
A NOTE ON H-SPACES 

BY FRANKLIN P. PETERSON 

1. Introduction 

Let (X, xo) be anH-space withmultiplication¢ 1 : (X XX, (x 0 , x0)) - (X, xo) 
such that xo is a homotopy-unit. Let ¢2 be another H-structure on (X, xo). 
It is known that the following three H-structures on (nX, x0 ) are homotopy
commutative and homotopy-equivalent to one another: 

rl<t>1, rl<t>2, iJ;:nx x nx - nx 
are defined by 

rlcpi(f, g)(t) ~ cp;(f(t), g(t)) 

and if; is multiplication of loops. In this note we give an example where ¢i: Xi X 
X; - Xi, for i = 1 and 2, are homotopy-commutative H-spaces and rlX1 is 
of the same homotopy type as rlX2 , but Q¢1 is not homotopy-equivalent to 
0¢2. 

2. The Example 

Let K(1r, n) be an Eilenberg-MacLane space of type 

(1r, n); i.e. 1ri(K(1r, n)) = 0 if i ;;6 n, and 1rn(K(1r, n)) = 1r. 

Eaqh K ( 1r, n) is a homotopy-commutative H-space with a unique multiplication. 
Our spaces Xi will have two non-vanishing homotopy groups. Let 

tn E Hn(K(Z, n); Z) 

denote the fundamental class. LetX1 = K(Z, 3) X K(Z, 5) and¢ 1:X1 X X1 -X1 
be the product multiplication. Let X 2 be the fibre space over K(Z, 3) with 
fibre K(Z, 5) and with k-invariant 

il*Sq2(,a) = (ia)2eH 6(K(Z,3);Z), 

where il* is the Bockstein operation associated to the exact coefficient sequence 

rJ o-z-z-z2-o 
If O eHq(K(1r, n); G), let 10 eHq- 1(K(1r, n - 1); G) denote the suspension of 
0. Thenil*Sq 2(, 3) = 1(1(o*Sq2(,s))), whereo*Sq 2(, 5) eH 8(K(Z, 5); Z). Hence 
X 2 has a homotopy-commutative multiplication because X2 = n2Y, where Y 
has k-invariant o* Sq2( is). Call this multiplication ¢2 . Furthermore, OX1 = 
K(Z, 2) X K(Z, 4), and nX2 is of the same homotopy type as rlX1 because 
1(o*Sq2(,a)) = 0. 

Let -1; = (rl¢;)*:H*(DX;) - H*(fJX; X rlX;). In order to show that rl¢1 
and Q¢2 are not homotopy equivalent, we shall show that .11 ;;6 -12 . 

30 



A NOTE ON H-SPACES 31 

3 . .li2 

Let us first study H*(X2). Let p:X2-. K(Z, 3) and i:K(Z, 5)-. X2 be the 
projection onto the base and injection of the fibre respectively. By considering 
the cohomology spectral sequence of this fibre space, we see that d5( ,5) = 
ii* Sq2( ,3). Hence d5(2,5) = 0, and there exists an element u e H 6(X2) such that 
i*(u) = 2,5. Furthermore, H5(X2) is the infinite cyclic group generated by u. 
Let 7/ denote reduction mod 2. Then TJ(u) = p*(Sq 2(, 3)), as TJ(u) is the only 
non-zero element in H6(X2; Z2), and p*(Sq 2(,3)) F 0. 

Consider now the fibre space 

OK(Z, 5) = K(Z, 4) _2_ OX2 _:1!.__,, OK(Z, 3) = K(Z, 2) 

Since 1u e H4(0X2) is a suspension, .ii2(1u) = 1u ® 1 + 1 ® 1u. Also, (1i)*(1u) = 
1(i*( u)) = 2(\5) = 2,4. Since 

0-. H 4(K(Z, 2)) (1p)* H4(0X2) ~ H 4(K(Z, 4))-. 0 

is exact, and H'(K(Z, 2)) = Zand H 4(K(Z, 4)) = Z, we have that either 1u 
is divisible by 2 or 1u + (1p)*(,:) is divisible by 2. However TJCu) = 1(7/(u)) = 

(1p )*(Sq 2 ( ,2)) F 0, thus 1u is not divisible by 2. Define v = 
½Cu+ (1p)*(,:)) e H4(0X2). For notational sake, let y = (1p)*(,2); i.e. v = 
½Cu + y2). Clearly, /J.-2(y) = y ® 1 + 1 ® y, and thus A2(y2) = 

(y ® 1 + 1 ® y )2 = y2 ® 1 + 2y ® y + 1 ® y2. Thus, compu~ing with ra
tional coefficients, we have 

A2(v) = ½Cu) ® 1 + 1 ® ½Cu) + ½(y2) ® 1 + ½(2y ® y) + 1 ® ½(y2) 

= V @ 1 + y @ y + 1 @ V. 

Thus TJ(v) e H'(OX2; Z2) is not primitive. 
Consider OX1 = K(Z, 2) X K(Z, 4). TJ(,;) and 1J(t4) are the two generators 

ofH4(nX1 ;Z2).NotethatA1(1J(,4)) = TJ(,4) ® 1 + 1 ® TJ(,4),and.li1(1J(,:)) = 
[TJ(,2) ® 1 + 1 ® TJ(,2)]2 = 1J(i2)2 ® 1 + 1 ® TJ(,2)2. Thus every element of 
H4(0X1 ; Z2) is primitive and A1 F .li2. 

MASSACHUSETTS INSTITUTE OF TECHNOLOGY 




