NOTE ON A THEOREM OF SUGAWARA

By Grorge W. WHITEHEAD

1. Sugawara [8] has proved that, if X is an H-space, then there is a fibre map
p:E — B whose fibre F' is of the same weak homotopy type' as X and is con-
tractible in E, while & and B have the same weak homotopy type, respectively,
as the join X % X and the suspension S(X).” A similar theorem, using the no-
tion of quasi-fibration, has been proved by Dold and Lashof {3].

The object of this note is to point out a simple proof of the semi-simplicial
analogue of Sugawara’s theorem, from which the latter then follows by standard
techniques using Milnor’s notion [5] of realization. Specifically, we shall prove:

TarEOREM 1. If X 48 an H-complex, then there is a twisted cartesian product
(X, BE(X), T(X)) such that X is contractible in T(X).

TaEOREM 2. If X 1s a reqular H-complex, then the projection w:T(X) — E(X)
18 a semi-stmplicial fibre map. The realizations | T(X)| and | E(X)| have the same
weak homotopy type (same homotopy type if X 1s countable) as | X | | X | and
S(| X |) respectively.

Cororrary 1. If X s a connecled minimal H-complex, then the conclusions of
Theorem 2 hold; in addition « ©s a mingmal fibre map.

CoRoOLLARY 2. If X 15 a 0-connected H-space all of whose homat(;py groups are
countable, then there is a fibre bundle (E, S(X), p) whose fibre X has the same weak
homotopy type as X and is contractible in T.

In general, the terminology used here will follow that of [7] (cf. also [1, 2], as
well as the forthcoming book by D. M. Kan). The author is indebted to P. J.
Hilton and J. C. Moore for many stimulating discussions.

2. By “complex’ we shall mean a semi-simplicial complex X with base point
e; e is a vertex of X, and we let e, = sfe ¢ X,. Let 71, %:X — X X X be the
semi-simplicial maps defined by

’Ll(x) = (x7 eq); 7/2(33) = (eQ7 x) (x S Xq)

An H-complex is a complex (X, e), together with a map u:X X X — X such
that pui; = wis: X C X; equivalently, (X, ¢) is an H-complex if and only if each
X, has a multiplication with identity e, such that all face and degeneracy opera-

tors are homomorphisms. The H-complex X will be called {Z?h t}—regular if and

only if, for each a € X, , the map {:; : ZZ} is a one-to-one map of X, onto X, .

1 Two spaces X and Y have the same weak homotopy type if and only if there is a space
Z and maps :Z — X, g:Z — Y such that fx and g4 induce isomorphisms of the homotopy
groups in all dimensions. ‘

2 This is a slight distortion of Sugawara’s theorem, but it is easily deduced from it.
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Furthermore, X is called regular if and only if X is both left- and right-regular.
Lvery left-regular H-complex: is a Kan complex; in fact Moore’s proof (2, 7] of the
corresponding fact for group complexes holds without essential change.

Let (X, ) be an H-complex. Imitating the W-construction [7] associated with
a monoid complex, we define, for each ¢ > 0, a set W, by

W,=X;X -+ X Xo.

Furthermore, let 8;: W, — W, ,s:W,— W,z (i =0, -+, q) be the maps
defined by

iy, = oy o) = (0, =+, O1geir1 s (O0%g—s) Tg—i1, Tyima, *** , To)
$i(Tgy v, ) = (S®Tg,y * "y SoTgeiy CqiyTgoiiy =" 5 L),
We verify that all the semi-simplicial identities are satisfied, except that
9:0i41(Zq, *+ , Xo)
= (852, -+, 01%q iy, (00%g i) ((O0Tqmiot) *Tgis), Ta—izs, * =+ , To),
35(%7 )
= (6§xq e, 01gmiv ((6§xq_i) (00%gmi-1)) Tgo1-2 , Ta—ieg, ="+ , To).

Define s: W, — W, by

s(Tg, -, @) = (g41,Tq, -+ , To)

Theﬁ -

dos = identity, d;p18 = sd; for 1 = 0,

08 = &, S;p18 = ss; for ¢ = 0.
Define ¢: X, — W, by

iW(z) = (2, €01, ~**,€0);
then
19; = 9, is; = sj for all 7.

Thus W fails to be a contractible semi-simplicial complex containing X be-
cause of the non-associativity of the multiplication in X.

Let Ty = {(2g, -+, m) € Wg|x: = e; for at most one ¢ with 0 £ 7 < ¢}.
Then 9,7y C Tqs, 8T¢ © Tor1, and 8:0:1 | Ty = 87 | T, . Moreover si(X,) C
T,41. Hence T is a semi-simplicial complex containing X, and X is contractible
in T.

Let E(X) be the suspension of X in the sense of Milnor [7], and
define 7: T — E(X) by

g—i—1 N
W<xq,€q_1,"',6¢+1,5€i,€i_1,"',60)=So Ea’iy
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then  is a semi-simplicial map; in fact, if z; = e; for all j such that 7 = j < g¢,
then

8m(Tq, =+, o) = w9 (T, * -+, To)
8B g (J2qg—1),
= <s§ " "Eu; (t<q¢g—1,7=q—1i—1),
be1 (j=0,0=gqg—1);

sim(Lg, =+, @) = w8j(Zq, -+ , Xo)
s§ T Bsiqyits (Jzq—1),
B {sﬁ"iE’xi (3 <gqg—1).

Define f:X X E(X) — T by
f(x7 sEEy) = (x’ €g—1, """ , €0, Y, €q—i—2, """, 60) (x € Xq » Y € Xq—i—l)-
Then 6;f = fa;for ¢ > 0, s;f = fs;for ¢z = 0, while

. (aw,e—y"')e—’i)ghe——i—7"'76) (Z>O)
aofu,swy):{ o N ° )

((aow)y; €g—2, * " 7e0) (Z = O)

. (aox,e_,-'-,e_i,y,e_i_,---,e) (Z>O)
fao<x,szEy>={ TeopnEmRAER A

(any €g—2, " 760) : (Z =0).

Hence 7foo(z, siBy) = do(stEy), so that (X, E(X), T) is a twisted cartesian
product. This proves Theorem 1.

We remark that we may use the map f to identify T, with X, X E, (X);
then the formulas for the face and degeneracy operators become

: (doz, dosolly) if i > 0,

ao(xy soEy) = op .
((02)y, b) if £ = 0;
9i(z, u) = (9;@, dju) ifj > 0;
si(w, u) = (s, s;u) ifj=0

b

while = becomes the projection on the second factor.

‘We now prove Theorem 2 by showing that = is a semi-simplicial fiber map. Let
2 = s¢By € EBg1(X), so that y € X,_;, andletz; € X, (0 #k,0<i<qg+ 1)
such that, if ¢; = (x;, 9:2), then d#; = 9;¢; for all %, j such that 7 < 7,
1 % k £ j. We must prove the existence of ¢ € Ty such that ¢ = ¢; for
1 % k, 7(t) = z; t must have the form (z, z) for some 2 € X441 .

Case I. (I = 0,k > 0): The above conditions on the d:; become

(00:) (9im1y) = 9120 0<2#k),
di; = 9;x; (0 <2 <jJ,%# k # 7).
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Let zo be the element of X, such that zoy = o . Then if 0 < 7 # Fk,

(9:10) (35xy) = Bia(Toy) = Biago = (0e2:) (iy)
and therefore

diiTo = s .
Hence o, 1, -+ , Tt , Togr, =« , Zq41 satisfy the Kan consistency condi-
tions, and therefore there is an z € X441 such that
o = z0, 0T = ;i - (0<i#%k).

Then
60(x7 Z) = ((6090)y, bq) = (95(,).% bQ) = (x07 bq) =1
9, 2) = (9., dz) = (xs, 02) = 1; 0<i=k)

and therefore ¢ = (2, 2) is the desired element.
Case II. (I = 1,k > 0): Our conditions become

(3o0)y = (dom1)y,
Ool; = 35.1%0 (]. <1 # k),
0:;x; = 0;%; 0 <i<yg,i#=ks=j).

Hence doxo = dox1 and therefore the x; satisfy the Kan consistency conditions.
Therefore we can choose z € X, such that 9,0 = z; for 7 % k, and it again
follows that d.(x, 2) = t; for ¢ = k.

The remaining cases (I = k = 0;1 = 1,k = 0;1 > 1) are trivial, since, for
all simplexes involved, T behaves like an ordinary (non-twisted) cartesian
product.

We complete the proof of Theorem 2 by examining the realization | 7' | of
T [5]. Let Cq be the subset of W, consisting of all sequences of the form
(g, *** ,€i41,%, i1, "+, 60); then C is a subcomplex of T containing X;
clearly s(C) C €, so that C is contractible. In fact, it is easily verified that
| ¢'| is homeomorphic with the (reduced) cone® C (l X |) over | X | under a map
which sends the point

<|z, t], s> € C(|X]|) (z€ X,,t€ A, scl)
into the point

[(eq+1:$;eq—17 760):t'l € |C|7
where ¢ has barycentric coordinates (¢, --- , ¢,), and ¢’ € A" has barycentric
coordinates (1 — s, sty, + -, stq).

Define g:X X C — T by
g(x;x417 7x0) = (:L‘Zq,il?q_l, e ,.’Eo);

3 The reduced cone C(Y) over a space (Y, e) is the quotient space Y X I/(e X Iu Y X 0);
the image of the point (y, ¢) in C(Y) is <y, t>.
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g is a semi-simplicial map of X X Conto Tand g '(C) = X Vv C U X x X,
while ¢ maps simplexes of X X C not belonging to X V CU X X X in a one-
to-one way onto the simplexes of T not belonging to €. Hence g induces an iso-
morphism

X XC/XVCOCUXx X~T/C.

Let X # C be the reduced join X X C/X Vv C; clearly the image of X X X
in X ¥ Cis X ¥ X, and we have

XXC/XVCOUXXX~X ¥%C/X % X.

But X # C/X % X is easily seen to be isomorphic with X # (C/X). On the
other hand, the restriction p’ to C induces an isomorphism of /X onto E(X).
Thus

T/C ~ X % E(X).

Now | C'| is contractible, and | T/C | = | T |/| C |; hence | T | has the same
homotopy type as | T/C|. On the other hand, the spaces | X % E(X)| and
| X | % | E(X)|have the same weak homotopy type. Finally, | E(X)| = S(| X|)
and therefore | X | % |E(X)| = | X | # S(|X|) = S(|X| # | X|), and the
latter space has the same weak homotopy type as | X | # | X |. Hence | T | has
the same weak homotopy type as | X | * | X |. This completes the proof of
Theorem 2. ) ‘

Corollary 1, except for the minimality of =, follows from Lemma 2, below.
The easy proof that = is minimal if X is minimal is left to the reader. '

To prove Corollary 2, let M be a minimal subcomplex of the total singular
complex S(X) of X such that the base-point ¢ of X is a vertex of M. Since X is
an H-space, S(X) is an H-complex; since M is a deformation retract of S(X),
M is an H-complex. Let X = | M |; then =:T(M) — E(M) is a minimal fibre
map; by Proposition 2.2 of [1], (T(M), E(M), =) is a semi-simplicial fibre
bundle. According to an unpublished theorem of M. G. Barratt, E(M) has a
simplicial subdivision K; since the homotopy groups of X are countable, M and
K are countable. By Corollary 5.6 of [1], the induced bundle over the star of
every vertex of K is a product bundle. Passing to the realizations, we deduce
that the restriction of | 7 | to the star of each vertex of | K | is the projection of
a product bundle. Hence (| T(M)|, | K|, | =) is a fibre bundle. (Note: the
countability hypothesis on X was needed to ensure that the realization of the
product is the product of the realizations).

3. Some remarks on minimal complexes

We shall need some facts about obstruction theory in Kan complexes; for
details the reader is referred to the forthcoming book by D. Kan.

Let X be a Kan complex; for simplicity we assume that X has only one vertex.
Two simplexes 2, y € X, are called compatible if and only if 9,z = a;y for all 7,
With each ordered pair z, y of compatible n-simplexes there is associated a
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separation element d"(x, y) € w.(X). The separation element has the following
properties:

1) d"(z, z) = 0;

2) d"(z,y) + d"(y, 2) = d"(z, 2);

3) givenz € X, , a € m,(X), there exists y € X, such that d"(z, y) = «;

4) if x, y € X,41are such that 9,0,2 = 9.9,y for all ¢, 7 and if X is n-simple,
then > 4 (=1)'d™(9s, dy) = 0;

5) if X is minimal, d"(z, y) = 0, then z = y.

Lemma 1. Let X be a Kan H-complex with only one vertex. Let a, 21, 75 € X,
and suppose x, and x» are compatible. Then d"(axy , axe:) = d"(x1, 22).

Proor. We first show that, if 0 £ ¢ £ n — 1, then d"((s:9:a)21, (5:0:0)72) =
d"(azx,, axs). Let wp = (sima)(saxe) (k= 1, 2). Hence

((5:0;0) (si19 i) (4 < 1),

(8:0:a) (J=1),

e = < axe G=1+1),
a(8:0:417%) (G =1+2),
(8i+10-1a) (8:9j-17k) G >1i+2).

It follows that dus = d;us unless j = 2 or j = ¢ 4+ 1, while
d;u1 and d;ue are compatible,
diyaua and 9;,3us are compatible.

Hence u, , us satisfy the conditions of 4) and therefore*
n+1

]420 (—=1)d"(9u , 8us)

(=A™ ((s:0:0)21 , (8:0:0)22) — d"(azy , azs)}.
Applying the above result for: = n — 1,n — 2, - -+, 0, we see that

0

I

d"(azxy, axs) = d"(a'z,, a'z1s),
where
a' = 80008101° * * Sp—10n10
= §00001" * *9n10 € s0Xo;

Since X has only one vertex, a’ = e, , and our conclusion follows.

4+ If X is an H-complex with multiplication u then | g | induces a function x’ on | X | X
| X | to | X | whose restriction to every compact set is continuous and such that p'é; =
r'is:] X | €| X |. In such a space all Whitehead products [, 8] vanish, and, in particular,
| X | is n-simple for every n. Hence if X is also a Kan complex, X is n-simple for every n.
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Lemma 2. Every connected minimal H-complex is regular.

Proor. We shall prove that X is left-regular; the proof that X is right-regular
is similar. Let a € X, ; we prove, by induction on 7, that left multiplication by
@ is a one-to-one mapping to X, onto itself. This is trivial if n = 0, for then
a = ¢g. Assume the result in dimensions less than z.

Let z, y € X, such that ax = ay. Then (d:0)(9:x) = d:;(ax) = d:;(ay) =
(9:a) (9:y); by the induction hypothesis d,x = .y for all 7, and therefore z, y
are compatible. But ax = ay and therefore d"(az, ay) = 0; by Lemma 1,
d"(z, y) = 0; by property 5), above, z = y.

Let y € X, . By the induction hypothesis, there exist 2; € X, (1 £ 7 < n)
such that (d:a)x; = d.y. Then if 7 < 7, we have

(3:d;0) (3:w;) = 9:((d,0)z;) = 8.5y,
(9:0;0) (8;14%:) = (9;110:0)(8;%:) = 9;((8:0)2:) = 9,0y = 9:9,Y,
and hence
(8:9;0) (dsw;) = (8:0;a)(9j12:);

by the induction hypothesis, d;x; = 9;-12; . By the Kan condition there exists
2" € X, such that 92" = z,for 1 < 7 < n. Then, if 7 > 0,

d:(ax’) = (0.0)(d:x') = (dia)x: = duy;

since X is minimal, do(az’) = duy; thus az’ and y are compatible, and o =
d"(ax’, y) is defined. Choose z € X, such that d"(z, e») = —a; thend"(2'2,2') =
—a. Let z = z'2z; then

d"(az, y) = d"(az, az’') + d"(az’, y)
=d"(z,2') + a = 0;

since X is minimal, ax = y. This completes the proof of Lemma 2.

Appendix

Let “Wp be the class of spaces with base points which have the same homotopy
type as a countable CW-complex [6]; all spaces considered here will be members
of Wp . It follows from the results of [6] that all the constructions made below
will not take us outside the class W .

THEOREM. The following conditions on a connected space X are eguivalent:
(1) X s an H-space;
(2) there are spaces Y and Z such that X X QY has the same homotopy
type as QZ;

(3) there is a fibration X' Ly & Z, where X' has the same homotopy type
as X and 1 s null-homotopic;
(4) X 7s dominated by QSX.
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Proor. We first recall the known fact: every space dominated by an H-space
18 an H-space. In fact, let X be an H-space and let f: X — Y, g: Y — X be maps
such that fg ~ 1. Let ix:X Vv X € X X X,

Xvx—% ,xxx—* ,x
fvfl [ng fxfl Tng f”g
YVY —% L, ¥VyXxVY Y

¢x:X V X — X the naturalmap (¢(zo, z) = ¢(x, 2s) = z), and let u: X X
X — X be the multiplication in X, so that uix ~ ¢x . Define u’:Y X ¥ — YV
by u' = fu(g X g); then u'iy = fu(g X g)iv = fuix(9 V ¢) ~fox(9 V g9) =
fgor =~ ¢y, and therefore Y is an H-space.

It follows that (2) = (1) and (4) = (1). That (1) = (3) is Sugawara’s
theorem. That (1) = (4) is due to James [4]. It remains to prove that (3) = (2).

We may safely assume that X = X’. Let h:X X I — Y be a null-homotopy
of ¢; then ph:X X I — Z defines a map #':X — QZ. The map p:Y — Z in-
duces a map Qp:QY — QZ. Let u:QZ X QZ — QZ be the usual multiplication:
of loops. Define f: X X QY — QZ by

= uW X 0p).

We claim that f is a homotopy equivalence.

. We may assume that ¥ and Z are O-connected. Let ¥, Z be the universal
covering spaces’ of Y, Z. Then p induces a map $:¥ — Z such that the square
in the diagram

T
// !LWY Jrz
X——i——*Ym——-—"Z

is commutative. Since ¢ is null-homotopic, there is a map i: X — ¥ such that
vl = 4, and 7 is homotopic to a map of X into the (discrete) fibre of =y ; since

X is connected, 7 is null-homotopic. It is easily verified that X L 7L Zisa
fibration. Hence we may assume that Y and Z are 1-connected; it follows that
QY and Q7 are O-connected.

Since all the spaces involved belong to Wy it suffices to prove that fx maps
the homotopy groups of X X QY isomorphically onto those of 2Z. This follows
immediately from the known direct sum decomposition

mi(Z) R mia(Y) & m(X)

5 Let X € W;and let W be a countable CW-complex, f: X — W a homotopy equivalence.
Let p:W — W be the universal covering; it follows easily that the fibration p":X — X
induced by fis the universal covering of X. '
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and commutativity of the diagram

1(X) — 71(Z) —BF 5 (V)
b \\ jp’ p

The details are left to the reader.
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