LIAPUNOV’S FUNCTION AND BOUNDEDNESS OF SOLUTIONS*

By Taro YOSHIZAWA

Liapunov has discussed the stability of solutions of a system of differential
equations by utilizing a scalar function satisfying some conditions [3]. And the
relations between Liapunov functions and various types of stability have been
discussed by many authors. For boundedness as well as stability, Liapunov’s
theory is very useful and the relations between Liapunov functions and various
types of boundedness are very similar to those between Liapunov functions and
various types of stability.

Now we consider a system of differential equations,

(1) L ri0),

where z denotes an n-dimensional vector and F(¢, z) is a given vector field which
is defined and continuous in the domain

A0 £t < =, ||z] < © (the norm is the Euclidean norm).

Let x = z(¢; 20, fo) be a solution of (1) through the initial point (¢ , ;). Unless
otherwise stated, we consider the solution for ¢ = %, .

There are various types of boundedness [6], but now we consider the following
types.

DrrintTioNs. (1) The solutions of (1) are said to be uniformly bounded, if
for any a > 0 there exists a positive number 8 such that if | z | < «,
| z(t; zo,%) || < Bfort = &, where 8 depends only on & and is independent of ¢ .

(ii) The solutions of (1) are said to be equiultimately bounded for the bound
B, if there exist positive numbers B and T such that || z(¢; o, )| < B for
t > to+ T, where if || 2 || < «, T is determined depending only on # and «.
B is independent of the particular solution.

(iii) The solutions of (1) are said to be uniform-ultimately bounded for the
bound B, if T'in (ii) is determined depending only on « and independent of i .

If (1) is a linear homogeneous system, the stability of z(¢) = 0 and
the boundedness are equivalent [2, 6]; in particular, uniform boundedness is
equivalent to uniform stability. And, if F(¢, ) in (1) is periodic in ¢, (ii) and
(iii) are equivalent.

When a function f(¢, z) satisfies locally the Lipschitz condition with respect
to z, we represent this fact by f(¢, ) € Co(x). Moreover, if f(#, z) satisfies locally
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BOUNDEDNESS OF SOLUTIONS 147

the Lipschitz condition with respect to (¢, x), we represent by f(¢, x) € Co
(t, x).

Now we consider the Liapunov function V (¢, z). We assume that V (¢, z)
is continuous and non-negative in its domain of definition and that
V(t, z) € Co(x). Corresponding to V (¢, z) we define the function

VI(t z) = 1}1141-10 % {V(t 4+ b,z + BF(t,2)) — V(t,2)}.

To simplify the statements, we give here some definitions. We will say briefly
V(t, ) has the property A when there exists a positive continuous increasing
function a(r) such that V (¢, z) =< a(]| z ||). We will say V (¢, z) has the property
B when there exists a non-negative continuous increasing function b(r) such
that b(|| z||) £ V (¢, ) and b(r) —  asr — . Moreover we will say V (¢, z)
has the property C' when there exists a positive continuous function ¢(r) such
that V'(t,2) < —c¢(|| z ||). Let A*be a domain defined by 0 < ¢ < «, ||z || = Ro
(R, may be sufficiently large).

TuroreM 1. If there exists a positive Liapunov function V (i, x) which is defined
in A* and has the properties A, B and if we have V'(1, ) = 0 in the interior of
A*) the solutions of (1) are uniformly bounded.

Proor. For any @ > 0 (we may suppose a > Ry), we have V(¢, 2) < a(a)
when || z || = a by the property A. By the property B, we can choose 8 so that
b(B) > a(a). Now we suppose that for some solution z = x(¢; 2o, fp) issuing
from (to,20) (0 =t < o, |20 || £ a), wehave || z(¢; 2, t)|| = B at some¢,
say . Then there exist #; and ¢, such that || z(¢1 ;%0 , b)|| = @, || 2(t2 ; 20, L) || = B
and @ < || z(¢; 20, t)|| < Bforty < t < t,. Considering the function V (¢, z(¢;
To, t)), we have V(t;, x(t1; 20, ) = ala) and V(iz, z(t2; 20, t0)) = b(B).
On the other hand, we have V(t:, ({2 ; 20, t)) < V(ti, (1 ; %o, %)) by the
condition V’(t, ) < 0, whence we have b(8) = a(a) and there arises a con-
tradiction. Therefore if || zo || < o, || z(¢; 0, t)|| < B; that is to say, the solu-
tions are uniformly bounded.

ExampLE: (Antosiewicz [1]). In the equation z” + ¢(z, 2')2’ + h(z) = e(?),
we suppose that ¢(z, ') and h(z) are continuous for all values of their variables
and e(t) is continuous. If ¢(z, 2’) = 0 forall z, 2', H(z) = [s h(u) du > 0 for
allz % 0, H(z) — o with | z |, and [* | e(t)| dt < o, then every solution satis-
fies |z(8) | < e, |2/ (t)| < ccast— .

In this case we consider the system

=y, y = —¢(x,y)y — h(z) + e(?).

V(t,z, y) = Vo2 + 2H(z) — [o]e(?)] dt,

this V (¢, z, y) satisfies the condition in Theorem 1. Therefore the solutions of
this equation are uniformly bounded.
When F(t, z) € Co(x), the converse of Theorem 1 is valid [6].

If we put
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TuaEOREM 2. We assume that F(t, ) € Co(x). If the solutions of (1) are uni-
formly bounded, there exists a positive Liapunov function V (¢, x) defined in A*
such that it has the properties A, B and V' (t, x) < 0 in the interior of A*. In this
case we can obtain V (i, x) such that V (i, ) € Co(t, z).

Proor. If we put
(2) V(t, z) = min [[| z(r; 2, O)[[; = € [0,¢ N D],

where D is the largest interval to the left of ¢ on which z(7; z, ¢) is defined, it is
clear that we can define V (¢, z) for each point (¢, ) in A*. From (2) we can
easily see that V (¢, z) < || z ||, i.e., V (¢, ) has the property A. By the uniform
boundedness of solutions, we have || z(¢; o, t)] < B(a) when || 2o || £ a. We
may assume that 8(a) is a continuous strictly monotone increasing function of
a. Then there exists a function a(]| z ||) such that 0 < «(||2]|) £ V(¢ z),
where «(B) is the inverse function of 8(«) and «(B) is a continuous strictly
monotone increasing function of 8 and a(8) — « as 8 — «. Thus V (¢, z) has
the property B.

Since || z(7; z, t)|| takes its minimum at some 7, we can see that V (¢, z) €
Co(t, z). Moreover we have V' (¢, ) < 0, because for any solution x = x(¢; 2o , to),
V(t, z(t; xo, t)) 18 a non-increasing function of ¢.

Therefore this V (¢, 2) is the desired function.

When F(t, ) € Co(t, ), we can obtain a Liapunov function V{¢, ) € Cu
by Massera’s method in [5](V (¢, ) € Cs means that V (¢, z) has continuous
partial derivatives of all orders).

TrarorEM 3. If there exists a positive Liapunov function V(t, x) defined in A*
and having the properiies A, B and C, the solutions of (1) are uniform-ultimately
bounded. Moreover, in this case, the solutions are uniformly bounded.

Proor. By the property B, choosing R, suitably, we have a positive number ¢
such that ¢ < V (¢, z) for || z || = R, . Since the solutions are uniformly bounded
by Theorem 1, there is a positive number B such that if ||zo| < Ro,
| 2(t; 20, t0) ]| < B. Now we consider x = z(t; zo , o) such that || 2o || £ @, where
« 1s an arbitrary positive number and « > R,. Then there exists a positive
number 8 depending only on « such that | z(¢; xo, t)| < B8 for ¢ = 4. Con-
sidering V (¢, z) in the domain, 0 < ¢ < », Ry < || z || < B, there exists a posi-
tive number A depending on 8 such that V'(¢, ) = —\(B) by the property C.
If we suppose that the solution satisfies always Ro < || z(¢; 2o, )| < B
if Ro < || 20 || £ a, we have

V(t, z(t; 20, t)) — Vo, 20) £ =N — to).
From this, we can see that at some ¢, say ¢/, we have || (¢'; 2o, %) || = Ro, where
th=t' <t+ Tand T = (a(a) — ¢)/\. Hence we have || z(¢; 2o, )| < B
when ¢ > & + T, and this T depends only on «. Therefore the solutions of (1)
are uniform-ultimately bounded.
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When F(t, z) € Co(x), we can obtain the converse of Theorem 3 [6]. Namely,

TraeorEM 4. We assume that F(t, ) € Co(z). In order that the solutions of
(1) are uniformly bounded and uniform-ultimately bounded, it is necessary and
sufficient that there exists a posttive Liapunov function V (i, ) € Co(t, x) defined
in A* which has the properties A, B and C.

If we put

(3) V(t, z) = sup [Hx(t—Fr; z, t) Hi :::‘jf; = 0],

this V (¢, z) is the desired function, where § > 1 and ||z || > 8B.

When we apply the theorems on boundedness to differential equations of the
second order, we can obtain existence theorems for periodic solutions by using
Massera’s theorem [4].

For example, consider the equation

(4) 2" + kf(z)2" + g(z) = kp(t) (k> 0),

where f(z) and g(x) are continuous. We put P(¢) = [¢ p(7) dr and F(z) =
[5 f(¢) d& and we assume that (a) P(t) isbounded, (b) F(z) — 4= asz — +
and (¢) zg(z) > Ofor|z| = 2 > 0and G(z) = [Gg(§) df — was|z|— =».
Then considering the equivalent system

¢ =y + kP(t) — kF(x), y = —g(z)

and choosing p and ¢ > 0 suitably, we define V (¢, z, y) as follows:

2

G@) + & (22 g, ly| < =)
2

¢@+5 ~o+q (z]<qyzp)
2

G(x)+%+2q (2 = —q,y 2 p)

V<E7x7y) =

2
6@ +5+2y  @s-glylsp)

2
G(z) +g——2q - (=2 —qy = —-p)

2
G(x)+g—+x—q (lzl £ ¢,y = —p).

Then this V (¢, z, y) satisfies the condition in Theorem 3, and hence we can see
that the solutions are uniform-ultimately bounded. Therefore if g(z) € Co(x)
and p(?) is periodic, (4) has at least one periodic solution.

For equiultimate boundedness we have the following theorem [6].
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THEOREM 5. We assume that F(i, x) € Co(x). In order that the solutions of
(1) are equiultimately bounded, it is necessary and sufficient that there exist a
positive number B and a non-negative Liapunov function V (¢, x) € Co(t, x) satis-
fying the following conditions in A; namely,

(1) all|z|]) £ V(& ) for |z || = B, where a(r) s a continuous function
which s positive increasing for + > B and a(r) — «© as 7 — o,
(2) V'(t,z) = —cV(t, x), where ¢ is a positive constant.

Proor. We will show that the condition is sufficient. For the sufficient con-

dition, we need not require F (¢, z) € Co(x). Now if we put

W, z) = 'V, z),

W (t, x) satisfies the following conditions:

(a) a(llz )’ = W(t,z) for |z]| =z B,

(b) W(t, =) € Co(t, x),

(e) W'(t,z) = 0.
We suppose that for some solution, say z(f;zo,%)(||zo || = K), we have
| (tm ; 20, t)|| > B(B > B) for some sequence {¢,,} for which ¢, — o with m.
Then we have

W(tm , (tm ; T, t0) = a(B)e™
On the other hand, by the conditions (b) and (c), we have
W (tm, 2(tm ;5 %o, b)) = W(to, 2(to 5 20, to))-

If we put max |,y < zW(t, ) = B(f), we have a(B)e™™ =< B(&). Since
a(B) > 0 and ¢, — « with m, there arises a contradiction. Therefore we can
see that the solutions are equiultimately bounded for the bound B.

Next we will show that the condition is necessary. We suppose that the solu-
tions are equiultimately bounded for the bound B. Now we consider a function as
follows; namely,

_J¢—=B (rzB)

G(f)‘{o (0 < ¢ < B).

And we put

(5) V(Y z) = sup [G(| 2t + 7 2, t))e’; 0= 7l

Then we can see that this V (¢, z) is the desired function.

When the solutions of (1) are uniformly bounded and uniform-ultimately
bounded, we can find 8(]| z ||) and u(]] = ||) such that || z(r; z, t)|| < B(|| = []),
T(t, ) < p(]| z|). Therefore we can see by (5) that we have

V(t, x) < G« |)e 0.

From this we can also obtain Theorem 4.
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By using Theorem 5, we can obtain a necessary and sufficient condition for
equiasymptotic stability in the large [6].
In this case we assume that F({,0) = 0for 0 < ¢ < o,

Drrinrrion. The solution z(¢) = 0 is said to be equiasymptotically stable
in the large, if 2(¢) = 0 is stable and there exists a positive number T (%, a, €),
defined for any ¢ > 0 and any non-negative value of « and & = 0, such that

lzo ] < a,to = 0andt > to+ T(to, @, €) imply || z(¢; 20, b) ]| < e

TuroreM 6. We assume that F(t, ) € Co(z). In order that the solution z(t) = 0
s equiasymptotically stable in the large, it is necessary and sufficient that there
exists a Liapunov function V (¢, x) satisfying the following conditions in A; namely,

(1) V({,0) =0and V(¢,z) > 0,4f ||z || = 0,

2) M|z ]) £ V(t, x), where N(u) is a continuous increasing function
such that N(u) > 0 for u > 0 and N(u) — o with u,

(3) V'(t, ) = —cV (i, x), where ¢ is a positive constant.

In this case, the solutions are equiultimately bounded for any positive number
e. Hence for e = 1/n(n = 1,2, ---), we can define V,(¢, z) in the same way
as in Theorem 5. Choosing suitable constants g, , if we put

-]

1
V(t, 2) = X2 o5 gaVa(t, 2),

n=1
this V' (¢, ) is the desired function.
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