Boletin de la Sociedad Matematica Mexicana Vol. 39, 1994

CONTROLLED SEMI-MARKOV MODELS WITH DISCOUNTED
UNBOUNDED COSTS

By FERNANDO LUQUE VASQUEZ AND MA. TERESA ROBLES ALCARAZ

We consider semi-Markov control models with Borel state and control
spaces, unbounded costs and not necessarily compact constraint sets. The
basic control problem we are concerned with, is to minimize the expected
total discounted cost. We show the existence of optimal stationary policies
and we provide characterizations of the optimal cost function and optimal
policies. Criteria for asymptotic optimality, convergence of value iteration,
policy iteration and other approximation procedures are also discussed.

1. Introduction

This paper deals with semi-Markov control models (SMCMs) with Borel
state and control spaces, allowing unbounded one-stage cost functions and
the control constraint sets are not necessarily compact. The basic optimal
control problem is to minimize the total expected discounted cost. Most of
literature related to this problem is concentred on the countable state case,
bounded costs or compact control set (see [1], [6], [8] and their references).

In this paper we extend the assumptions in [3] to the context of SMCMs.
We show that under suitable conditions, V,, (the optimal cost function), is
solution to the optimality equation and alse we show the existence of optimal
stationary policies. Other questions we are concerned with are: How can we
“approximate” V,?, what are the conditions for a control policy to be optimal?
and when a given policy is “close” to being optimal?.

In section 2 we introduce the SMCM, the performance criterion, the as-
sumptions (regularity, continuity and compactness) and a measurable selec-
tion Theorem. In section 3 we show the main result in this paper (see Theo-
rem (3.3) and provide conditions for a control policy to be optimal (see Theo-
rem (3.5)). In section 4, we provide some answers to the questions: How can
we “approximate” V,? and in section 5, we obtain several optimality criteria
and we briefly discuss the notion of asymptotic optimality.

NoOTATION: A Borel space X is a Borel subset of a complete separable
metric space and we denote by B(X) its Borel o-algebra and “measurable”
always means Borel-measurable. Given a Borel space, we denote by M(X)
the family of measurable and no-negative functions on X, L(X), denotes the
subclass of lower semicontinuous functions in M (X),.

If X and Y are Borel spaces then a stochastic kernel P(.|.) on X given Y is
a function such that: P(.|y) is a probability measure on X for each y € Y and
P(B|.) is a measurable function on Y for each B € B(X).
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2. The semi-Markov control model

DEFINITION (2.1). A semi-Markov control model (SMCM) written (X, A,
{A(z) : z € X}, Q, F, D, d), consists of:

1. A nonempty Borel space X, called the state space.

2. A nonempty Borel space A, the control (or action) space.

3. A collection {A(z) : z € X} of nonempty Borel subsets of A. For each
z € X, A(z) is the set of admissible controls. (or actions) in the state z.
Moreover we assume that the set ¥ = {(z,a) : z € X, a € A(z)} is a Borel
subset of X x A and contains the graph of a measurable map from X to
A. We denote by %, the class of measurable functions f: X — A such that
fl@)e Al@) forallz € X.

4. A stochastic kernel Q(.|.) on X given ¥, called the transition law.

5. A function F(t|z, a,y) which is a distribution function, for each (z,qa,y) €
% x X, and we assume to be jointly measurable in (z, a,y) for each ¢t € R.

6. The functions D, d € M(¥), are the so called cost functions.

The SMCM represents a stochatic system that evolves in the next way: At
time t = 0 the system is in the state zo € X and a control ag € A(zy) is applied,
then the following things happen:

An immediate cost is incurred.

The system moves to a new state z; € X according to the probability measure
Q( |m0) aO)-

Conditional on the next state z; the time §; until the transition occurs has
the distribution function t — F(t|zo, ag, z1)-

A cost rate d(z, ag) is imposed until the transition occurs.

After the transition occurs, a control a; € A(z1) is chosen and the process
continues in this way indefinitely.

We will represent by x,,, a,,, 6,+1 (n > 0), the state of the system after nt"
transition, the action chosen in that state and the corresponding sojourn (or
holding) time, respectively.

For eacht =0, 1, ..., define the space of admissible histories up to time ¢
by Hp := X and

Ht2=%tXX=%XHt_1, t=1,2,...
An element h; € H, is a vector or history, of the form
ht = (x()) Agy ..oy Tp—1, at—17$t)

where (z,,,a,) € X forn=0,...,t—1and z; € X.
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DEFINITION (2.2). a) A control policy, is a sequence m = {m;} of stochastic
kernels m on A given H,;, satisfying the constraint m(A(zy)|h:) = 1 for all
h; € H;, t =0,1,... We denote by A, the class of all policies.

b) A control policy 7 = {7} is said to be stationary, if there exists a function
f € F such that, m(.|h:) is concentrated at f(x:), for all h; € H;, t =0, 1, ...
and we will identify 7 with f, and refer to & the set of statinary policies.

REMARK (2.3). By a theorem of C. Ionescu Tulcea (see [2], Proposition
C.3 in Apendix C), Given z € X and 7 € A, there exist a probability space
(Q, F, PT) and three sequences of random variables z,, an, 6p+1 (n =0,1,...)
such that:

a)P;“[wo——-az]: 1

b) P[zn4+1 € Blhn,an] = Qb|zn,a,) for all B € B(X), h, € H, and
an € Alz,),n=0,1, ...

¢) Prlay, € Clhy] = m,(C|hy,) for all C € B(A), by, € H,,n=0,1,...

d) P;;T[an+1 < tlhn+1] = F(t|$n7an;xn+1) forallt e R, hn+1 € Hn+1

e) The random variable 61, 89, ... are conditionally independent given the
process (g, @o, - - - , Tn, Gn, . . .). The expectation with respect P7 is denoted by
EZ. In order to ensure that an infinite number of transitions does not occur

in a finite interval, we need to impose a condition. To do this, we introduce
the following notation:

H(t|z,a) :=/ F(t|z,a,y)Qdy|z,a)
X

This represents the distribution function of the holding time in the state
z € X, when the control a € A(z) is chosen,

ASUMPTION (2.4). There exist € > 0, 8 > 0 such that
H@|z,a) <1—¢

forall (z,a) € A.

Throughout the following, we will suppose that o > 0 and define, for every
(z,a) € K,

Az, a) :=/ exp(—at)H(dt|z, a)
Jo
and

1= Au(z,a0)]
a

T(z,a) =

LEMMA (2.5). (see[12]proposition 2.4b), ¢)). If assumption 2.4 holds, then

1. A, < 1, where A, := supy Ay (z,a)
2. P[>0 by =00] =1Vz e X, mell
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Performance Index

We assume that costs are continuously discounted i.e., a cost C incurred
at time ¢ is equivalent to a cost Ce=°* at time 0. The cost-per-stage function
C,(z,a) when the process is in the state = and action a is chosen is defined by

co pt
Colz,a) := D(z,a) + d(=, a)/ / e~ **dsH(dt|z,a)
o Jo

where D(z, a) represents an immediate cost and d(z, a) the rate cost imposed
until the transition ocurrs.
Observe that for all (z,a) € K,

2.1) Co(z,a) = D(z,a) + 1oz, a)d(z, a), (z,a) e
andlet Ty =0and 7T, =T,,_ 1+ 6,,n=1,2,....
Definition (2.6) a) Given z € X and 7 € I, let

V(r,z) := EJ Z exp(—aT,)Co Ty, an)

n=0

be the a-discounted expected total cost when using the policy #, given the
initial state z¢ = x.
b. The optimal a-discounted cost when the initial state is z9 = z is defined.
by
Vo (x) := inf V(m, z).

¢. A policy m € Il is said to be a-optimal if
Vi, z) = Vu(x) forallz € X.

REMARK (2.7). a. For all z € X, 7 € Il observe that

V(r,z) = EL[Colzo, ag) + Z Ao(mo,a0) ... Ap(Tn—1,0,-1)Co(Tp, an)]

n=1

b. If we denote by V,(r,z) the a-discounted cost until the n** transition
occurs then

Vilm, x) = EZ Co(z0, ap)
n—1
Va(m,2) = B ) exp(—aTy)Calak, ax)
k=0
n—1
= Ez[Cq(Z0, a0) + Z As(xo,a0) ... Aq(@k—1,08-1)Colzr, )], n > 1
k=1
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c. If we write A2 := Hz;olAa(:ck, ai) forn =1, 2, ... and AJ := 1, then, by a.
and b., we have

V(r, @) = E] ) A%Ca(Tn,an)
n=0
and
n—1
Volm,z) = Ef Y AfCalzr,ar)  n=12,...
k=0

Semi-continuity and compactness conditions

In order to guarantee that ¥ (the set introduced in Definition (2.1)) con-
tains suitable “minimizers”, we require to impose semi-continuity and inf-
compactness conditions on the SMCM.

Definition (2.8). A real valued function on ¥ is said to be inf-compact on %
if the set {a € A(z) : v(z,a) < r} is compact for every z € X and r € R.

ASSUMPTION (2.9). a. Both D(z,a)and d(z, a) belong to L(¥) +, and D(x, a)
is inf-compact on K.
b. The transition law Q is weakly continuous, i.e., the function

o'z, a) = / v(@)Qdy|e, @)

is bounded and continuous in (z,a) € K for each bounded and continuous
function von X.

c. F(t|z,a,y) is continuous in (z,a) € K foreach y € X and it € R.

d. For each v € L(X)4, the function v*(z) := inf ,¢ o) v(z, a) is Ls.c. on X.

REMARK (2.10). Assumption (2.9)d) holdsife.g. the multifunctionz — A(x)
is upper semicontinuous, and A(x) is compact for every z € X ([9], Proposition
10.2), or if v is inf-compact and the multifunction x — A*(z) := {a € A(z) :
v*(z) = vz, a)} is lower semicontinuous ([6], Lemma 3.2 ().

ProOPOSITION (2.11).  If Assumption (2.9) holds, then

a. H(t|z,a) is continuous in (z,a) € K for each t € R.
b. The functions 1,(z,a) and A,(x,a) are continuous in (z,a) € K.
c. Culz,a)isin L(X)+ and it is inf-compact on XK. E

Proof: a. follows from Proposition 14.2 in [9]. b) and ¢) can be obtained
using the same arguments provided in Proposition 4.2 in [12]. B
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Measurable selection lemma

LeMMA (2.12). a. If v is inf-compact, l.s.c. and bounded from below on ¥,
then the function v* (defined in Assumption (2.9)d) is measurable, and there
exists f € F such that

v*(z) = v(z, f(z)) Vz € X.
b. If Assumption (2.9) holds and p € L(X), then the function
p*(z) := inf{Cy(z,a) + Aa(x,a)/u(y)Q(dylx, a)}

belongs to L(X),, and there exists f € ¥ such that

(@) = Calz, F(2) + An(z, @) / WW)QUylz, f@) Vo e X.

Proof: Part a. follows from Corollary 4.3 in [7]. To prove b), observe that,
from Assumption (2.9)b. and Proposition (2.11)b.-c., the function

(z,a) = Culz,a) + Ax(z,a) / pyQdy|z, a)

is nonnegative, l.s.c. and inf-compact on #. Thus, using a. and Assump-
tion (2.9)d., we obtain b. E

3. The optimality equation

In this section we give conditions under which V,(z) is the (pointwise)
minimal function in L(X), that satisfies the so-called optimality equation
(OE)

B Vel = _inf {Cale,) + Aa(z,0) / Va)QUylz, @)}, s € X,

and there exists f* € & such that V(f*, z) = V,(z) —see Theorem 3.3.

Definition (3.1). For y € M(X),, define the function Tpon X by

Tulr) = aér}‘f('m)[C’a(x, a) + Aa(m,a)/u(y)Q(dy|z, a)l.

REMARK (3.2). a. The OE (3.1) can be written as V,(z) = TV, (z).

b. By Lemma (2.12)b, if Assumption (2.9) holds, then 7 maps L(X), into
itsef.
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We also consider the seguence {v,} of value iteration functions defined
recursively by:

Vo = 0
vpiz) 1= To,_1(z) = érfllf(' ){Ca(.’r, a) + Ay(z, a)/vn—l(y)Q(dylx: a)} forn > 1.

By Remark (3.2)b, if Assumption (2.9) holds, then v, € L(X)4, Vn > 0. If
z € X and 7 € Il we have:

(@) < / Co(, a)m(dalz) + / Az, ) / vn1(21)Q(dz1 |z, a)(dalz)
A A

and iteration of this inequality yields
3.2 ) vn(@) < Va(m,2)

where V,,(r, z) 1s the o-discounted cost until the n!* transition (see Remark
2.7(b)).

THEGREM (3.3:. If Assumptions (2.4) and (2.9)> hold and V,(z) < oo for
every z € X, then:

a. v, TV

b. V, is the minimal (pointwise) function in L(X) + that satisfies the OFE (3.1),
ie Vo =TV, :

c. There exists a stationary policy f, € % such that f,(x) minimizes the
right-hand side of (3.1) forall x € X, i.e.

83)  Va@ = Ca(®@, fal@)) + Au(z, fa(@)) / Va)Q(dyle, fal@))

and f, is a-optimal. Conversely, if f, € ¥ is an optimal stationary policy,
then it satisfies (3.3).

d. If m* is a policy such that V,(r*,z) € L(X)+ and it satisfies the OE and
the condition

(3.4) lim ET[ASV,(r*,2,)] =0 forallz € X ,n eI,

then 7* is a-optimal, i.e. V,(n*,.) = Vo(). (See Remark 2.7(c) for the
definition of A%)

To prove Theorem (3.3) we need the next lemma.
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LEMMA (3.4). Under the Hypothesis of Theorem (3.3),
a. If v € L(X), satisfies v > Tw, then v > V.
b. If v is @ measurable function on X, such that Tv is well defined and is
such that v < Tv and
lim EJ[ASv(z,)]=0 Vz,,
n—0o0
then v < V,.

Proof a) If v > T, then, by Lemma (2.12)b, there exists f € % such that:

v(@) > Ca(z, f@) + Aoz, @) / v@)Q (dylz, f(@)).

Iterating this inequality we obtain

v(z) > Ef [Ca (2o, f(zo)) +1§Aa (z0, f(@0))- - -BalEr—1, F@k-1))Ca (k, f($k)):|
+ Ef[Aa(zo, f(z0)) k=1 Ag(@n_1, f(@n_1))v(z,)]
and, since v > 0, we have
v(z) > Vo(f,z) VneN.
Letting n — oo we obtain

v(z) > V(f,z) > Vol(x).

b.IfzreX,rellandn=20,1,2...,then by Remark (2.3)b,

BETAZ 110G+l hn,an] = A% [ 0)Qplz, o)
= A%[Cu(zp,a,) + Ao(Tp,an) /v(y)Q(dylmn, ap) — Colp, an)l
> Allv(zy,) — Co(Ty, an)] (by the hyphotesis Tv > v).
Hence
3.5) ASCo(@n, an) > —EZ[AS 1v(Tpe1) — Agv(w;)lhn, anl.
Taking expectations E7(.) in (3.5) and summing overn = 0,1,...,t— 1, we

obtain
Vi, z) > v(x) — EZ[Afv(x,)]
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Letting t — oo in the latter inequality, we obtain V (r, z) > v(z). Thus, since
 was arbitrary, V,(z) > v(z). =

Proof of Theorem (3.3) a.-b. Clearly, the operator T: L(X), — L(X).
is monotone, i.e. v > wu implies Tv > Twu. This implies that, {v,} is a
nondecreasing sequence in L(X), and, therefore, there exists u € L(X), such
that v, T p. By the Monotone Convergence Theorem we obtain

Colz,0) + Ax(z,a) / Un—1®)Qdy|z,a) T Colz, a) + Ax(z, a) / p(y)Q(dy|z, a)

and by Lemma 2.7(c) in [5] it follows that lim,, .. Tv,—1(z) = T'u(z). Hence,
u="Tu,ie p(e L(X);) satisfies the OE.

Now we prove that y = V,,. By Lemma (3.4)a it follows that ;1 > V,, and by
(3.2), we obtain

vp(x) < Vp(m,z) < Vi, ) - Vn, m, oz
Letting n — oo we get
wz) < Vim,x) Vrell, ze X.

and hence
) < Vo).

We have thus shown that p = V.

To prove b, we note that, if 4’ € L(X), satisfies ' = T/, then Lemma (3.4)a
yields p' > V,.

c. By Lemma (2.12), there exists f, € ¥ that satisfies (3.3). Iterating (3.3)
we obtain:

N
Va(@) = Bf*[Cal(zo,00) + ) AZCa(@n, an)] + EI*[Afr41Va(@n+1)]
n=0
> VN(fo, T) VN =1,2,...,
and letting N — o0, Vo(z) > V(fa, ). Since the reverse inequality trivially
holds (see Definition (2.6)b) it follows that V,(z) = V(f4,z). The converse

follows from the fact that, for any stationary policy f € %, V({,.) satisfies (by
the Markov property (Remark (2.3)b) and Remark (2.7)a)

V(f,z) = Colz, f(@) + Ax(z, f(:c))/V(f, ¥Qdy|z, f(z))

d. Apply Lemma (3.4)b to obtain V,,(z) > V(r*, z). B
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Sufficient conditions for (3.4).
Throughout the following the Assumptions (2.4) and (2.9) are supposed to
hold and V,(z) < co Vz € X.
We denote by Cy, C1, Co and C3 the next conditions:
Co: Culz,a) is bounded on XK.

C1: There exists a number m > 0 and a nonnegative measurable function
w(.) on X such that for all (z,a) € %,
1. Cu(z,a) < mw(z).
2. fw@Qdy|z,a) < w(x).

Cy : Clx) := 32, Ci(z) < 00 Vz € X, where

Ci(z) := sup Au(z,a) [ Ci—1(¥)Q(dy|z,a)
a€A(z)

fort =1,2,... and Co(z) := sup,e 4(z) Calz, a)
Cs: limy oo EZ[ASV (1!, 2,)] =0V, 7' €11, z € X.

THEOREM (3.5). a. C;implies C;j+1 (i = 0,1,2) and Cs implies (3.4). Hence:
b. If C; holds for any i = 0, 1, 2, 3, then the policy ©* is optimal if and only
if V(r*,.) is in L(X), and satisfies the OE.

Proof: a. Cp = C;. Let m > 0 be any upper bound for C,(z,a) and
w()=1.

C1 = (5. By an induction argument, we can show that
Ci(@) < Atmw(z) VzeX, t=0,1,2...
where A, = supy; Ay (z,a) (< 1, see Lemma (2.5)1). Thus

mw(z)

Cl) < 1-A.

Cy = Cs. Let m € I1, z € X be arbitrary. We will first show that
3.6) Vir,z) < C(z).

Observe that, from Remark (2.3)b,

E:[Agco(zn)lhn—laan—ll = Ag_lAa(mn—laan—-l)/CO(y,)Q(dylmn—lyan—l)
<AL _1Ci1(@n-1).

Taking expectations we obtain,

EZ[A;Co(zn)] < E[AY_1Ci(zn-1)]



SEMI-MARKOV MODELS WITH DISCOUNTED UNBOUNDED COSTS 61

and using the same argument,

EZ[ALCo(zn)] < EZIAL_1C1(zn-1)] < ...
3.7 < EZ[ATCno1(z)] < EZ[Cp(z0)] = Cp(z), n2>1

From (3.7) and the fact that C,(z,, a,) < Coiz,),

EZ[A7 Co(@n, an)] < EZ[AL Co(zn)] < Crlz),
which implies (3.6). Now, if 7, ' are two arbitrary policies,
(3.8) EI[ASV (', z,)] < EZ[ASC(z)].

Moreover,
BEIAZC G -t ani] = A3 [ 3 Cy)Qylon-1,0n-0)
t=0
=22, S Bal@nct,an) f Ci)Qdy|on—1, an_1)
=0

<A1 Coi@n1).
t=0

Hence, taking expectation E7,

ETIAZC(z)] < EZIAS 1Y Crar(@n D1 < ...
t=0

< B> Coanl@)] = Y Crin(®)
t=0

=0
This in turn yields
EJIAV (G 2n)] < Y Cil) — 0
t=n
when n — oo since C(z) is finite.

b. Follows from a) and Theorem (3.3)b, d. B

4. Approximations

In this section, we consider other types of approximations to the optimal
cost function V,, different to the one used in the Theorem (3.3)a.
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a. Infinite horizon problems with bounded costs.

Let D™(z,a), d*(z,a) (n = 0,1,2...) be nonnegative, bounded, l.s.c., and
inf-compact functions on ¥, such that D™ 1 D, d"* 1 d.

Now, instead of (2.1), consider the cost-per-stage function
Cl(z,a) := D™(z,a) + 1o(z,a)d"(z,a)

and for z € X and 7 € II define the corresponding cost functions

(4.1) Un(r,2) := ET Y _ exp(—aT})Cl(zk, ax)
k=0
4.2) Up(x) := iI;f Up(r,x)

For all v € L(X); we define the function T,,v by
(4.3) Too(x) = éT(' ){Cg(x,a) + Ay (x, a)/v(y)Q(dy[a:,a)}

REMARK (4.1). If C, is replaced by C7, then (Theorem (3.3)b) the optimal
cost function U, (z) is the unique bounded function in L(X),; which satisfies

(4.4) U, =T,U, Vn.
The uniqueness follows from Lemma (3.4).
PROPOSITION (4.2). The sequence {U,} is monotone increasing and con-

verges to V,.

Proof: Since C% 1 C,, we have that {U,, } is an increasing sequence in L(X)
and therefore there exists a function p € L(X)4 such that U, 1 u. Moreover,
by Lemma 2.7(c) in [5] and letting n — oo in 4.4 we obtain that p = Ty and
hence p > V,, (see Theorem 3.3 (b)). On the other hand U,, < V,, Vn (see 4.2)
so that p < V,. Thus, p = V,, 1.e. U, T V. B

b. Recursive bounded costs

Let T, be as in (4.3) and let {y,} be the sequence defined recursively by

po =0
Hn = Ipfn—1, n>1

ie.
pn () = aérif('m){();‘(r,a) + Aa(m,a)/un_1(y)Q(dylx, a)}.
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PROPOSITION (4.3). The sequence {u,} is monotone increasing and con-
verges to V.

Proof. By analogous arguments to those used in the proof of Proposi-
tion (4.2), we get v > Vi, where v := lim yu,. On the other hand, u,(z) <
Vo(m, ) for each m € I1, z € X (see (3.2)). Hence, u,(z) < V(r,z) and there-
fore v(z) < V(). Thus, p, T V. B

Policy iteration

To begin, observe that if f € ¥ is a stationary policy and z € X, then

@5 V(,0) = Ca(s, f@) + Aalo, /@) [V 1)Q s, 1)

(see the proof of Theorem (3.3)c)
Let fo € % be a stationary policy with finite-valued discounted cost
V(fo,.) := wo(.) € L(X)+. Then, by (4.5),

(4.6) wo(z) = Ca(z, fol@) + Aa(z, fol) /wo(y)Q(dylx,fo(:c)) Vz € X.

If T is the operator in Definition (3.1), then by Lemma (2.12), there exists
f1 € % such that:

4.7 Ca(z, f1(2)) + Aoz, f1(2)) / wo(Q(dylz, f1(x)) = Two(z).

Write wi1(.) = V(f1,.). In general, given f, € %, suppose that w,() :=
V(fn,.) € L(X)4, and let f,+; € ¥F such that

(4.8) Ca(x)fn+1($)) + Aq (zafn+1(37)) /wn(y)Q(dylxvfn-i-l(x)) = Twn(x)
= min [Cy(z,a) + Ay(z,a) | w,(YQdy|z,a).
a€A(z)

PROPOSITION (4.4). Thereexistsw € M(X), suchthatw, | w,and Tw = w.
If, moreover, w satisfies

4.9) lim ET[ASw(z,)]=0 Vre X, mell,

then w = V.

Proof. We will first show that {w,} is a decreasing sequence. From (4.6)
and (4.7),

wo(@) > Co(z, f1(@)) + Au(z, f1(2) /wo(y)Q(dylw1,f1(x)).
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Iterating the inequality we obtain:
wo(z) > V(f1,z) =wi(z)  (see the proof of Lemma (3.4)a).
By a similar argument we obtain
(4.10) wp > Twp > Whstt, forn=1,2,...
Hence, there exists a function w € M(X), such that
wn |l w
Since wy () > V4() Vn, we have
(4.11) w >V,
Now, as is well known (see e.g. Lemma 3.3 in [6]), if h,,: X — R satisfies hy, | h,

then

lim inf h,(z,a)= 1nf h(z,a).
n—00 g€ A(x) a€A(z)

Thus, applying this result to (4.10), we get

w>Tw>w
and therefore,
w=Tw
If w satisfies (4.9), then Lemma (3.4)b yields w < V,, and, by 4.11, we obtain
w = Va. . B

5. Other optimality criteria and asymptotic optimality

Recall that Assumptions (2.4) and (2.9) are supposed to hold and V,(z) <
00,Vz € X. Consider the function ®: X — R defined by

®(3,0) = Co(z, ) + Au(z, @) / Va()Q(dy|z, @) — V(@)

and observe that ® is a nonnegative l.s.c. function and the OE (3.1) can be
written as ,
min ®(z,a) =

a€A(z)

Moreover, Vr € [Tand z € X,

(5.1 CD(a:n,an) EW[C (wnvan) + Aa(xnaan)va($n+l) —Va (fl/'n)‘hnaan]
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This follows from Remark (2.3)b and the properties of conditional expecta-
tions.

Let {M,,} be the sequence defined by My := V,(zo)

n—1
(5.2) My =) A#Calzs,a0) + ASVa(z,)  forn=1,2,...
t=0

and let {U,} be the sequence given by

o0
(5.3) Up:=» AZ,Calzr,a) n=0,1,2,...

t=n

where A, = HZ;}lAa(xk, ag) fort >nand A, = 1.
From Remark (2.7)c. and (5.3) we have

(5.4) V(r,z) = Valr, ©) + ET[ASU,].
Using (5.2), (5.3) and (5.4) we can also write V(r, z) as

55 Vi) = BX(My) + ETASUn — Va(za)]  forn=0,1,2,...
THEOREM (5.1). Let 7 be a policy such that V(r,z) < oo Vz € X. Then the

following statements are equivalent:

a. 7 is an optimal policy

b. ET(A2U,) = ET(A2V (z,)) V2, n=0,1,2, ...
c. EX®(zp,a,) =0Vn, z

d. {M,} is a PT-martingale Vz.

To prove this theorem, we need the following result:

LeEMMA (5.2). Let 7 be a policy such that V(r,z) < co Vz € X. Then:

a. 2 ET[As®(xs,04)] = EF[AS (U, — Volz D] forn>1
@’ Yo, ET[AS @ (2, a1)] = EX(Uy, — Vial(zn))
b. ET[A%U,] > EF[ASVy(z,) forn=0,1,2, ...

Proof: First we prove that ET[A%V,(z,,)] — 0 as m — co. From (5.4),
ET[A2U,] — 0 and by the properties of conditional probability we have

EZ AR UR] = EZ[EZ AR Unlhm, am]]=E;'[A$‘nE§[ZAm,tCa(wt, a)|hm, amll

t=m

= EJIALE;T0Y | AmiCal@e, a)] > EFIAL Valzm)] > 0

t=m
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where m(m) is the “m-shifted policy” (see [2] pp. 5-6).
Now, by (56.1), for n > 1 we have:

> EIIAf (x4, a,)]

t=n

= ET{A{ET(Ca(as, ar) + Aa(@s, an)Val@ss1) — Valzo)|he, arl}

t=n
(oo} (o 0]

=Y EIASAZ Cole,a0) + Y ErIAL Val@es1) — AfValzy)]
t=n t=n

= EZ[ARUL] — EZ[AZVo(zn)]

This proves a. The proof of a’. is analogous, and b. follows from a. since
®(.,.) >0and A,(,.) > 0. [

We also need the following result
LeMmMA (6.3). Forany w € and xz € X, {M,} is a PT-submartingale, i.e.
E7(Mpq1|hn) > M, Pl —a.s. Vn.
Therefore,

(5.6) EfMpe1 > ETMy >+ > EfMy = Vo(z)  Vn.

Proof: From (5.2), forn > 1,
Mpi1 =M, + AS[Co(@n,ar) + Ao(Zn, 00) Vo (Zni1) — Vo lzn)l
Therefore, by properties of conditional expectations,
6.7 ET (Mps+1|hn) = M, + EZ[IAS®(zp, an)|hn]l > M,. B

Proof of Theorem (5.1).a. = b. If v is an optimal policy, then V (r, z) = V,(z)
and from (5.5) and Lemma 5.3,

Va(x) = E:Mn + E;;r [Az(Un - Va(xn))]
> Va(m) + E;[Aﬁ (Un - Va(mn))]

Thus b. follows from Lemma (5.2).c.

b. = a. Taken = 0.
b. = c. From Lemma (5.2)a, ET (A2®(z,,, a,)) = 0 and since A,(.,.) >0,

El®(z,,a,) =0 Vn
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¢. = b. Follows from Lemma (5.2).a’.
The equivalence of c. and d. follows from (5.7), A,(.,.) > 0, ® > 0 and the
properties of conditional expectations. B

To finish this section, we briefly discuss the notion of asymptotic optimal-
ity which was introduced in the analysis of adaptive control problems (see
[2,3,4,10]) and which allows us to say when a given policy is close to being
optimal.

For z € X and 7 € II, we write V™(r,z) = ETU,.

Definition (5.4). A policy = € Il is said to be asymptotically discount optimal
(ADO) if for each z € X,

V™, z) — ET Vo(zy,) — 0 asn — oo

THEOREM (5.5). Let 7 € Il be such that V(r, 1) < oo for each v € X. Then
the following statements are equivalent

a. mis ADO
b. lim, oo {Y pon, EaAn:®(zs,a:)} =0
c. For every x € X, ET®(x,,a,) = 0asn — 0.

Proof. The equivalence of a) and b) follows from Lemma (5.2)a’., and the
equivalence of b. and c. is trivial. E

Observe that by Theorem (5.1).c. and Theorem (5.5).c., if a policy is optimal
then it is ADO. Also observe that if C,(z, a) is bounded, then Theorem (5.5).c.
is equivalent to: For each z € X, ®(z,, a,) — 0 in P -probability as n — oo.
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(1) The Lemma (3.1), page 50, should read as follows:

LEMMA (3.1). Let {c, : u=0,1,...} be a sequence of nonnegative numbers
and {b, : n = 0,1,...} a sequence of positive numbers such that

(3.8) limsupn~—1b, <1
n

Then

3.9 ]Jm sup(l B) Z B¢, < lim  sup b-1S,,
n=0

where S, = Yy ck,n=1,2,...,and S, = 0.

Proof. limsupn™1S, < (hm supb, ISn) (lim sup n—lbn)
n n n
< limsupb;'S,,.
n

Now, the inequality in (3.9) is an immediate consequence of the (Tauberian)
Theorem A.2 in [1].

(II) The constant M in Remark (3.2)(d), page 51, and ‘Assumption (5.1) (a),
page 53, should be equal to 1.

(II1) The line 13, page 51, should read as follows: if the condition in (3.8)
holds.





