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STABILITY OF MAPPINGS BETWEEN FOLIATED MANIFOLDS 

BY LILIANA MAXIM-RAILEANU 

The problem of stability of mappings between manifolds equipped with 
geometric structures of the same type was first posed by V. Poenaru in [6]. 
Namely, the stability of equivariant maps between compact G-manifolds is 
studied, G being a compact Lie group. 

The definition of a concept of stability for the mappings between foliated 
manifolds is given by L. A. Favaro in [1]. Namely, given smooth regular 
foliations ;IF M, ;IF N on the manifolds M, N respectively, a mapping F E 
C(/,00 (M, N) is called stable in tangential sense if there is a neighbourhood 
Vp .<:: C(!,=(M, N) of F such that for each G E VF satisfying the condition 
G(x) and F(x) belong to the same leaf of ;!J,N for each x E M, there are 
the diffeomorphisms H E Diff 00 (M), K E Diff 00 (N) taking each leaf of ;IF M, 

respectively ;IF N, onto itself such that G = Ko F o H. 
Favaro gives a proper concept of infinitesimal stability and proves the 

implication: infinitesimal stability implies stability (both in the tangential 
sense). 

Later, in the paper [ 4], S. Izumiya shows that foliation preserving mappings 
F E C{i,'gf'(M, N) are the natural objects for which Favaro's notation of stability 
in the tangential sense is defined and for a such mapping F the equivalence: 
F stable <;=} F infinitesimally stable is proved. 

Denoting by C{f,=(M, N, F) = { G E ({f,00 (M, N), F(x) and G(x) belong to the 
same leaf of 'lFN for each x E M}, S. Izumiya observes in the same paper 
that Favaro's stability concept for F E C{i,00 (M, N) is a stability in the space 
C{f,00 (M, N, F). If F E ({f,'gf'(M, N), then ({f,=(M, N, F) <:;;; C{f,'gf'(M, N). In this 
case, denoting by f: Ml:g;M -;. Nl:g;N the mapping between the spaces ofleaves 
defined by F, it is obvious that each mapping G E ({f,=(M, N, F) induces the 
same mapping f between the spaces of leaves. 

Thus the Favaro- Izumiya stability concept is the stability of (F, f) in the 
category of commutative diagrams of the following type: 

f 
----+ 

Now we propose a more general concept of stability for a mapping F E 

C{f,'gf'(M, N), namely the stability in C{f,'gf'(M, N). 

DEFINITION 1. Let (M,'!JiM), (N,;!FN) be C(:;00 -foliated manifolds and let 
F E C(/,'gj'(M, N). We say that Fis C{i,00 -;!F-stable if there is a neighbourhood 
Vp <:;;; C{f,'gf'(M, N) of Fin the C{i,00 -fine topology such that for every G E VF 
there is a C{!,=-diffeomorphism HE Diff 00 (M) n C{i,'gf'(M, M) = Diff~(M) and 
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a 'ii:00 -diffeomorphism K E Diff 00 (N) n 'ii:';j'(N, N) 
G= KoFoH. 

Diff~ (N) such that 

REMARKS 

1. If, for a mapping F E 'ii:';j'(M, N) denoted by a capital letter, we denote 
by the corresponding small letter the associated mapping between the 
spaces of leaves, the condition from the previous definition implies that 
for every G E Vp we have g = k o f o h. 

2. If we require in Definition 1 that h = idMl:J'M; i.e. H takes each leaf of 
'!FM onto itself, we obtain the application ofFavaro's ('!FM,'!FN)-stability 
([1]) for a foliation preserving mapping F. 

3. Denoting by <I> the following natural action of the group Diff~ (M) x 
Diff;;'(M) on the space Cfl,';j'(M, N): 

1>: Diff~(M) x Diff~(N) x Cfl,';j'(M, N)-, 'ii:';f'(M, N), 

((H, K), F) I-? Ko F o H, 

we obtain that F E 'ii:';j'(M, N) is a 'ii:00 -'!F-stable mapping iff the orbit of 
Funder the action <I> is an open subset of'ii:';j'(M, N). 

4. If '?FM and '?F N are simple foliations, the previous concept of stability 
leads to an adequate concept of stability in the category of fibre bundle 
morphisms. 

In order to give a corresponding infinitesimal concept of stability, let T'?F M 
be the involutive sub bundle of vectors tangent to the foliation '?FM on M and 
let QM be the normal bundle, the quotient defined by the short exact bundle 
sequence: 

(1) OM---+ T'!FM---+ TM~QM---+ OM. 

We denote by 'ii:'; (TM) the following set of all~ 00 infinitesimal automorphisms 
of'!fM: 

'ii:';(TM) ={YE ~ 00 (TM),IIM([X, Y]) = 0 for each XE 'ii:00 (T'ffeM)}. 

Let 'ii:'f!(F*TN) = {X E Cfl,00 (F*TN), ITN o X is locally constant along the 
leaves of'!FM}-

DEFINITION 2. Let (M, '!FM) and (N, '!FN) be Cfl,00 -foliated manifolds and let 
F E 'ii:'f;'(M, N). We say that Fis Cf/,00 -'!fo-infinitesimally stable if 

tF('ii:';(TM)) + wF('ii:';(TN)) = Cf!,';j'(F*TN) 
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where the mappings 

tF:C{],';(TM) _, C{],';(F*TN), 

wF:C{],'efl(TN)-, C{?,';(F*TN), 

are given by tF(O = TF o t;, wF(17) = 17 o F. 

Our main result is the following: 

THEOREM 1. Let (M, g, M) and (N, gi N) be foliated manifolds with M 
compact and F E C{?,'ef?(M, N). Then F ({?,=-'!fa-stable implies F is a ({?,=-':Ji
infinitesimally stable mapping. 

Proof We will use the same terminology and notation of [2] and [5]. 

The proof uses several lemmas. 
First we give a generalized Malgrange Preparation theorem for the local 

ring of germs of basic functions on a foliated manifold. 
Let (M, '!fa M) be a smooth, connected, n-dimensional foliated manifold 

where '!fa M is a smooth l-codimensional foliation on M. A smooth real-valued 
function f on Mis called basic (foliated) related to '!fa M (or, shortly, g, M-basic) 
if Xf = 0 for all X E C{?,00 (T'!FM). We denote by C{?,'ef?(M) the ring of these 
functions. For an arbitrary point p E M and f E Cf&':,,g;(M), let [f]p denote 
the germ of f at p, that is the equivalence class of f in the germ equivalence 
relation on C{?,'efl(M) in p. Let C{?,':,g;(M) denote the set of all germs of smooth, 
'!fa M-basic, real-valued functions defined on a neighbourhood of p. 

LEMMA 1. C{?,':,g;(M) is structured as a local ring by the usual addition and 
multiplication of functions. 

Proof Let Mp,g;(M) = {[J]p E Cfl,':,,g;(M), f (p) = O}. It is easy to see that 
Mp,g;(M) is an ideal ofC€~,g;(M). Let M be another ideal in C€':,g;(M), and let M :=> 
Mp,g;(M) and [f]p EM - Mp,g;(M). Then [ 7]p is defined and [ ·ylp E C{],~g;(M) 

because for every X E C€00 (T'!FM) we have locally X(7) = -J2 X(J) = 0. 

Therefore [ 1 ]p · [J]p = [l]p E M so that M = C€':,g;(M). Thus MP,g;(M) is the 
unique maximal ideal ofCf&=g;(M). 

P, 

LEMMA 2. Let F E C€';(M, N), p E M, q = F(p). Then F induces 
a ring homomorphism Fp*q:C{],=g;(N) _, Cf!,00 g;(N) given by [J]q f-+ [Jo F]p. 

' q, p, 
Moreover, if Fis locally (near p) a leaf-preserving diffeomorphism, then F;,q is 
an isomorphism. 

Proof. To see that F;,q is well defined, let [J]q E C€':g;(N). We prove that 
[Jo F]p E C€':,g;(M); that is, X(J o F) = 0 for every X E C{?,=(T'!fo M) defined on 
a neighbourhood of p. 
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But [J]q E Cfl,'::'!fi(N) is equivalent to the condition Y f = 0, for every 
YE CfJ,00 (T'?JeM) defined on a neighbourhood V of q in M. This last condition 
is equivalent to the fact that !Iv is constant along the leaves. Thus it follows 
that (Jo F)IF-l(VJ is constant along leaves, which is equivalent to the fact that 
X(J o F) = 0 for every XE Cf?i00 (T'?JeM) defined on p- 1 (V). 

If Fis a local foliation preservingdiffeomorphism, then (F*q)- 1 = (F- 1 )q* ; 
P, ,P 

therefore F;,q is an isomorphism. 
If we consider the mapping Cfl,':,'!fi(M) ----+ IR, [J]p t--t J(p), we obtain the 

isomorphisms IR~ '-€,C::,'!fi(M)jilp,'!fi(M) ~. C(!,C:::'!fi(N)j.Mq,'!fi(N). Therefore by [2], 
Corollary 3.5, Ch. I'V, for every finite generated Cf?i00 ""(M)-module A, the 

P,v 
quotient A/ Mp,'!fi(M)A is a finite dimensional vector space over R 

We now state the following version of the generalized Malgrange Prepa
ration theorem for the local rings of germs of basic functions on a foliated 
manifold. 

LEMMA 3. Let (M, '?Je M) and (N, '?Je N) be smooth foliated manifolds, let 
F E Cfl,?J'(M,N), p E M, q = F(p) and let A be a finitely generated Cf?i':,'!fi(M)
module. Then A is a finitely generated module over Cf],C:::'!fi(N) (via F;,qJ iff 
A/ lvLq,'!fi(N)A is a finite dimensional IR-vector space. 

Proof Since this is a local result, with a proper choice of F-adapted foliate 
coordinate systems in p and q we may assume that M = IRn, N = IRn, p = 0 E 

IRm, q = 0 E lR:.n, '?J,M is defined by x°' = a°', \/a= 1, ... , l, l = codim'?Je'M, '?JeN 
is defined by ye/ = b°'', o/ = 1, ... , l', l' = codim '?Je N, and F is locally given 
by F(x) = (F 1 (x), ... , Fn(x)) with F°'' (x) = po/ (x1, ... , x 1), for a' = 1, ... , l'. 
Then locallyC(],o,':'i'(lR:.m) and Cf],o,''!fi(IRn) may be identified with Cf],0 (IR1) and cti0 (IR1') 

respectively, and F;,q defines the mapping Fo,o:Cf],o(IR1')----+ C(j,o'(IR1) associated 

to F: IR1 -+ lR:.1' given by 

F(x1, ... , x 1) = (F 1 (x1, ... , x 1), ... , pl' (x1, ... , x 1)). 

Since for every [J]o E Cf],o,"'!fi(IRm) the germ [J o F] 0 depends only of F, it 

follows that A is a finitely generated module over CfJ,o,''!fi(IRn), via F0,0 , iff A 

is a finitely generated module over G0 (IR1'), via F0 0 . Now, based on the 
generalized Malgrange Preparation theorem ([2], Th. 3.6, Ch IV), this last 
fact is equivalent to the fact that A/ .M0 (IR1' )A is a finite-dimensional IR-vector 
space, which in turn is equivalent to the fact that A/.Mo,'!fi(IRn)A is a finite 
dimensional IR-vector space, and the lemma is proved. 

Now we define inductively the sequence of ideals .M,Pk '!fi(M) in Cf],00 mc(M) by 
' p,.:r 

letting .M.1 '!fi(M) be MP '!fi(M) and, for k 2: 2, letting .Mk '!fi(M) be the ideal 
p, ' P, 

generated by germs of the form [J · g]p where [J]p E .Mp,'!fi(M), Jg IP E .M;,$/(M). 
Applying the same ideas from [2] used in the proof of the theorem 3.10, 

ChN, we obtain: 
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LEMMA 4. Let A be a finitely generated Cf!,';:'?Ji(M)-module, FE Cf/,';'(M, N), 
q = F(p) and let li, ... , lk be the elements of A. Then { ei}, i = 1, ... , k, 
generates A as a Cf/,'::'?Ji(N)-module iff {77(ei)h=1, ... ,k generates A/M;Jl(M)A as 
a Cf/,'::'?Ji (N)-module, where 17: A ...:._, A/ M;.ti (M)A is the obvious projection. 

Our first objective is to show that the concept of Cf/,00 -9'-infinitesimal stabi
lity for a foliation-preserving mapping F is, locally, a condition of finite order; 
i.e., if the equations which express this type of stability can be solved locally 
to some finite order, they can be solved for smooth data. 

In the following considerations we denote by AP the set of the germs at 
p E M of all sections from a set A of smooth sections of a foliated bundle over 
the foliated manifold (M, 9' M). 

REMARK. Based on the considerations from [7], "any locally free Cf/,';'(M)
module of finite rank is the sheafofgerms of foliated sections of a '._!FM-foliated 
vector bundle over M". Thus Cf/,';'(TM), Cf!,';'(TN), and Cf/,';'(F*TN), are such 
sheafs. 

DEFINITION 3. Let p E M, F E C(;;';f'(M, N) and q = F(p). The germ [F]p 
is called 9'-infinitesimally stable if for every germ [ T ]p E (C(;;';' (F*T N) )p there 
exists germs of vector fields [~JP E (C/l,';f'(TM))p and [1J]q E (Cf!,';'(TN))q such 
that 

The mapping f is called 9'-locally infinitesimally stable at p if the germ [F]p 
is 9'-infinitesimally stable. 

We choose now the following foliated charts: (U, ¢), cp(U) = U1 x U2 s;;; 
IR_m-l x IR.1, cp(p) = (x, y), on (M, ;_!FM), based at p, and (V, 7j!), 'lj!(V) = Vi x ½ C 

IR_n-l' x IR.1', 1/J(q) = (x', y'), on (N, 9' N ), based at q, which are F-adapted, i.e. 
F(U) s;;; V,l = codim9'M,l' = codim9'N. We have (F¢,,;.,(x,y) = (1/J o F o 

cp-1)(x,y) = (F1(x,y),F2(y)), l;/(x,y) E U1 xU2, where Fi E C(;;00 (U1xU2, Vi),F2 E 

C(;;00 (U2, ½). 
We will compute the equation ( *) in these coordinates. To do this, for the 

fixed Riemannian metrics gM,gN on Mand N, let aM, CTN be splittings of 
the exact sequences of the type (1) over the foliated manifolds (M, '!FM) and 
(N, 9' N). Via these splittings, we have 

so that we obtain: 

Cfi:,=(TM) = Cf/:,00 (T9'M) EB Cf/,00 (QM ), 

Cf/,00 (TN) = Cf/,00 (T9'N) EB Cf/,00 (QN ), 

Cf/,00 (F*TN) = Cf!,00 (F*T'!FN) EBC(;;00 (F*QN) 
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Cf?o';(TM) =,Cf?o00 (T'!foM) EB Cf?o';(QM), 

Cf?o';(T N) = Cf?o00 (T'!fo N) EB Cf?o';(QN ), 

It is obvious that, locally, 

are finite generated modules over Cfli00 (M), Cf?o00 (T'!foN) is a finitely generated 
module over Cfli00 (N), while Cfli';(QM ), Cf?o';(F*QN) are .finitely generated modu
les over Cfl,';(M) and Cf?o';(QN) is a finitely generated module over Cf?o';(N). 

Let (Xa)a=(m-1+1),",,m', (Ya' )a'=(n-l'+l),",,n be the sets of tangent vector 
fields on U and V respectively, such that 

( 8 ) ( 8 ) -,,Xa , -,,Ya' , 
8X2 i=l, ... ,rn-l, EJxti i 1 =1, ... ,n-l 1 , 

o:=(m-l+l), ... ,m et 1 =(n-l 1 +l), ... n 

generate locally the modules Cfii00 (TM) and Cf?o00 (TN) respectively. For T E 

Cfl,';(F*TN), ~ E Cfl,';(TM), T/ E Cfli';(TN) we have, locally, via the previous 
decompositions: T = (T1,T2), ~ = (6,6), T/ = (r]l,T/2) where T1(x,y) = 
r{ (x, y) a/;,,,, T2(x, y) = T°'(y)Ya 1 , 6(x, y) = ~i(x, y) 8~,, 6(x, y) = ~°'(y)Xa, 

T/l (x', y') = T/i' (x', y') a!,, , T/2 (x', y') = T/a' (y')Ya'. Then the equation ( *) 
becomes: 

(1) 

(**) 

(2) 

[T1Jcx,y) = [T F1 0 ~](x,y) + [T71 0 F]cx,y) 

We obtain the following result: 

LEMMA 5. The foliation preserving mapping Fis '!fr-locally-infinitesimally 
stable at p iffthe equation(*) can be solved to order max(l', n - l') = n'. 

Proof First, we observe that [F]p is '!fr-infinitesimally stable iff 
{ldi'=l,",,n-l'' generates the Cfli~(N)-module via F;,q, Mf = (Cf?o00 (F*T'!foN ))p/ 
A1 and {la,} a'=(n-l'+l),",,n generates theCfi:~::g;(N)-module Mf = (Cfi:';(F*QN )pj 
A2 where A1 = {[(TF1) o ~]p,~ E (Cfli';(TM))p}, A2 = {[(TF2) o 6]p,6 E 

(Cfl,';(QM ))p}, li' = pr1(F*( 8~,, )), la,= pr2(F*(Ya' )) withpr1: (Cf?o00 (F*T'!foN))p-+ 
Mf, pr2: (Cfl,'; (F* Q N ))p -+ Mf the natural projections. 

Applying Theorem 3.10, Ch. IV of [2] and Lemma (4) we obtain that 
the germ /F/p is '!fr-infinitesimally stable iff the module Mf /M;- 1' +1(M)Mf 
is generated over Cfl,~(N) by the projections of li, ... , ln-q, and the module 

Mf j.AAY }/(M)Mf is generated over Cfliq00 g;(N) by the projections of ln-q'-1, ... , p, , 
Zn. This last statement is equivalent to solving the equation (**)(l)to order 
(n - l') and (**}(2) to order l'. Thus the Lemma is proved. 
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In the following considerations, for a locally free 'i&W(M)-module of finite 
rank A, that is, a sheaf of germs of foliatesections of a '!Je M-foliatevector bundle 
over M, we denote by Jg(A) the following set of k-jets at p: Jg(A) = {j;a-, a-E 

A,p E S}. Let Jfp}(A) = J!(A). By using such notation we obtain the 
following lemma which is just a restatement of the previous lemma. 

LEMMA 6. The mapping FE Cf?oW(M, N) is '!Je-locally infinitesimally stable 
at p if{ 

where by (TF)p and F;,q we denote the obvious mappings into 1;' ('i&W(F*TN)) 
induced by the action of tF and wF on vector fields. 

In order to obtain a global form of '!Je-infinitesimal stability we give, firstly, 
the following two results. 

LEMMA 7. For a fixed point q E N and a finite subset S = {P1, ... , pk} of 
p- 1 (q), the mapping F E Cf?oW(M, N) is simultaneously locally infinitesimally 
stable at Pl, ... ,Pk iff 

(2) Jg' (c.r?oW(F*TN)) = (TF)(J1;/ (c.r?oW(TM)) + F*(J;'c.r?oW(TN)). 

Proof For S consisting of a single point this result is just that from 
Lemma 6. As in the single point case, the proof for general S with more 
than one point uses Lemma 1.4 from [2], Ch. V and Lemma 4. 

LEMMA 8. The mapping F E c.r?oW(M, N) is '?Ji-infinitesimally stable iff ( +) 
for every q E N and if for every finite subset S of p- 1(q) with no more than 
n" + 1 points we have the relation (2) where n" is denots the dimension of the 
fibre of the foliated vector bundle over N, the sheaf of sections of which is the 
c.r?oW(N)-module Cf?oW(T N). 

Proof By using the previous results it is straightforward that if F is '!Je
infinitesimally stable, then F satisfies the condition ( +). We assume that F 
satisfies ( + ). Let T;(M), respectively Tl(N), be the JR-linear subspaces of 
TpM, respectively ofTqN, defined by 

T;(M) = {X(p), XE c.r?oW(TM)} (T;(N) = {Y(q), YE ~W(TN)}). 

Let 2.,'!F(F) = {p EM, dim(TpF)(T;(M)) < dimTJ!,'<Pl(N) = n"}. If F satisfies 
(+),then for each q EN, the set (ClM2.,g;(F)) n F- 1(q) = tr(F) has no more 
than n" points. 
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Indeed, since F satisfies ( + ), as in [2], §1, Ch. V, it results that for every 
finite set S = {P1, ... ,Pk} c p- 1(q) the subspaces Hi = (Tp,F)(TJ:/M)), 

i = 1, ... , k are in general position as subspaces of T't(N). It is easy to see 
that ""£,'!F(F) n p- 1 (q) has no more than n" points. Now suppose that for some 
q E N there are P1, ... , Pn"+l the distinct points in CZMCJ.'!F(F)) n p- 1(q). 
For each i E {1, ... , n" + 1} let (pij)j2_1 be a sequence of points of l'!F(F) 
converging to Pi and let Hi = {z E T't(N), z = limj-+oo(TPi1 F)(uij), Uij E 

(TPi1 F)- 1 (TJ,Cp,1J(N)) n TJ1:1 (M))}. We have that Hi is a vector subspace of 

T:J'(N) and dim Hi < n" because dim(Tp,jF)(TJ1: 1 (M)) n TJ,Cp,jN) < n" (pij E 

n" +1 
"i, '!J' (F)). Then codim Hi 2': 1 in Ti' (N) and I:; codim Hi 2': n" + 1. Therefore 

i=l 
{Hi}i=l, ... ,(n"+lJ are not in general position in T°t(N). This means that there 
exist { wih=l, ... (n"+lJ c T:J'(N) such that the equations wi = hi + z have no 
solution for hi E Hi and z E T't(N). But this is in contradiction with the 
hypothesis ( + ). 

Now let T E Cf!,';fj'(F*TN). From (2), applied with S = i:(F), and the 
fact that the projections Jk(Cf!,';fj'(TM)) --+ J1(Cf!,';fj'(TM)), Jk(Cf!,';fj'(TN)) --+ 

J~(Cf!,';fj'(TN)) are onto, it follows that there exist ~q E Cf!,';fj'(TM), 7/q E Cf!,';fj'(TN) 
such that (tF)(~q) + (wF)(7)q)luq = Tiu" for a suitable open neighbourhood 
Uq of i:(F) in M. Since M is compact, it results that F(ClM"i'!l'(F)\Uq) 

is closed in N. Let Vq be its complement in N. Since 2.:(F) c Uq it 
follows that q E Vq. Let {Pa}aEI be a Cf!,=-basic partition of unity which is 
subordinate to {Vq}qEN· The existence of such a partition subordinate to 
a locally finite covering by open (saturated) subsets of a foliated manifold 
is proved by R. Wolak in [8]. Let 6 = I:; (p°' o F)~q(a), 7/1 = I:; PaT/q(a), 

aEI aEI 
where for a E J we denote by q(cx) a point q(cx) E N such that supp Pa c 
Vq(al· Writing by U = n (Uq(aJ U p- 1(N - supp Pa)) we have that U is 

aEI 
open and (tF)(p°' o F)~q(a) + (wF)(PaT/q(a)) - (pa o F)T is identically O on 
Uq(al U p- 1 (N - supp Pa.) so that we obtain: 

[(tF)(6) + (wF)(771)]lu = Tiu-

Since CZM"i,;1},(F) i;;;; U, it follows that T - (tF)(6) - (wF)(771 ) vanishes on a 
neighbourhood of ClM l'!F (F). Moreover, since TpF: TJ: (M) --+ Tjcp) (N) is onto 

for all p ,f:. ClMl.'!F(F) it follows that there exists 6 E Cff,';fj'(TM) such that 
T - (tF(6) - (wF)(771) = (tF)(6). Hence~ = 6 + 6 E '{i;';fj'(TM), T/ = T/1 E 
Cf!,';fj'(TN) and T = (tF)(l + (wF)(TJ) and the Lemma is proved. 

We shall use now the notation from [ 4]. Let Jk(M, N) = {j; f, J E Cf!,';(U, N) 
where U is some open neighbourhood of p}, let Lk(m) be the Lie group 
consisting of k-jets of origin preserving diffeomorphisms (JR.m, 0) --+ (JR.m, 0), 
Lk(m, l) = {Jt'lj! E Lk(m), 'lj;: (JR_m-1 X JR.1, 0) --+ (JR_m-1 X JR.I, 0), 'lj!(x, y) = 
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('1/Ji(x, y), '1/Jz(x, y)), V(x, y) E JRm-l x JR1}. By Prop. 2.12 from [4] it is known 
that the mapping source-target (a, /3): 1:(M, N) ---+ M x N defines a structure 
of a subbundle of the bundle (a, /3): Jk(M, N)---+ M x N with structure group 
Lk(m, m - l) x Lk(n, n - l')(Jk(JRm, ]Rn) n 1:cJRm, ]Rn) c:::: ]Rm x ]Rn x Jk(m, n -
l') X Jk(l, l')). 

The natural action of Lk(m, m - l) x Lk(n, n - l') on Jk(m, n - l') x Jk(l, l') 
is given by 

((/¢))(0), (jk'¥)(0)) · (jk F)(O) = j~('¥ o F o cp- 1). 

Let oU~ be a good coordinate system of Jk (M, N) with respect to ?J, N in the 
sense of[ 4], and let au~,P be the associated good coordinate system of J/;;(M, N) 
with respect to ';ffe M x ';ffe N, 

This system induces canonically the foliated structure gJ,k(M, N) on :JJJ(M, N) 
by the local submersions: 

k k t Pi: J (Ui, Vi) n J':J'(M, N) ---+ JR 

Pi= prz O -qri O fl O <Pu,,v, 

where 

is the coordinate system on J/;;(M, N) induced by the foliated coordinate 
systems (Ui, <Pi) and(¼, \(ti) on (M, ';ffeM) and (N, ?:FN) respectively and Il: Ui x 
¼ x Jk(m, n - l') x Jk(z, l') ---+ ¼, pr 2 : ]Rn ---+ JR1' are the canonical projections. 

DEFINITION 4. We call CJ c Jk(M, N) a pseudo-orbit in the weak sense with 
respect to UU/g, P if<i:Y = u CJ;(ci, zi) for some ci E JR1', zi E Jk(m, n - l') x Jk(l, l') 

' i=l 

where CJi(ci, zi) = Ui x '¥; 1(ci x JRn-Z') x [Lk(m, m-l) x Lk(n, n- l')] · zi, (¼, 1/Yi) 
beeing a foliated coordinate system on (N, ?J, N). 

REMARK. Here [Lk(m, m-l) x Lk(n, n- l')] • zi denotes the orbit of zi by the 
above action in Jk(m, n-,- l') x Jk(z, l'). Ifin the previous definition instead of 
this orbit we take the orbit (L':,,_1(m) x L~_ 1,(n))(zi) with L':,,_z(m) = {J!"IP' E 

Lk(n, m - l), '¥2(y) = O}, we obtain the concept of pseudo-orbit in 1:(M, N) 
given by Izumiya in [4] (Def3.1). 

We obtain the following result: 
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LEMMA 9. Any pseudo-orbit <1J in the weak sense with respect to UU~,P is a 
local submanifolds correction in rzFk(M, N) with respect to UU~,P (in Izumiya's 
sense). Moreover, if (:J' is a pseudo-orbit in the weak sense with respect to au~ ,p 
and z E (7J n fJ' then we have T)!J = TzfJ'. 

Proof. It is dear that each fJi(ci, zi) is a submanifold of Jk(Ui, V;) n 
J:(M,N). Let (:Ji(ci,d n (:Jj(cJ,zJ) be non-empty. Since any Lk(m,n -l) x 
Lk(n, n - l')-orbit in Jk(m, n - l') x Jk(l, l') is mapped on a Lk(m, m - l) x 
Lk(ri, n - l')-orbit by the action of L'~(m, m - l) x Lk(n, n - l') and, by defini
tion, (:Ji(ci, zi) c Jk(Ui, V;)nJ:(M, N)nL for some L E rzFk(M, N), there results 
that the second condition from the definition oflocal submanifolds correction 
(Definition 2. 7 from [ 4]) is satisfied. The last part of the Lemma is obvious. 

By this result, the notion of which Jk Fas a section of J:(M, N) is transverse 
to a pseudo-orbit (in the weaksense) with respect to a good coordinate system 
is not dependent on the choice of good coordinate systems. Thus we say that 
jk Fis transverse to a pseudo-orbit fJ in the weak sense if jk Fis transverse to 
0 with respect to a good coordinate system. 

We obtain the following characterization for this notion: 

LEMMA 10. Let F E C{;W(M, N), let (7J c J{;(M, N) be a pseudo-orbit in the 
weak sense and let p E M such that (jk F)(p) E (:J_ Then j} is transverse to 
(7J at p iff (tF)((({;';j'(TM))p) + (wF)((({;';j'(TN)F(pl) + M;_t}(M)(({;';j'(F*TN))p = 
(qi;W(F*T N))p 

Proof The proof is the same as in the usual case (cf. [5,V], §2). Namely, 
there is the following natural identification of IR-vector spaces, 

where z = J;F E J;(M, N) (cf. [5,V], §2). 
In terms of this identification we have: 

Now, by using the same arguments of Mather's paper ([5,V], §2) we obtain 
the following formula for the tangent space at z of the fiber (:JP over p of local 
pseudo-orbit in the weak sense (:J(z E (:J): 

Tz((:Jp) = [ (tF)(Mp,9F(M)(({;';(T M))p) + (wF)('{f,W(T N) J(pl) 

+ M!,1i(M)(({;';(F*TN))p] / [M;,-~l(M)(qi;W(F*TN))p] 

We now give the following version of the transversality theorem in the 
tangential sense. 
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LEMMA 11. Let (M, '!FM) and (N, '!F N) be smooth foliated manifolds, let 
oU~,P be a good coordinate system of J:(M, N) with respect to '!FM x '!FN and 
let A = _U Ai be a local submanifold correction in J:(M, N) with respect 

iEJ 

to oU~,p· Then the set TA,'!fi = { F E Cf6';(M, N), jk F ;J;'!fi,p A} is dense in 

Cf6';(M, N) where, as in [4], jk f ;J;'!fi,p A if jk f is transverse to Ai relative to 
('!Fk(M, N), Jk(Ui, ¼) n J:(M, N)), for all i E J (for the last notion see Def 2.1 
of [4]). 

Proof We shall use the following result the proof of which follows, in the 
main, that of Lemma 2.2 from [4]. 

Transversality lemma in the tangential sense 

Let B be a smooth manifold, let (M, '!FM), (N, '!F N) be foliated manifolds, 
let Ube an open set of M, A a submanifold of U, and j: B -+ Cf600 (M, N) a 
mapping. We denote by ct>: Bx M-+ N the mapping given by <l>(b, p) = j(b)(p). 
Ifcp is a smooth mapping and ifct> ;i;('!fiN,u) A, then the set {b E B,j(b) ;i;('!fiN,Ul A} 
is dense in B. 

For each i E J, let {A{}jEN be an open covering of Ai such that for every 
(i,j) E J x N we have: 

a) the closure of A{ in Jk(Ui, ¼) is contained in Ai; 

b) A{ is compact. 

We consider the sets: 
TA; = {f E Cf600 (M, N), f ;!;A on Ai}, 

TA{,'!fi = TA{ nCf6';(M,N), 

TA; ,?ft= TA; n Cf6';(M, N). 
' ' ----

Since TA '2li = _n TA; ?ft and Cf6';(M, N) is a Baire space, it is enough to show 
l iEl i' 

that for every (i, j) E J x N, TA; is open and TA; ,'!Ji is dense in 4?,';(M, N). The 
first result is proved by S.Izum'iya in [4]. For the second, let (Ui, <Pi),(¼, '\}J'i), 
'\}J'i(¼) = V1i x v;t c JR.n-l' x JR.1' be foliated coordinate systems so that 

(a, ,B)(Af) C Ui x Vj and p E 4?,';(lRm, [0, l]), p~ E C€00 (JR.1', [0, 1]), p; E 

C€00 (JR.n-l', [O, l]) such that: 

p = { 
0
1 on a neighbourhood ofct>i o a(A{) 

off <Pi(Ui) 

, { 1 on a neighbourhood of prz o ,qri o f](A{) 
P1 = O 0 

offVf 

, { 1 on a neighbourhood of pr1 o 'Vi o f3(A{) 
Pz = O off VJ. 
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The existence of a function pis assured by Lemma 3 of [8]. Let B 2 (resp. B 1 ) 

be the space of basic polynomial mappings, ]Rm -+ JR1' (:resp. of polynomial 
mappings of ]Rm -+ JRn-l') of degree at most k. 

Now we shall use the t:ransve:rsality lemma to show that TAj '!I' is dense in 
Cf/,';j'(M, N), foreve:ry (i,j) E JxN. LetF E Cf/,';j'(M, N) andfo:r (b1:b2) E B 1 xB2, 
let Gcbi,bzl: M-+ N given by 

where ('Yi o F)(p) = (F 1 (p), Fz(p)), Vp E F- 1(½). 
The choice of p, p1, p; guarantees that Gcbi ,bz) is a smooth foliation preser

ving mappings from M to N and Gco,oJ = F. Let 

j: B1 x B2-+ Cf!,00 (M, J~(M, N)), j(b1, b2) = iGcb 1 ,b2 J 

<P: B1 x B2 x M-+ J~(M, N), <P(b1, b2,p) = j(b1, b2)(p). 

By the same techniques as in the proof of the ordinary jet transversality theo
rem we may prove that there are neighbourhoods B'i, B~ of the origin in B 1 , 

B 2 :respectively and a neighbourhood A? of A{ in Ai such that, denoting by 

¢ = qi IM x B' x B' we have ¢ ;J;'!fk (M N) Jk CM NJ Ai on A:j. We apply the transver-
1 2 ' ' ':IF ' 

sality lemma and we obtain that {(b1, b2) E Bf xB~,jkG(bi,bz) ;J;'!fk(M,N)JJ;(M,N) Ai 

on A?} is dense in B'i x B~. Then we can find a sequence {bn} c B 1 x B 2 

such that limn_,oo bn = (0, 0) E B'i X B~ and jkGCbn) ;J;'!fk(M,N),JiJ(M,N) Ai on 

A/. But Gco,oJ = F and, by construction, Gb = F off Ui. Thus it follows 
that limn_, 00 Gbn =Fin Cf/,';'(M,N) and TA'i,'!F is dense in Cf!,';'(M,N). This 
completes the proof. ' 

By using the techniques from [5] and [ 4] it is easy to generalize the above 
result to a multijet version. With the usual multijet notations we obtain the 
following: 

LEMMA 12. Let (M, :IF M) and (N, :IF N) be smooth foliated manifolds, let S 
be a finite subset of M, let soU~ ,P be a good coordinate system of s 4 (M, N) with 

respect to ';J,M x :!FN and let A be a local submanifold correction in 8 J~(M, N) 

with respect to soU~,p· Then TX,'!!' ={FE Cf/,';'(M, N),s jk F;i;'!F,p A} is dense in 

Cf!,';'(M,N). 

Analogously we obtain the multijet versions for Lemmas 9 and 10. 

LEMMA 13. Let (M, :IF M) and (N, :IF N) be smooth foliated manifolds, M 
compact, FE C{i,';'(M,N),k E N,k 2: n',s 2: n" + lk. If Fis a Cf!,=-'!fo-stable 
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mapping, then for every subset S of M having S or fewer points, and such that 
F(S) is a single point, we have: 

(13) 
(tF)((Cf?o';(TM))s) + (wF)((Cf!,';(TN))p(s)) + M;;t/(M)(Cf!,';(F*TN))s 

= (Cfo';(F*TN))s 

Proof By Lemma 9 (the multijet version), <!J is a local submanifold co
rrection in '!-fk(M, N) with respect to a good coordinate system soU/g,,P and, 

by Lemma 12, we have that T5,8f = { G E Cfo'g?(M, N),s jkG ;i;8F,p <!J} is dense 

in Cfo'g?(M, N). Since F is a Cfo00 -'!-f-stable mapping there is a neighbourhood 
Vp c Cfo'g?(M, N) such that for every G E Vp there are diffeomorphisms 
H E Diff;;(M), K E Diff;;(N) such that G = Ko F o H. Thus Vp is a 
neighbourhood of Fin Cfo'g?(M, N) and Vp n Tff 8F -=f. 0. Let G E Vp n Tff 8f, so 

8jkG ;i;8F,p <!J. By Lemma 9 (the multijet version) 'it follows that K- 1 o<!Jo .H-1 = 
U K- 1 o <!Ji o H- 1 is a pseudo-orbit in the weak sense with respect to the 
i 

good coordinate system K- 1 os au!;;, o H- 1. Since 8jkG;i;8Fp<!J, we have 
a~ , 

8jk F ;f;8F(K-1 o <!Jo H- 1. By using Lemma 10 (multijet version) it follows that 
for any element x = (x1 , ... , X 8 ) E AfCs) with sjk F(x) E K- 1 o O o H- 1 we have 
(3). 

Since by Lemma 8, the last condition is equivalent to the fact that F is a 
Cfo00 -'!-f-infinitesimally stable mapping, we obtain the proof of the implication: 

Fis a Cf/, 00 -'!-f-stable mapping =• F is a Cf?, 00 -'!-f-infinitesimally stable mapping. 

SEMINARUL MATEMATIC 
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