMA (2.1). Let Hy and Hj be linear subspaces of R™ and let ¢c; € Hy,
co € Hy such that
Pili(e) = Pi g (eo).

Then Pf}ll(cl) N szl(cz) is an o-plane parallel to (Hy + Hy)t, where oo =
n — dim Hyi — dim Hy + d1m(H1 n Hz).
Proof. We start expresing P;I}(ci) as ¢; + Hi*. Pu,nm,(ci + HY) =
Pth Py, (c; + H) = PgImHz(Cz) = cg and consequently ¢; + H* C
HlﬁH (c3) = ca+ (HiNHg)*. By (1.3) and the above, (c; —c3) + Hi* C Hit+ Hy-
and hence, ((c; —cg) + Hi-)N((cg—c3) + Hy") is not empty, which implies, by (1.2)
and (1.3), that there is b € R such that ((c; — ¢3) + H{-) N {((c2 — e3) + Hy) =
b+ (Hy + HQ)J‘ Therefore, PEI(Cl) N PEI(Cz) (c; + H'L) N (cy + HJ“) =
(b + c3) + (Hy + Ho)', which is a plane parallel to (H; + Hy)*

i8]

The following simple lemma characterizes central symmetry in terms of
1-dimensional orthogonal projections.

LemMMa (2.2). Let K C R™ be a convex body and let a € R™ such that for
every I-dimensional linear subspace L, Pr(a) is the midpoint of Pr(K). Then
K is centrally symmetric with respect to a.

Proof Let us assume that a is the origin and K is not centrally symmetric
with respect the origin. Then there is a point € K such that —z ¢ K. Let
H be a support hyperplane of K which separates —z from K, and let L be the
1-dimensional subspace orthogonal to H. Now its is clear that the origin is

not the midpeint of Py (K), which is a contradiction. =

Definitions Let X be a collection of linear subspaces of R". We say that ¥
is linear if for every 1-dimensional linear subspace L of R™ there is H € & such
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that L ¢ H. Furthermore, if K is a convex body, we say that ¥ is K-symmetric
if for every H € %, the convex body Py (K) is centrally symmetric.

The following lemma studies the central symmetry of some of the ortho-
gonal projections of a convex body in terms of the central symmetry of some
others of its orthogonal projections.

LEMMA (2.3). Let K C R™ be a convex body and let ¥ be a linear K-
symmetric collection of subspaces of R™. Suppose that given any three members
Hy, Hy and Hy of &

Pyl er,) N PEII(CHI) NPyNer,) # ¢,

where, for every H € ¥, cy is the centre of symmetry of Py (K). Then for every
two members I and H of ¥, Pryy(K) is centrally symmetric.

Proof. Let Hy, and Hs be any two members of ¥. By Lemma (2.1), (1.4) and
(1.5), Pg}l(cHl) ﬂP}}zl(cHz) is a plane perpendicular to Hy + Hy. Leta € H1NHy
be such that Pf}ll(cHl) N Pf}zl(cHZ) N (Hy + Hy) = a. We want to prove that
P, +1,(K) is centrally symmetric with respect to a. By Lemma (2.2), it would
be enough to prove that for every 1-dimensional subspace L of H; + Hs the
point P;*#2(qa) is the midpoint of P 2 (Py, 1 17, (K)) = Pr(K).

Since ¥ is linear, then there is Hy € ¥ such that L C Hy. By hypothesis,
there is b € Pgol(cHo) N Pg}ll(CHl) N PI};(CHZ). Note that Py 1p,(0) = a,
because Pp,+m,(0) € Pgllcy,) N Pgle,) N (Hy + Ha), and Py, () = cp,.
Therefore, by the above and (1.4), PP H2(q) = PHH2(py |\ o (b)) = PL(b) =
PHo(Py, (b)) = P/(cy,). Finally, note that by (1.5), Pf(cs,) is the midpoint
of Pf"(PHO (K)) = Pr(K). This concludes the proof of Lemma (2.3).

LeEMMA (2.4). Let K C R™ and Hy, Hy, Hg be subspaces of R™ such that
Py, (K) is centrally symmetric with respect to ¢; € H;, i = 0, 1, 2. Suppose that
HoN(H;y + Hy) = (Ho N Hy) + (Hy N Hy). Then

Py (co) N Pgl(e) N Py l(cs) # ¢

Proof. First note that Pgllm m,lc1) = ngm m,(c2), because by (1.5), the
centre of symmetry of Pglln 1, (P, (K)) is ngﬂ m,(c1), the centre of symme-
try of Pijpy, (Pa,(K)) is Pip (co), and Pyl P (K) = Ppnm,(K) =
Pif g, Pr, (K). Thus, by Lemma (2.1), P (c1) N P(e) = a + (Hy + Hp)*t.

LetI' = HyN(H; + Hg) and let ¢ be the centre of symmetry of Pr(K). Then
Plfq" (co) = c. In order to prove our lemma, by Lemma (2.1), it is enough to
prove that Plf{ 1+ 2 () = ¢, because PP}11+ m,(a) = Pf}ll (c)N Pj}zl (c9).
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For i = 1, 2, P, Pt (0). = Bfliy Pt ™() = Py, (c;). Moreover,
by (1.6), P{{{'Hi (¢;) is the centre of symmetry of PFHf{Hi(PHi (K)) = Pram,(K).
Since Pk, ,(c) is also the centre of symmetry of Prny,(K), we have that
Pl (P 2(a)) = PL,; (o). Note now that by hypothesis, I' = (I' N H;) +
(I' N Hy) and consequently, by Lemma (2.1), PH 1+H2(0) = ¢. This concludes
the proof of Lemma (2.4).

LEMMA (2.5). Let K C R™ be a strictly convex body and let Hy, Hy, Ho be
subspaces of R™ such that Py, (K) is centrally symmetric with respect to c¢; € H;,
1 =0, 1, 2. Suppose that dim Hy < dim(Hy N Hy) + dim(Hy N Hy). Then,

PH0 (co)N PHI(Cl) N qul(cz) # ¢.

Proof. Suppose first that dim(Hy N H; N Hg) > 0 and let L be a 1-
dimensional subspace of R™ contained in Hy N Hy N Hy. Note that Pr(K)
is a closed interval with extreme points o and 3. Since K is strictly convex,
then there are unique points a and b of K such that Pr(a) = o and Pr(b) = 3,
respectively. Furthermore, since Py, (K) is centrally symmetric with respect
to ¢;, then by (1.6), for 7« = 0, 1, 2, Pry (@)t P, ) c;, because the closed
interval with extreme points Py, (a) and Py, (b) is a diametral chord of PH (K).
Consequently, Py, (a“’) = ¢; and hence “”’ € PH (cg) N PHll(cl) N PH (c9).

Suppose now that dim(HyNH1NHy) = 0. Hence, by hypothesis, (1.1) and the
above, dim((HyN Hy) + (HoN Hg)) = dim(HyN Hy) + dim(Hy N He) > dim Hy >
dim(Hy N (H; + Hs)). Moreover, since (Hy N Hy) + (HyN Hy) C HyN(Hy + Hg),
then Hop N (Hl + Hyp) = (Ho N Hy) + (Hy N Hy) and therefore, by Lemma (2. 4)
qul(co) NPy (cl) n PH (c2) is not empty. 3

3. The theorems

As an immediate consequence of Lemmas (2.3) and (2.5) we have the
following Theorem

THEOREM (8.1). Let K C R™ be a strictly convex body and let & be a
collection of k-dimensional linear subspaces of R™, k > 23”, satisfying the
following two conditions :

i. for every 1-dimensional linear subspace L of R™ thereis H € ¥ such that
L C H (linear), and

ii. for every H € %, the convex body Py(K) is centrally symmetrzc (K-
symmetric).

Then K is centrally symmetric.
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THEOREM (3.2). Let K C R™ be a strictly convex body and let T be a
k-dimensional subspace of R™. Suppose that for every (k + 1)-dimensional
subspace H of R™ that contains T, Py(K) is centrally symmetric. Then K is
centrally symmetric. :

Proof LetI' C H be a (k + 2)-dimensional subspace of R". Then the
collection of all (k + 1)-dimensional subspaces of H that contain I is a
linear Py (K)-symmetric collection of subspaces. By Theorem (3.1), since
k+1> ﬁl , then Py (K) is centrally symmetric for every (k + 2)-dimensional
subspace H Wthh contains I'. Repeating the same argument inductively, we
end up provmg that K is centrally symmetric.

THEOREM (3.3). Let K C R" beaconvex body and let X be a linear collection
of k-dimensional subspaces of R", k > %, with the property that for every H € ¥
the body Py (K) has constant width. Then K has constant width.

Proof. Let h be the diameter of K. We shall prove that for every 1-di-
mensional linear subspace L of R™ the length of Pr(K) is h. Let I be a line
with the property that the length of I N K is h, Lo the 1-dimensional subspace
of R™ parallel to I and Hy € ¥ such that Ly C Hy. Note that the length of
Pr,(K) is h and consequently, since Pﬁ” (Pro(K)) = Pr,(K), then Py, (K) has
constant width h. Let H; be any element of . We shall first prove that Py, (K)
has constant width h. Since 2k — n > 0, then there is a line L; C Hy N H;.
Therefore, Pr,(K) has length h, because Pg,(K) has constant width » and
since L1 C Hji, then Py, (K) has constant width h. Let now L be any 1-
dimensional subspace of R™ and by hypothesis let H € & be such that L C H.
By the above, Py (K) has constant width h and hence Pr(K) = P}:{ (P (K))
has length h. This concludes the proof of Theorem (3.3).

As immediate consequence of Theorems (3.1) and (3.2), we have the follo-
wing

THEOREM (3.4). Let K C R"bea convex body and let ¥ be a linear collection
of k-dimensional subspaces of R™, k > 3 , with the property that forevery H € ¥
the body Py (K) is a solid sphere. Then K is a solid sphere.

Analogous results had been obtained in [5] for sections of bodies. In par-
ticular it was proved that the cohomology and homology of the collection of
sections involved in the problem, as a subset of the corresponding Grassma-
nian manifold, plays an important role. As applications of our results we have
the following theorems

THEOREM (3.5). Let K C R™, n > 2, be a strictly convex body without corner
points and suppose that for every x € OK there is a orthogonal projection Py
into a k-dimensional subspace H such that Py(x) € OPy(K) and Py(K) is
centrally symmetric, k > 27“ [Py (K) is a solid sphere, k > %@; Py (K) has
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constant width, k > 5, respectively]. Then K is centrally symmetric [K is a
solid sphere; K has constant width, respectively].

Proof Let & be a collection of k-dimensional subspaces of R” with the
- property that for every z € 0K there is H € ¥ such that Py(z) € 8Py (K). It
will be enough to prove that & is linear. Let I be a 1-dimensional subspace
and let I' be a support hyperplane of K through = € 0K, perpendicular to
L. By hypothesis there is H € & such that Py(z) € 0Py (K), then Py(T) is
a support hyperplane of Py(K) and therefore HL C L+ which implies that
L c H. Consequently & is linear. Our theorem follows now immediately from
our previous results.

In our last theorem the hypothesis of strictly convex without corner points
are necessary. otherwise it is not difficult to construct contraexamples, for
instance a prism (the cartesian product of a solid triangle with a closed
interval).

The hypothesis k > § and £ > 27”, in our theorems, are necesary, although
we wonder about to what extent they are optimal. An illuminating example
is the following. Suppose that K is a solid complex ellipsoid in C2 = R* and
% is the family of all complex lines through the origin which, of course, is
a linear family of 2-dimensional planes. Furthermore, note that for every
H € ¥, HN K is a complex interval, that is, a 2-solid sphere, but K may
not be necesarily a 4-solid sphere or neither has constant width. In fact, if
K C R?*F is a solid ellipsoid, then the set of 2-dimensional planes for which
the orthogonal projection of K is a 2-solid sphere is unexpectedly big because if
94 is the collection of 2-planes for which the projections of K are non spherical
ellipses, then the two axes of these ellipses give rise to a decomposition of the
restriction of v to AU into two Whitney summands, where « is the standard
vector bundle of 2-planes over the Grassmannian G(k,2). For more details
see [5].

The following two theorems are closely related with the Gromov’s Con-
jecture [2] concerning affinely equivalent sections of solid bodies. For more
information about this problem see, for example, [4] and [6].

THEOREM (3.6). Let K C R"™ bea convex body and suppose that for every two
k-dimensional subspaces Hy and Hy of R™ the orthogonal projections P, (K)
and Pp,(K) are affinely equivalent, 1 < k < n, n > 2. Then K is centrally
symmetric.

Proof. Itisnot difficult to see that it is enough to prove the theorem when
k = n — 1. First note that the collection of orthogonal projections of K into all
(n — 1)-dimensional subspaces give rise to a complete turning of Py(K) (see
[1] or [3] for a definition), where H is any (n — 1)-dimensional subspace of
R"™. Then, by Lemma 2 of [4], Py (K) is centrally symmetrlc and hence, K is
centrally symmetric.
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THEOREM (3.7). Let K C R™beaconvex body and suppose that for every two
k-dimensional subspaces Hy and Hy of R™ the orthogonal projections P, (K)
and Pp,(K) are similar; 1 < k <n, n> 2. Then K is a solid sphere.

Proof. By Theorem (3.8), K is centrally symmetric. Hence, it would be
enough to prove that K has constant width. Let K™* be the unique star-shaped
body with the property that for every 7 .€ S™~! the point w(Z)Z belongs to the
boundary of K*, where w(z) is the width of K in the direction z. Note that for
every (n — 1)-dimensional subspace H of R™, the section H N K* = (Py(K))*.
Consequently, by hypothesis, any two sections, through the origin of K* are
similar and hence, by Theorem 3 of [4], (note that the notion of homothecy
of [4] is the clasical notion of similarity), K* is a solid sphere centered at
the origin and K is a body of constant width. This concludes the proof of
Theorem(.3. H&
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