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AN EXTENSION RESULT FOR FUNCTION~ DEFINED.ON A 
STRAIGHT LAYER 

BY JOSE A. CANAVATI 

Introduction 

Let w be an open subset of JR.n such that the boundary of w satisfies some kind 
. of regularity condition. The problem of constructing a continuous extension 
operator between Sobolev spaces E: wk,P(w)---+ wk,P(JR.n), originates, among 
others, in the works of Deny and Lions [ 4], for the case p = 2; Calderon [3], 
for the case 1 < p < oo; Adams, Aroszajn and Smith [2], for the case p = 2; 
and Stein [7], for the case 1 ~ p ~ oo. This last author has constructed 
a"universal" extension operator E: wk,P(w) ---+ wk,P(JR.n) for 1 ::; p ::; oo and 
all non-negative integral k, when the boundary of the domain w is"minimally 
smooth" (cf. [7; p. 189]). This extension operator satisfies 

and is universal in the sense that E is defined for all the Sobolev spaces and 
the constant C(k, n,w) does not depend onp for 1 ~ p ~ oo. 

Now, the problem of giving explicit bounds on the norm of the operator E 
in terms of the"shape" of w, is of a more difficult nature. Here we study the 
following particular case: 

Let 8 > 0 be fixed, and consider the open subsets ofJR.n: 

w = JR.n-1x] - 8, O[ and n = JR.n-1 x] - 8, +oo[. 

In this note we prove that is possible to define an extension operator between 
the usual Sobolev spaces 

such that its norm satisfies an estimate of the type IIEII ~ Cjl + 1/8, and 
C is a constant depending only on n and k. We also show that this extension 
operator is optimal in a sense made precise in Theorem 3.5. 

· 1. Notation and basic terminology 

A general point of JR.n will be derioted by x = (x1 , ... , xn). Frecuently we 
will write X = (x', Xn), x' = (x1, ... , Xn-1). If 0, is an open set in JR.n and 
O ~ k < oo is an integer, we denote by wk, 2(il) the Hilbert space consisting 
of all measurable functions u on 0, such that aau. E L2 (il), I a l::S k, where 
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the derivatives are taken in the sense of distributions. The inner product and 
norm on wk, 2(i1) are given respectively by 

(1.1) (u, v)k,fi = I: (~) ] fJ°'u.lf'v dx, 
faf:::;k i1 

and 

(1.2) 

where 

(~) - (k- t~ J)!a!" 

We let Wt'2(n) be the closure in Wk,2 (n) of D(O), the space of all C 00 functions 
on n with compact support contained inn. Define D(il) as the space consisting 
of the restrictions ton of functions in D(lRn)_ It is well known (cf. [5], p. 248), 
that if the boundary fJO of n is of class C, then D(il) is dense in wk, 2 (n). 

From the formula of integration by parts it follows immediately that if 
U E wk, 2(i1) and <p E D(O), then 

(u, ¢)k,i1 = la u(l - L:.i¢dx, 

where 6 = 82 / 8xi + ... + 82 / ox; is the Laplace operator. 
Ifu E L 2 (lRn), then its Fourier transform will be denoted by 

(1.3) 

Sometimes we will have to take the Fourier transform of u but only with 
respect to the first n - 1 variables x' = (x1, ... , Xn-1), and it will be wdtten as 

I I _ 1 1 -if;' .x' I I (1.4) F u(f; , Xn) - (2 )Cn-l)/Z e u(x , Xn)dx . 
7f ]Rn-1 

Ifs > 0, we denote by H 8 (lRn) the Hilbert space consisting of all functions 
u E L2(lRn) such that (1 + Jf;J2)s/Z,D, E L 2 (lRn), together with the inner product 

(1.5) 

and associated norm 

(1.6) 



AN EXTENSION RESULT FOR FUNCTIONS DEFINED ON A STRP-JGHT LAYER 25 

As is well known, (cf. [1], [5]), D(~n) is a dense subspace of wk, 2(~n) and 
H 8 (~n) respectively. Also, ifs= k an integer, then 

and the norms (1.2) and (1.6) are equivalent. 

2. Trace operators on half-space 

Consider the Hilbert space 

together with the inner product 

k-1 

(f, g)Tk = ~(Jj, gj)k-j-1/2,n-l 

j=O 

f = (Jo, ... , fk-1), g = (go, ... , gk-1) E Tk, and asociated norm 

Let ~7: = {(x', Xn) E ~n: Xn > O}. Then we have the following well known 
result [6, p.84]: There exists a bounded linear operator 

1: wk,2(~~)-----+ Tk, 
- _ ( ) Wk,2(m,n) "(U - "(OU,"f1U, ... ,"fk-lU ,u E J&+ , 

such that 

"fjU = Onj u[Xn=O (j = 0, 1, ... , k - 1), for all u E D(~7:) 

It is clear that 1¢ = 0 for every ¢ E D(~7:), and if we use the fact that 
D(~7:) is dense in w;,2 (~7:), we see that 1u = 0 for all u E w;,2 (~7:). In fact, 
it can be shown (cf. [6], p. 90) that 

(j = 0, 1, ... , k - 1)}. 

The following is a well known existence, uniqueness, and continuity of the 
solutions (with respect to the data) result, for strong solutions of the Dirichlet 
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problem in JR~ (cf. [6]): Given§= (go, g1,. , . , 9k-1) E Tk, there exists a unique 
U E wk, 2(JR~) n C00 (JR~) such that 

(2.1) 
f (1 - D.lu = 0 in JR~ . 

l 1jU = 9j (j = 0, 1, ... , k - 1). 

Furthermore, if we let u = Z§, then Z: Tk -* Wk·2 (JR~) is a bounded linear 
operator, i,e., there is a constant C = C(n, k) such that 

(2.2) 

3. An extension operator on a straight layer 

First we need a lemma. 

LEMMA (3.1). Let G = lRn-l x]a, b[, -oo ~ a < b ~ oo. If u, v E Wk· 2(G), 
then 

where a= (1 + I e 12 ) 112 . 

Proof Let a = (a', an). We have from Parseval's identity 

Noticing that 

and 
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we obtain 

and from this result follows. 

PROPOSITION (3.2). There exists a bounded linear trace operator 

such that 

TjU = at uixn=O(i = 0, 1, ... , k - 1), for all u E D(w), 

and 

(3.2) lli'II:::; ✓1 + 1/8. 

Proof Let u E D(w), and 9i = TjU (i = 0, 1, ... , k - 1) If hi = F' 9i, then 

lh-(C')l2 = ! ((x + 8)18j F'u(C' X )12)Xn=D 
J c.,, 8 n n c.,, ' n Xn=-li 

1 1° d ( . I I 12) = 7f -ti dxn (xn + 8)113;.F u(~, Xn) dxn 

(3.3) = ¼ [ 0
li d:n _(cxn + 8)atF'u((,xn)atF'u(€',xn)) dxn 

110 ( . I 2 ·+1 / ·-= 8 -ti 113;.F ul + (xn + 8)8;, F u.a~F'u 

+ (xn + 8)8tF'u.at+l F'u) dxn. 

We want to bound 9i in Hk-j-lf 2 (Rn- 1), and there 

I ·I -1 2k-2j-llh .(C')l2dc' 91 k-j-1/2,n-1 - a J c.,, c.,, • 
JRn-1 

Consider the contribution of the second term in (3.3); since (xn + 8) / 8 $ 1 



28 JOSE A. CiU'-rAVATI 

and similarly for the third term in-(3.3). Thus, setting m = j + 1 in the terms 
involving fJ~+l F'u we obtain 

The last two sums combine to yield 

and so, reference to (3.1) shows that 

REM1LRK (3.3). There is a class of functions { u'° : s > O} in wk, 2 (w) for 
which 

(3.4) 

Thus, the bound in (3.2) is sharp. 
To see this, fix a function ¢ E S(JRn-l ), the Schwartz space, and let 

u'°(x', Xn) = cp(cx'). Then, letting y = sx' and 77 = f:,,' /s we have 

F'uc((,xn) = Cn-1 { e-ix'.f;'¢(sx 1)dx 1 

}W?,_n-1 

= Cn-1 { e-iy.T7 <p(y)E-n+ldy = Cn-lC-n+l F' ¢(77). 
}lfll.n~l 

By (3.1) with 8nj F'u = 0 for j = 1, ... , k, 

(3.5) 
llu1olltw = ln-l { /_: o-2kjF'u1ol2dxn} d( 

= c;,_18c-n+l r (72klF'¢(77)l2d77. 
}lfll.n~l 
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where rJ = (1 + lel 2)112 = (1 + 2217112)112. Also, since TjU = 0 (j = 1, ... , k - 1) 
and Tou,Jx', 0) = ¢(2x 1), 

(3.6) 

From (3.5) and (3.6) we get 

(3.7) 
ln-1 (0'2k - 0"2k-l)IF' rj;(71)12d7/ 

ln-1 (j2klF'rp(71)12d7/ 

Now, !ttrJt = log O".O"t, so that O ~ 0"2k - O"Zk-l ~ log rJ.0" 2k (recall that O" 2: 1.) 

Define p = lrJI-For p < c 112 , 

1 2 1 c 
logO" = 2 log(l + c2p) ~ 2 Iog(l + c) ~ 2. 

Thus 

Also, since F' ¢; E S(JR.n-l) 

{ (0"2k - (j 2k- 1)1F'(71)12d71 = O(cm) for all m = 0, 1, .... 
Jp>,:-1/2 

Therefore in (3. 7) the left hand side is O(c). 
Let u E wk, 2 (w) be given. Then, the Dirichlet problem 

(3.8) { (1 - L,,)kv = 0 in JR.7.I: 
"/jV = TjU (j = 0, 1, ... , k - 1). 

has a solution v E wk, 2(JR.'.;:) n C 00 (1R.:;). Define 

Eu={~ 
then we have 

inw 
in JR.:;, 
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THEOREM (3.4). E: Wk·2(w)-+ Wk·2 (n) is an extension operator, and 

(3.9) IIEII ~ 0✓1 + 1/8, 

where O is a constant depending only on n and k. 

Proof From (2.2) we know that 

In particular, if§= i'u, u E wk, 2 (w), then 

(3.10) 

From (3.2) and (3.10) we obtain 

Therefore 

IIEulik,n ~ llullk,w + llvllk,lR',' ~ lluJlk,w + 0✓1 + 1/ollullk,w 
~ (1 + 0J1 + 1/o)llul!k,w ~ (1 + O)Jl + 1/ollullk,w, 

where O + 1 is a constant depending only on n and k. 

THEOREM (3.5). The extension operator Eis optimal in the following sense: 
Let u E wk, 2 (w). Then, for any w E wk, 2(lR".i) such that "yw = ru we have 

where v E wk, 2 (JR".;:.) is the solution of the Dirichlet problem (3.8). 

Proof Let w = v + f. Then f E w;'2(JR".;:.), and since v E 0 00 (lR".;:.), from (3.1) 
we obtain 

The last equality follows from applying the Fourier transform F' to the 
equation (1 - LJ.)kv = 0, yielding in this case (a;, - a2)k F'v = 0, where 
a= (1 + l,;'12 ) 112 , f,,' = (fa, ... , ~n-1). From this result follows. 
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