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MULTIVARIABLE SPECTRAL THEORY OF ALGEBRAS OF
ANALYTIC FUNCTIONS

BY GENARO ALMENDRA* AND ANTONI WAWRZYNCZYKT

1. Introduction

The present paper is devoted to the study of cospectra of ideals J of algebras
A(Q) of holomorphic functions with restricted growth defined in an open set
Q) c C". We consider also the joint spectra of k-tuples of elements of the
quotient algebra £(Q)/J.

The principal innovation is the addition of “points at infinity” to the
classical cospectrum Z(J) = {z € Q | f(2) =0, f € J}. The obtained extended
cospectrum is briefly speaking the set of common zeroes of the functions
f € J extended continuously to the Stone-Cech compactification AQ of Q.
The extended cospectrum is then a subset of 3} although we consider later
also the cospectra in other compactifications of ().

The appearence of 8} in the spectral analysis of algebras of continuous
functions on {} is not surprising. In the case of the algebra €({}) of all
continuous functions on () the theorem of Gelfand-Kolmogoroff identifies the
space () with the set of the maximal ideals of the algebra. To the point z € SQ
there correspond under this identification the ideal

M, ={f € C)|z € Z(N}.

In the above formula Z(f) denotes the set of zeros of the function f and the
closure is taken in the compact space 5().

In case of the algebras of functions with restricted growth the relation
between the points of G{} and maximal ideals must be modified. Briefly
speaking we treat the cospectrum of an ideal of the form fs4(Q) as the obstacle
to the invertibility of f. Even if the function 1/f makes sense in some
subset of ) the invertibility depends upon the behaviour of this function at
infinity which is restricted by the growth condictions defining the algebra
AQ). A point z € B is cospectral (z € ((J)) if for every neighbourhood
O of z there exists an element f € J such that 1/f does not behave in O
as elements of #({}) should do. In the same way we define the cospectrum
¢(J,C) of J in an arbitrary compactification C of {). First of all we succeed
in proving that nontrivial ideal J have nonempty cospectrum for an arbitrary
compactification C.
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It results that {(J) = ¢(J, 8Q) determines ((J, C) for an arbitrary compac-
tification C. If Po: BQ — C is the natural projection which leaves invariant
the points of () then

¢(J,C) = Ps((J).
If we associate to a point z € B the ideal

M, = {f € 4] z € C(FAQ)}

we can obtain all maximal ideals of #(Q2) as M, for appropiate z € Q.

The continuous multiplicative functionals of the algebra #({}) correspond
however to the points of () and are of the form f — f(z) with 2z € Q.

Our interest in the algebras of the form «(Q)/J is motivated by the role
played by this type of algebras in the spectral analysis of translation invariant
function spaces on R™. In particular if V' C C°°(R"™) is a linear translation
invariant closed subspace the annihilator

Vi={T e C®°R"|T(f)=0, feV}
is isomorphic by means of the Fourier transform to an ideal J of the algebra
A (C™") = {f € A(C™)| |f(2)] < Aexp(B(log(1 + ||z|]) + || Imz|]))},

while the dual space V" is isomorphic to the quotient algebra «{,(C™)/J.

This being the case an exponential function e,: R™ 5 z — exp((z|z)) belongs
to V if and only if z € Z(J). Using the traditional terminology: the spectral
analysis holds in V if Z(J) = ¢(J) N C" is nonvoid. It is well known however
that the latter set can be empty.

Now, it can be seen that the set ((J) N C™ is equal to the joint spectrum of
the n-tuple Z = ([#],...,[2,]) € (4(C™)/J)". In section 3 we introduce the
notion of the extended joint spectrum and we prove that the latter is equal just
to ¢(J) in cass of the n-tuple Z. It means that both the study of the generalized
cospectruin ¢(J) as well as of the extended joint spectrum can be treated as a
subsequent step in the development of the spectral analysis and synthesis.

The mentioned extended joint spectrum of a k-tuple & = ([f1],...,[fx]) €
(AQ)/J)™ is defined as a closed subset of an arbitrary compactification K of
C* and is denoted by o(%, .J, K). Our definition assures that in C* \ o(%, J, K)
there exists a generalized resolvent that is a k-tuple of functions R;(z, 1) such
that

k
(1) ZRj(Za,U)(Zj —p;) —1lel,

Jj=1

for u € C*\ o(%, J, K). Moreover, for every A € K \ o(%, J, K) there exists a
neighbourhood O of A such that the set {R;(-, x)| p € O N C*} is bounded in
AQ).
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It results that the joint spectrum in the Stone-Cech compactification SC*
determines joint spectra in other compactifications:

o(%, J,K) = Pxo(%, J, BCF).

In what follows we write just o(%, J) in place of (%, J, 3CF).
The joint spectrum is never empty for proper ideals J because we prove
that
FCW) Co(F, )

and )
PrF () C o(F, J, K).

In the formula above % denotes the unique continuous extension to SQ of the
mapping Q 3 z — (fi,..., fr) € BCF.

In the case when K is equal to the real or complex projective space P2*(R)
or P*(C) we have the equality

PeFC(W) = o(F, J, K).

In both cases the spectrum (%, J, K) have the spectral mapping property
what means the following: '

For every polynomial mapping #: C¥ — C™ which extends to a continuous
application &: P*(C) — P™(C) we have

Po(F, J,PFC) = ¢(P o F, J, P™C).

The analogous formula for the real projective space is also valid.

In the last section we prove that all multiplicative functionals on %,(Q) are
the evaluations of f € 4,(2) at a fixed z € .

The present paper presents the results of an investigation not finished yet.
The interest of the authors concentrates at this moment at those properties
of ideals which can be expressed in terms of their cospectrum ((J). It can be
seen for example that the slowly decreasing n-tuple % (see [1] for the definition
and fundamental properties) whose cospectrum consists uniquely of ”points at
infinity” generates ,,({1). It explains the fact that proper ideals generated by
slowly decreasing tuples have always nontrivial the classical cospectrum. The
slowly decreasing tuples were created as those which generate closed ideals.
This property is also related with the appearence of the points at infinity in
¢(Us).

It is easy to see that the ideal fs4,({)) is not closed if and only if f is a
topological divisor of zero in #,({}), exactly as in the case of commutative
Banach algebras without divisors of zero. More generally, an ideal J consists
of joint topological divisors of zero if and only if Jg is not closed for every
k-tuple of elements of J. '
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If the spectral analysis is valid in #,,(Q) then every ideal J whose spectrum
consists of points at infinity is dense in %{,(€2). It consists of joint topological
divisors of zero, just like for example the maximal ideals corresponding to the
points of the Shilov boundary in the Banach algebras case. If we are interested
in the development of concepts like the Shilov boundary or of the peak points
of the spectrum for «,()) we must study profoundly the behaviour of the
elements of &,(2) on BQ. In some particular cases described in [8] (specially
for 3 = C) it is possible to formulate determinate results. In the case of
the unit disc D C C the structure of ideals can be also described in terms of
the classic%l and extended spectrum. These results involving the topology of
the Stone-Cech compactification Q) will be published in separate paper. The
present one is devoted almost exclusivelly to the properties of the extended
spectrum which follows by Hérmander’s theorem 2.1.

The authors are very indebted to Professor K. Jarosz and to Professor W.
Zelazko for interesting conversations and important suggestions.

2. Preliminaries

In what follows Q will denote an open subset of C™ and p a function on ()
which is positive plurisubharmonic and satisfies the following conditions

1. log(1 + ||z]})/p(2) is bounded on Q.
2. there exist A, B, C, D > 0 such that for all z € () the condition
|z — w|| < exp(—Cp(z) — D) implies w € O and p(w) < Ap(z) + B.

In case of ()} = C™ the above conditions are satisfied for p(z) = |2|", 7 > 0
as well as for the function p(2) = log(1 + ||z|]) + ||Im z|| which was already
introduced in the previous section. If () is a domain of holomorphy we obtain
a function satisfying 1 and 2 putting p(z) = —log(d(z, 9Q))), where 9 is the
boundary of Q) and d denotes the Euclidean distance in C”.

This type of pairs ({},p) was introduced by Hérmander in [6] with the
purpose to study the finitely generated ideals of the algebra of functions which
are holomorphic in ) and have its growth determinated by p.

We denote by 6(Q) the space of all continuous functions on ) and by ()
the space of functions holomorphic in (). For r > 0 let ¢}, denote the set of
continuous functions which satisfy

Ifll-= sup |f(2)| exp(—rp(2)) < 00

and 6,(Q) = U, 6.

We also introduce Ay = AQ) NEL(QD) and o4,(Q) = Urso A In the spaces
A, (Q) and €,(£2) we define the inductive limit topologies of the normed spaces
(s47, || - |I-) and (€7, || - || ) respectively.

The spaces ,(€2) and 6,({2) are topological algebras which constitute the
principal subject of our research.
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As proved in [6] the conditions 1 and 2 assure that

i. The space of all polynomials belongs to ,({}).
ii. If f € 4,(2) then aizjf € d,(Q) forany 1 < j < n.

The following theorem of Hérmander (and its extension given later) is the
fundamental argument used to develope the notion of the cospectrum and
joint spectrum in algebras s4,({2).

THEOREM (2.1) [6] Suppose that the function p > 0on Q C C" is plurisub-
harmonic and satisfies the conditions 1 and 2. Then the ideal generated by the
functions fi, ..., fx € Ap(Q) is the whole A,(Q)) if and only if there exist ci,
cg > 0 such that

. k
(2) Z |f_7| Z C1 exp(—czp).

Jj=1

The proof of the above theorem uses the celebrated results of Hérmander
about the solution of the equation 8k = g in spaces of differential forms with
measurable coefficients which behave at infinity as elements of 6,({2).

In case of the algebra 46,(Q2) the above theorem is trivially valid and its
proof is just the first step in the Hérmander’s proof. Given the functions
fi,- -+, fr € 6,(Q) which satisfy the condition(2) we can construct

fi

h; = .
Y 152

Thanks to the condition (2) and the relation ELI Ifil < kY 2(2;?:1 |£;19)1/2
we see that h; € €,(Q). The direct calculation gives Z;Ll h;f; = 1, hence for
arbitrary ¢ € €,((2) we have ¢ = z;?:l fi(h;$). The ideal generated by the
functions {f;} is just €,((2). We shall need however a strengthened version of

Theorem 2.1 providing several informations about the coefficients h; € o4,,(Q2)
which permit to generate the function 1 from %.

For given & = (fi, ..., fx) let us denote

n k
loF ) => ">

=1 j=1

15]
B_Zifj

T

In [13] the following result is proved:
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THEOREM (2.2) For every k € N and s > 0 there existt, r > 0 and a
polynomial Wy, s with positive coefficients such that for every g € 43 and every
k-tuple F € A,(Q)* which satisfies the condition (2) and ||0%F||, < oo there

exist h; € s}, obeying

k
Z hifj =g
j=1

1 OF ||, \ .
Il < =i (” ” ) lgls-

1

and

3. The cospectrum

In what follows we present a number of definitions and results parallely
for the algebras €,(Q)) and «,(}). In order to simplify the exposition we
understand by & anyone of these algebras. Let (C, 5) be a compactification of
Q, that is to say C is a compact completely regular space and j: () — Cisa
continuous injection with dense image.

Definition (3.1) For a given ideal J € & and a compactification C of {} we
denote

p(J,C) = {z € C|3f; € J,K > 0 and a neighbourhood 0 of z in C
k
such that Z |fj(w)| > exp(—Kp(w)) for all w € 6N Q}.

i=1

The points belonging to p(J,C) are called regular points for J in C. The
complement of p(J, C) is called the extended cospectrum of J in C and is denoted
by ¢(J,C). We denote by Z(J) the classical cospectrum of J that is the set of
common zeros of the elements of J in ().

It is easily seen that Z(J) = ((J,C) N Q independently of the particular
compactification of ().
THEOREM (3.1) The set ((J,C) is empty if and only if J = A.

Proof. Suppose that p(J,C) = C. For every z € C there exist 0(z), K > 0
and f7 € J such that

k.
D 1ffw)] > exp(~Kpw)), w € 0(z) N Q.

j=1

By the compactness of C we can choose a finite subcovering {0(z;)}i-1,....»
from the covering {0(2)}.cc. Let {f}*},...,{f;"} and Ki,...,K, be the
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corresponding elements of J and corresponding positive constants. Taking
¢ =max(Ky,...,K,) we obtain

r k

> E | £ ()| > exp(—cp(2)), 2 € Q.

i=1 j=1

By Theorem 2.1 (or its version for 6,((1)) the functions f*, ..., fi* generate
A, that is J = . The converse is obvious.

In contrast to {(J, C) the classical cospectrum can be empty as shows the
example found by Gurevich [5].
The family Comp ) of all compactifications of {} has its natural order defined
as follows:
(C1, 1) = (Ca, j2)

provided that there exists a continuous surjection P:C; — Cj3 such that
jo = P o j;. The maximal element of Comp {2 with respect to the order > is
the Stone-Cech compactification AQ which is unique up to homeomorphism.

We denote: ((J) = ¢((J, Q) and p(J) = p(J, BCD).

The Stone-Cech compactification can be defined equivalently up to a homeo-
morphism as the compact space containing ) and such that any continuous
map ¢:{} — K valued in a compact space K can be uniquely extended to a
continuous map ¢: 8Q — K. This property of 5(} permits us to describe the
cospectrum of J as the zero set of a family of functions associated to J.

THEOREM (3.4) Lei J be an ideal of . Then

¢(J) = {z € BQY (f exp(cp)) (z) =0 forail ¢ > 0, f € J}.

Proof. If J is a proper ideal and z € ¢(J) then by the very definition of the
cospectrum for arbitrary ¢ > 0, ¢ > 0 and every neighbourhood € of z there
exists w € O such that

| f(w)| exp(cp(w)) < e.

By the continuity of the extension we obtain the assertion. The converse is
obvious.

The description of the cospectrum obtained above implies in particular the
following:

THEOREM (3.2) Let I, J be proper ideals of A, and let $ be the ideal
generated by I and J. Then

@) = N ¢W.
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Proof. Assume that z € ((I) N ¢(J). For every f € $ thereexistge I, he J
and ¢, ¢ € A, such that f = pg + 1ph. There exist also constants a, b, ¢, d > 0
for which |p| < aexp(bp) and || < cexp(dp). For an arbitrary v > 0 we obtain

|f exp(yp)| < alg| exp((b + Y)p) + c|h| exp((d + ~)p).

Both terms of the last sum are continuous functions which by Theorem 3.2
extend to functions vanishing at z. Applying the same theorem we obtain
z € (($). We have proved that

(N ¢ C(P.
Since J C $ and I C $ the opposite relation is also valid. |

In case of the algebra €,(Q) the description of the cospectrum can be
simplified because for f € J the function f exp(cp) belongs to J. We obtain:

() ={2€p9| fx) =0, feJ}

It follows immediately from this observation that the cospectrum of J C s,,({2)
is equal to the cospectrum of the ideal of €,({2) generated by J. In particular
if we consider the cospectrum of an ideal Js generated by several elements
f1, -+ s [ € Ap(Q) it does not matter in which of two algebras we generate
the ideal. By this reason we have decided to simplify the notation of {(J) the
cospectrum avoiding to anote the algebra in question.

It is important to observe that the cospectrum ((J) of J determines com-
pletely the cospectra of J in other compactifications as shows the following

THEOREM (3.3) Let C bean arbitrary compactification of QL and let P: Q) —
C be the projection which leaves invariant the points of Q. Then for every ideal
Jcd
P() =¢(J,0).

Proof. We prove the relation P({(J)) C ((J,C) by showing that P(z) €
p(J,C) implies z € p(J). In fact, if 0(P(2)), f; € J, ¢ > 0 are such that

k
> 1fi@)| > exp(—cp(w))
=1

for w € 0N Q, then U = P YO(P(2))) is the neighbourhood of z such
that the same inequality is valid for the points of AU N Q. It means that
P~1(p(J,C)) C p(J), or equivalently P(((J)) C ¢(J, O).

In order to prove the opposite inclusion, we assume that z € ¢(J,C) but
P~1(2) C p(J). This will lead to a contradiction.
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Suppose that for every z € P~1(2) there exist f; € J and ¢,c > 0 such
that (E;;l |fi()| exp(cp(¥)))” > € in some neighbourhood of z. Since P~1(z)
is compact we can find an N-tuple f1,...,fv € J and € > 0,c > 0 such that

N
O Ifil exp(ep)) (@) > €

i=1

for all z € P~1(2).
On the other hand if z € {(J,C) we know that in each neighbourhood AU of
z in C there exists zg, € U N ) such that

N
3 i) explep(za)) < €/2.

i=1

By the compactness of 3() the net (z3) has an accumulation point z
which must belong to P~1(z) by the definition of the net. It implies that
(N, |fil exp(cp)) (z) < €/2. This is the contradiction. =

The description of the maximal ideals plays the fundamental rdle in the
spectral theory of topological algebras. If J is a maximal ideal of o (not
neccessarily closed) and z € ((J) then by the very definition of the cospectrum
JC J,={f € Ap|(fexp(Cp))(z) =0forall C >0}.

The set J, is a proper ideal of ¢ hence by the maximality of J both ideals
coincide. It follows that all maximal ideals of & are of the form J, for
z € BNQ. The question arise if {(J,) = {z} and if the ideal J, is maximal
for each point z € Q. It is true for the algebra 6,({2) because continuous
bounded functions separate points of 5{). This being the case we obtain the
identification between the space () and the space M(%,) of all maximal ideals
of €,(0). For the algebra s4,({2) this is not the case. One construct distinct
points z, w € B \ Q which can not be separated by elements of $4,(Q),
hence J, = J,.The construction was suggested by the reviewer.et us take
two sequences (z;) and (w;) whose elements form discrete disjoint sets and
such that ||z; — w;|| exp(cp(z;)) tends to zero for all ¢ > 0. It follows that
|f(2;) — f(w;)| exp(cp(z;)) — O for all ¢ > 0. The closures of the sets {z;} and
{w;} in BQ are disjoint. Let ® be an ultrafilter of subsets of {z;} which defines
an element z € B\  which belongs to the closure of {z;}. Substituting in
each subset from ® the element z; by w; we obtain an ultrafilter which defines
w € B belonging to the closure of {w;}. Hence z # w. On the other hand
the elements of {,({1) do not separate z from w.

It is an open problem if for general #{,((2) every point z € B gives us J,
which is maximal. At least in some particular cases it seems to be true.

The construction was suggested by the reviewer.L
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4. The quotient algebra «{/J

Let us consider an ideal J C < and the quotient algebra ${/J. The
invertibility of an element [f] € «/J can be expressed in terms of the
corresponding cospectra.

THEOREM (4.1) Let f € A. The following conditions are equivalent:

a. The class [f]is invertible in S/ J.
b. (T NCWT) =0.
c. Je > 0 such that (f exp(cp)) does not vanish on ¢(J).

Proof. The class [f] is invertible if there exist g € { and h € J such that
fg — 1 = h. Equivalently, the ideal generated by f and J is equal to . Its
cospectrum is empty and by Theorem 3.3 it is equal to {(J;)N¢(J). This proves
a) = b).

Now, suppose that c) is not valid, that is V¢ > 0 the function (f exp(cp))
vanishes somewhere in ((J). Denote by A, the (compact) set of zeroes in
¢(J) of the function (f exp(cp)). Obviously ¢ < d implies A; C A.. By the
compactness of ((J) the set ()., Ac C {(J§) N¢(J) is nonvoid. We proved that
b) = o).

Finally assume that the condition c) is satisfied and consider the ideal $
generated by f and J, whose cospectrum is {(J¢) N {(J) according to Theorem
3.3. If ¢ is nontrivial and z € (($) then in particular for every ¢ > 0 the
extension of the function f exp(cp) vanishes at 2. This contradicts c) and the
invertibility of [f] is proved. B

c>0

Let us compare the situation with the classical model of the Banach algebra
of 6(X) of continuous functions on a compact set X. If J is a closed ideal in
%(X) and ((J) is the set of common zeroes of the elements of J then the
invertibility of [f] in €(X)/J is equivalent to the condition that f does not
vanish on ¢(J) or equivalently that ((J;) N¢(J) = 0. In this case the spectrum
of [f]in the quotient algebra coincides with the set of values of f on ((J). The
set ((J) plays also the role of the spectrum of the quotient algebra if the latter
concept is defined as the set of multiplicative functionals on €(X).

Now we pass-to define the extended spectrum of elements of the algebra
A. To avoid repetitions of arguments we define at once the extended joint
spectrum of a k-tuple of elements in an arbitrary compactification K of C¥.

Definition (4.1) Denote by ¥ a k-tuple (fi,..., fi) of elements of . Let
) € K. We say that ) is regular for % relative to J if there exist ¢ > 0,d > 0
and a neighbourhood 0()\) of ) in K such that for all . € 6(A)NC* and z € ¢(J)

k
@) Q15 — nil explep)(2) > d.

i=1
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The set of regular points for % in K is denoted by o(%, J, K). It is open in
K. Its complement is called the joint spectrum of & in K with respect to J
and is denoted o(%, J, K). We denote by (%, J) (rvesp. o(%, J)) the spectrum
(resp. the set of regular points) of & in the Stone-Cech compactification SC*.

Let us observe that the sets o(%, J, K) and o(%, J, K) depend in fact only on
classes [#] = ([f1], ..., [fx]) hence we deal with an extension of the concept of
the joint spectrum of a k-tuple of elements of #/J. First of all we shall prove
that for all finite points u’s in some neighbourhood of each regular element
A € K there exists a generalized resolvent R(y) and the set of all R(u),cq; is
bounded.

THEOREM (4.2) Let A € o(%,J,K) and let 0 C K be a neighbourhood of
X in which the inequality (4) is valid for some c, d > 0. Denote U = 0 N Ck.
There exist functions R;(-, p) € o, p € U such that

. k
(5) _ S (i~ upRiC —1€J

i=1

for all p € . There exist r > 0, b > 0 such that | R;(-, p)||» < bfor all € OU.

Proof. If z ¢ ((J) then there exists g, € J and c. > 0 such that

|g-(w)| > exp(—c,p(w))

for all w in some neighbourhood of z in ().
By the supposition that ) is regular for % we obtain that

k
> 1fi@w) — pj| explepw)) > d

i=1

for appropriate ¢ > 0,d > 0 and for all w € (} in some neighbourhood of ¢(J).
By the compactness of 3{) we can choose a finite number of functions
g1,---,9m € J such that for some ¢,d > 0 and for all (w,p) € O x U

.k m
(6) Do) = pil + Y lgiw)| > exp(—cp(w)).

Jj=1 i=1
By Theorem 2.1 (or its version for 4€,({2)) the functions

{fi — i, gih<i<k, 1<i<m
generate the space s{. In particular there exist functions R; € & such that

k k+m
(M D Riw, W (fw) —p) + > Rjw, wgj—(w) = 1.

j=1 j=k+1
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Since the second sum is an element of J we obtain the formula (5). The second
part of the assertion follows by Theorem 2.2 in case of the algebra #,({2) and
directly by the definition of the resolvents defined in section 2 when the algebra
@,(Q) is considered. =

By the usual application of a partition of unity we can construct easily a
global resolvent of the class C*({). Nevertheless the nonuniqueness of the
resolvent makes difficult the study of its global properties.

The equation (7) permits us to formulate the condition of regularity of a
point in a slightly stronger form.

COROLLARY (4.1) Let K be a compactification of C*. A point A € K is
regular for & relative to J if and only if there exist a neighbourhood 6()\),d > 0,
¢ > 0 and a neighbourhood V of ((J) such that (4) is valid for all z € V and
for all p € 6(\) NCF.

Proof. Assume that )\ satisfies all conditions determined in Definition
(4.1). Let ¢ > 0, a > 0 be such that the functions R;(w, x) in (7) satisfy
|R;(-, )| < aexp(cp) for all finite 1 € O()). Next define

k+m

1
V = {z € BQ|(aexp(cp) Z lg;—k)(2) < '2‘}

j=k+1

The set V' is a neighbourhood of ((J). Thanks to (7) we obtain for every finite
€ 0(\) and for z € V:

k
1< a()] 1fs gl exp(ep) () + .
j=1

Choosing d < 5 we obtain the desired result. ]

Exactly as in the case of the cospectrum the knowledge of the spectrum
o(%,J) permits us to obtain o(%, J, K) for an arbitrary compactification K
by simple projection. Let us denote by Px: 3C* — K the natural projection
which leaves invariant the points of C*.

PROPOSITION (4.1) Py (o(%F,J)) = o(F, J, K).

Proof. Suppose that A € K is regular for ¥ relative to J. Let O()\)
be a neighbourhood of A such that (4) is satisfied. Then Py'(O()) is the

neighbourhood of an P;1()\) for which (4) is also satisfied. It means that all
elements of P,}l(/\) are regular and consequently Px(c(%, J)) C o(%, J, K).
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Now assumethat A € o(%, J, K). Foralld, ¢ > 0 and for each neighbourhood
O of X there exist u© € O NC* and 2° € ¢(J) such that

k
(Z |f; — 1S | exp(ep)) (z°) < d.
j=1

By the compactness of BCX the generalized sequence {1°} has an accumula-
tion point, say u € SC*. It follows by the construction that Pxu = ).

The point 4 is singular because at least for a subsequence pU which
converges to u we have

k
O 1fi = uY | exp(ep) (V) < d. -
j=1

Any k-tui)le % = (f1,..., fr) of elements of A can be treated as a continuous
mapping :
Q32— (fi2),..., fr(2)) € CF c BC*.

There exists a unique continuous extension of this map on the domain 3Q
which is denoted in the sequel by %. The following result determines the
relation between %({(J)) and o(%, J).

THEOREM (4.3)

(8) F(C(T) C o(F, ).

Proof. Let A = %(w) where w € ((J). Suppose that ) is regular for ¥ with
respect to J that is

k
©) > 185 — nil explepy(2) > d

j=1

for all z € ¢(J), u € O(N) N C*.

By Corollary 4.1 the above inequality remains valid for . € 6(\) N C* and
z € ¥ where V' is a neighbourhood of ((J). Let us choose an arbitrary finite
point z from ¥ N F~1(0())). Take po = F(2). Obviously po € 0()\) but the left
hand side of (9) vanishes at . This is a contradiction. B

By applying to both sides of (8) the projection Pk for an arbitrary compac-
tification K of C* we obtain immediately

COROLARY (4.2)

(10) P () C o(F, J, K).
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5. Towards the spectral mapping theorem

The question if the inclusion (8) is in fact an equality remains open. In the
general case we can only prove that o(%, J) \ (¢(J)) c BCF \ C* that is to say
inside C* both sets coincide.

THEOREM (5.1)
o(%F,J)NCF = F((J) NCk.

) Proof. In virtue of Theorem 4.3 it remains to prove that (%, J) N C* c
F(C(). If X € (%, J) NCF then for arbitrary ¢ > 0 and natural n we can find
p™ € B(\, 1) and z, € ¢(J) such that

k ~
(Z |f5 = B eXP(cp)) (zn) < %
j=1

The factor exp(cp) is no less than 1 in the whole compactified domain whlch
implies

:_I»—‘

Z |Fj(zn) — 1|

The sequences {%(z,)} and {u™} are equivalent hence both of them tend to A.
Since the cospectrum ¢(J) is compact the sequence (z,,) has an accumulation
point in some z € ((J). It means that ¥(z) = A. [

The above result means that if there exists A € o(%, J) \ #(¢(J)) then for
the finite elements of some neighbourhood of ) the generalized resolvents do
exist but they form an unbounded subset in «.

In the very special case of ) = C™ and ¥ = id¢c~» we have equality in (8).

Let us denote by Z the n tuple for which the i-th function is just f;(z) = z;.
The corresponding mapping £ is the identity in SC™.

THEOREM (5.2) Let Q) = C". Then

(11) a(2,J) = ().

Proof. The relation ((J) c o(Z, J) follows by Theorem (4.3). It remains to
prove that (2, J) C ¢(J). Suppose that A € (2, J). According to Corollary
(4.1) for arbitrary c, € > 0 and for every neighbourhood O of A and V of o(J)
there exists z € VN C™ and u € O N C™ such that

(12) Z |zj — pjl explep(2)) < e
j=1
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Our aim is to prove that for every f € J and d > 0, the extension (f exp(dp))”
vanishes at A. In virtue of Corollary (2.5) in [1] there exist functions Q; €
A(C?") such that

F@ = fw) = Qi(z,m)(z5 — 1)

Jj=1
and for some constants C, D depending only upon f the inequality

|Q;(z, w)| < Cexp(D(p(z) + p(u))

is valid on C2". Recall that the function p has the property that for appropriate
A, B > 0 the relation ||z — u|| < 1 implies that p(u) < Ap(z) + B. Choose the
neighbourhood V in such a way that |f exp(d(Ap + B))|” < e in V. We obtain

|£(2) — £()] exp(dp(p)) < exp(dp(u) D |Q;(z, wllz; — p]

j=1

< Cexp((D + dp(u) + Dp(2)) > _ |z — s
i=1

< Cexp((D + d)B) exp((D + D) A + D)p(2)) > |2; —
j=1

Since the constants A, B, C, D depend only on the functions f and p we can
suppose that the constant ¢ was chosen from the beginning as (D + d)A + D)
and in place of € in (12) the value ¢/C exp((D + d)B) has been used. In this
way we obtain

|f(2) — f(p)| exp(dp(p)) < e.

Taking into account that |f(2)| exp(dp(u)) < |f(2)|exp(d(Ap(2) + B)) < € we
obtain |f (1) exp(dp(p))| < 2¢ for several p € ONC™. Since the neighbourhood
O is arbitrary we conclude: (f exp(dp))"(\) = 0. B

Now applying Theorem 3.4 and Proposition 4.1 we obtain
COROLARY (5.1) For an arbitrary compactification K of C*

o(Z,J,K) =((J, K).

Coming back to the question of the equality in place of the inequality in
(10) let us observe that for the compactification of Alexandroff K, of C* we
have in fact 3

PKag;(C(J)) = 0’(9;, J, Ka,)~

This equation asserts simply that Theorem 5.1 is valid and both sides can be
unbounded only at the same time.
Let us observe also the following
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PropOSITION (5.1) Assume that for certain compactification K we have the
equality i
P F(C() = o(F, J, K).

and that K ~ C. Then

PeF () = o(F, J,C).

Proof. It suffices to apply the projection Pxc:-K — C to both sides of the
first equation. B

We can also obtain the equality in (10) by imposing several topological
condition on the compactification K of C*.

THEOREM (5.3) Let K be a compactification of C* such that forall \, v € K
there exist neighbourhoods O of X and U of v such that

inf B '
ueonclkr,lueUmC’c ”N wl[ >0
Then ]

P %)) = o(F, J,K).

Proof. In virtue of Corollary 4.2 it remains to prove that o(%, J,K) C
Py %(((J)). Weknow that for finite points the inclusion is valid, hence suppose
that A € o(%, J, K) \ C* and that A & PxF(((J))).

According to our supposition for every w € Px%({(J)) there exist neig-
hbourhoods O,, of A and U,, of w as well as a constant ¢, such that ||p—w]|| > €,
for all x € O, NC* and w € U,, N C*. Since the set A = Px%(¢(J)) is compact
we can choose a finite subcovering from the covering {U,, }c4 obtaining in
this way neighbourhoods

U= |J Uu, and O= (] O,

1<i<m 1<i<m

such that ||u — w|| > € = mini<;<m{€w, } for all finite 4 € O and w € U.
However by the singularity of ) there exists i/ € ONCF and z € (Px%)~1(U)
such that

k

QoI =@ <

j=1
By continuity the same is valid for some 2z’ € (Px%)~1(U) N C™. This is a
contradiction, hence )\ € P F(C(J)). =

In particular it is easy to see that the projective spaces P?*(R), P*(C) which
are compactifications of CF satisfy the assumptions of the above theorem. We
obtain
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COROLARY (5.2) For an arbitrary F € d* and for K = P%*[R) or K =
P*(C) we have )
PrF((D) = o(#F, J, K).

Let us now observe that the spectrum o(%, J) has other properties which
are characteristic for various types of joint spectra considered in the theory of
commutative and noncommutative Banach algebras.

The space SC* can be considered in a natural way as a closed subset of the
k-th Cartesian product SC x . .. x 8C. As the natural injection we consider the
continuous extension of the mapping: C* — Hle BC. Using this convention
we can assert the following:

ProprosITION (5.2)

k
o(F,J) C HU({fi}, J).

i=1

Proof. We assert only that if a point A € C* projected in Hfﬂ o({fi},J) on
the m-th variable gives us A, which is regular for f,, relative to J, then X is
regular for %. This is obvious by the definition of o(%, J). |

Let ™ = (Py,..., Pn) be a tuple of polynomials of k complex variables.
Denote by $™ the continuous extension to SC* of the mapping (z1, . . ., zx) —
(P1(2),..., Pn(2)) € BC™.

THEOREM (5.4) For every k-tuple % and for every ®™

P (o(F, ) C (@™ o F, J).

Proof. For simplicity we write just @ in place of P™. Given finite points
z € Q and p € C* let us write

P ~Pw =Y Qua)(fr — D™ ... (s — m)*,

le|=1

where a = (ay, - . . , o) is a multiindex, Q;, are polynomials of k variables and
r is the maximum of the orders of the polynomials P;. Assume that \ € gC*
belongs to the spectrum of ¥ relative to J. Given c,e¢ we can find in each
neighbourhood of A and a finite point y such that in every neighbouhood of
¢(J) there exists z which satisfies

k
3" 1£i(2) — pjl explep()) < min{e/M,1/2},

Jj=1
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where M =372, 37111 |Qia(p)|. We obtain

m

> |Pi(F(2)) - Pi(u)| exp(cp(2))
i=1

S Q0D 1QuIlfi(@) = pal* - fi(2) — pxl**) explep(2))

i=1 |al=1
k N
<MY explep(2))|fil2) — il < e.
i=1
This proves that P(\) € o(P o F, J). B

Using the terminology of the spectral theory of topological algebras the
above result is the one-way spectral mapping theorem for (%, J).

If we consider the projective space as the compactification of C* we can
obtain a version of the complete spectral mapping theorem.

Assume that #: P*(C) — P™(C) is a continuous application which maps
P*(C) \ CF into P™(C) \ C™ and such that its restriction to C* is of the form
% = (p1, - .., Pm), where p; are polynomials of k complex variables. As a unique
continuous extension of a mapping of polynomial type & satisfies the relation

(13) QA’ o} PPk(C) = PPm(C) (o] 97)
THEOREM (5.5) Let F € *. Then

B(o(F, J, P*(C)) = o(® o F, J,P™(C)).

Proof. We calculate applying Corollary 5.2 and (13):

P (F, J,PH(C))) = P(Ppr 0y FC())
= Ppm()(@ 0 F(C(I) = o(@ o F, J,P™(C)). =

If we use the real projective space P%(R) as the compactification of C* we
obtain in the same way the formula

(14) P(o(F, J,P*R))) = o(® o F, J, PP (R)),

valid for every
&. P*(R) — P?™(R)

which is of complex polynomial type on C* (canonically imbedded in P2*(R))
and which sends the points at infinity into points at infinity.
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6. Multiplicative functionals on #,(())

The functional of the evaluation at a given point z € {)
Xz ¢ Ap(@)> f— f(z) eC

is a continuous multiplicative functional on {,((2). It is natural to ask if the
functionals of the form x, for 2z € () are the unique continuous multiplicative
functionals on %4, ((2). The answer is positive and in [4] we can find this result.
It is deduced however from the same fact which is the subject of our Theorem
2.3 and it seems that its proof in [4] is not complete. In this section we prove
a stronger result and the proof is simpler. In particular it does not make use
of the functional calculus of Waelbroeck.

It results that all multiplicative functionals on ,({}) are given by the
evaluation at a fixed point z € (). In particular it means that all multiplicative
functionals .are continuous and the maximal ideals M, for z ¢  are of
codimension > 1.

THEOREM (6.1) Every nonzero multiplicative functional on 4,(Q) is of the
form x, for some z € (.

Proof. Let x:4,(Q2) — C be a nontrivial multiplicative functional. Its
kernel J, = {f € o,(Q)|x(f) = 0} is an ideal of codimension 1. Its extended
cospectrum is nontrivial and for i € ((J) we have for every f € J,:

li =0
09111)‘1—1—»;1 f(’LU)

by Theorem 3.2.
Since f — x(f) € Jy for an arbitrary f € ${,(() we obtain

(15) lim f(w) = x(f)
Q3w—p

for all f € d,(Q2). In particular taking f;(w) = w; we observe that x(f;) =
limg sy, wj. It implies in particular that z = (x(f1),..., x(f»)) belongs to Q
(closure in C™!). If z € O then the functional y is equal to x, by (15) and we
are done. _

Suppose that z € Q \ . We need the following result which in the
Waelbroeck’s terminology says that () is a spectral set for Z:

PROPOSITION (6.1) [4], [13] There exists t > 0 such that for every A € C*\Q
there exist 7;(\) € A, which satisfy

(16) > w; = Ar() =1

Jj=1
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for all w € Q. The set of all functions {r;(\)} is bounded in si?,.

Putting A; = x(f;) in (16) and applying x to both sides we obtain a
contradiction. B

The following corollaries are obvious.

COROLARY (6.1) All multiplicative functionals on ,(Q) are continuous.
All maximal ideals of $4,(Q) of codimension 1 are of the form M, where z € ().

COROLARY (6.2) For every p € B8\ Q there exists f € dA,(Q) such that
limosw—p |f(w)| = 00.
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