SINGULAR PERTURBATION PROBLEMS

By Wirniam A. HaRrris, JR.

1. Introduction

We are concerned with showing the relationship of the solution of a boundary
problem (1.1), (1.2) as ¢ — 0+ to the solutions of a related degenerate problem
(1.3), (1.4). The problems are

-

d
(jt xl(t; G) = All(t; e)xl + tet + Alp(ty e)xll

d
ehz Et ,’,I:Z(t, e) = Azl(t, G)xl + - + A2P(t; €>x1’

(1.1) (>
¢ g} Tp(t, €) = Ap(t, a1 4 -+ + App(t, €)7p
(1.2) R(e)z(a, €) + S(e)x(b, €) = c(e),
r% = Au(t, O)xl + vt + Alp(t; O)xl’

(1'3) 0 = A2l(t; O)xl + Tt + A2p(t7 O)xp )

6 = Apl(.ty O)xl + ot + App(.t; O)xp
(14) R(0)z(a) + S(0)z(b) = ¢(0),

where the h; are integers, 0 < hy < by < -++ < hp, = h, z; is a vector of dimen-

sionn;, m = D %on;, Ai;(4, €) are matrices of appropriate orders with asymp-
1

totic expansions, z is the vector | ¢ ], R and S are square matrices of order
Lo,

n; + m, and ¢ > 0.

Under three hypotheses, H1, H2, H3, we shall prove Theorem 1 (section 6)
which embodies our results for the problem indicated above. We begin by re-
ducing the problem (1.1), (1.2) to a canonical form (2.12), (6.3). We show that
the solution of the canonical boundary problem has a limit as e — 04 which
satisfies the corresponding degenerate differential system and 7, of the degenerate
boundary conditions.

The results of this paper are most closely related to the work of G. G. Chapin,
Jr., ([2]), W. R. Wasow ([11]), and I. S. Gradstein ([4]), who consider single
Nth order differential equations. Chapin and Wasow consider the case where «
conditions are specified at one point and N — « at another point. Gradstein
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considers an initial value problem which is essentially contained in Theorem 1
of this paper.

2. Preliminary transformations

Let B;;(t) be those matrices which must be non-singular in order to solve the
degenerate differential system (1.3) by first solving the last equation for z, and
substituting this solution into the preceding equations and repeating this process
until we have only a differential system to solve of the form dx;/dt = Bu(t)z:,
Bpp(t) = App(t, 0), Bpapa(t) = Ap1,p1 — Ap—l.pA;;Ap,p—IU; 0), ete.

Under the assumption of the non-singularity of these matrices, Bi;, ¢ = 2,
-+, p, E. R. Rang, ([8]), has shown there exists a non-singular transformation,
0< e< &,a<t<hb of the form

(2.1) 2,9 = (X 10<) o169,

which changes the differential system (1.1) into (2.2) with corresponding de-
generate form (2.3).

,

Tt = Calt, D6, + - + Cuplt, Ity )

(2.2) ehzdglt%(t, e) =Caypr+ - + Culp
n d
€ (ﬁyp(t: ) =Cnuti+ - + Cop¥s
j—t?h = Cll(t, O)yl

(23) 0 = Cn(t,0)y ,

0 = Cm:<ty O)pr

where Cy(t, 0) = Byi(t), Bu(t) non-singular ¢ < ¢ < b, and the elements of
C:;(t, €) are O(e*) for any particular large integer o, 2 # j. We will have occa-
sion to assume that this has been done.

For an Nth order differential system of the form

(24) L (Z @j(t)e’) 2,

dt =0
the most general asymptotic expansions of solutions of this equation have been
given by H. L. Turrittin in [9]. In particular, he has given sufficient conditions
for the existence of a transformation z = H({, ¢)w, where

K

(2.5) H(i, e) = kZO EH(1),
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K a suitable positive integer, which will transform equation (2.4) into

(2.6) ¢~ [ (4,0 + € B, O ult, o),
where the elements of B(, €) are O(1) and the characteristic polynomials \;(%, ¢)
have the form

B—1

(2.7) Nt €) = 2 énn(t), j=1,2 ---,N,

k=0

and \;(t, €) = M(E, €), or N;(4, €) #= M2, €),a <t <D 0<e< ¢. (Actu-
ally fractional powers of ¢ may be introduced; but an introduction of a new
parameter could be made in the beginning, so that without loss of generality we
assume that no fractional powers of e occur.)

Further, if the characteristic polynomials A;(¢, €) are such that

Re{e™\(t, )} < -+ < Refe™\y(t, e)}, fora<t<b 0<e<e,
there exists a fundamental matrix solution of (2.6) of the form

W(t &) = F(, ) E(i ¢),

E, 0 ---0
<F11---F1M> 0 E, ----
F(t,€)= E E ; E(t}€)= : M .. : ;
Fap o« Fuu : : ..
0 --- Eyu

and asymptotically,

F,‘j A €6ij ];) Fﬁk (t)ek; ,35,' > 0 if 7 P j; B“ = 0;

( t
E;, = I;exp {e_ﬂf i (o, €) da},

where I; is an identity matrix, and \.; are the distinct characteristic polynomials.
If Turrittin’s results apply to the individual equations

. d .
(28) €h1 Jt yj(t7 e) = Cﬁ(t; e)yj(t: G), J=2---, b,

and H;(t, €) is the corresponding transformation required for Turrittin’s canon-
ical form, the transformation x = Hz, where

H, 0---0
0 H, -
(2.9) H(te) = T(te) | - I I H, = I, T as in (2.1),

0 .- HPJ
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will change (1.1) into

d
Eztl = Dy2z1 + Diz2e
(2.10) ;
ehjztz = Dnz; + Dzz?«'z,
where L in (2.1) has been chosen so that Diw(t, €) = O(e), Da(t, €) = O(e),
Dy = (8:7;(, €)) + €Da, Du(t, €) = O(1) and N\;(t, €),j = 1, -+, m, are

the non-vanishing characteristic polynomials associated with the differential
systems (2.8).
It is advantageous to make one more transformation on (2.10), namely

(2.11) 2(t, &) = P(ult, ¢),

where P(t) can be determined so that the new differential system is

B (1) = Bult, ot ) + Buh, us(t, o
(2.12) J
& Tutz (¢, €) = Ba(t, e)us(t, €) + Baa(t, e)us(t, e),

with related canonical degenerate differential system

d
(2.13) @t ="

0 = (8:50;(t))ue, where a;(t) # 0, a<t<hb,

such that the fundamental matrix solution W (¢, €¢) for (2.12) when Turrittin’s
results apply, has the form

(2.14) Wt e) = (UDEQG, o*

The effect of the transformations on the boundary form (1.2) will be con-
sidered in section 4.

3. The canonical problem

We make the following hypothesis.
H1: (i) The matrices A;;(t, €) indicated in (1.1) have asymptotic expansions of
appropriate high finite orders.
(ii) The matrices Bii(t) referred to in section 2 are non-singular a < ¢t < b.
(iii) There exists a nmon-singular transformation x(t, €) = H(t, e)u(t, €),
where H(t, €) = D> oo Hij(1)eé, a <t < b,0 < e < e, which will convert (1.1)
wnto the canonical form (2.12).
(iv) The m non-vanishing characteristic polynomials \;(t, €) satisfy

Re{e ™\i(t, €)} < -+ < Rele ™t )}, a <t<bh 0<e<Le.

* [¢(¢)] represents a function ¢(t,e) = ¢(t) + epi(t,e), v > 0, |$1(t,e)] < B.
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If X (¢, €) is any fundamental matrix for a system of differential equations of
the form dx/dt = A(i, €)x, e > 0,a < t < b, then any particular vector solution
I(t, €) must be of the form I = XI(€). Thus if I(¢, €) is to satisfy the boundary
conditions R(e€)l(a, €¢) + S(e)l(b, €) = c(e), we must have

{RX(a, e) + SX(b, €)}l(e) = c(e).
Thus, if A(e) = {R(e)X(a, ) + S(e)X (b, €)}, I(t, ¢) will be unique if A(e)
is non-singular, for then
(3.1) I(t, e) = X(t, ) A7 (e)c(e).
The limit problem is then the computation of the
im0y U(2, €) = lime,or X (8, €) A7 (e)c(e).

To evaluate this limit we need more detailed information about the structure
of A™'(e).

4. A7'(e) for the canonical problem

We assume that we are dealing with the canonical differential system (2.12)
which has been obtained from (1.1) by the transformation

x(t, €) = H(t, e)u(t, €)
of H1-(iii). This transformation will change the boundary conditions from (1.2)
into
(4.1) M(e)u(a, ) + N(e)u(b, €) = c(e),

where M (e) = R(¢)H(a, €), and N(e) = S(e)H(D, ).

We make the following hypothesis.

H2: (i) R(e) = Ro + eRi(e), S(e) = So + eSi(e), where the elements of
Ri(e) and Si(e) are bounded for 0 < € < ¢ and the rank of (R(e): S(e)) =
n1+m,O£€£€0.

(ii) The mon-vanishing characteristic polynomials have non-zero real parts,
Re{e ™(t, e)} < -+ < RefA"\i(¢, )} < 0 < Ref{e "™qa(t, €)}
S e S Re{e—h)\,,,(t, E)},
a<t<b0<eLe.

If we choose for the fundamental matrix the one indicated in (2.14), we have

Ale) = {M(e)([I]) + N(e) (1) (I()” Em((;) e>>}'

If D(e) = det A(e) # 0, A(e) will be non-singular. We have

D(e) 2 a Gal€)e”™,
where
(i) «a covers some finite range,



SINGULAR PERTURBATION PROBLEMS 251

(ii) wa(€) are distinet quantities, each of which is of the form

J
Zpki(b7 5)7
J=I
where I, J =0, 1, -, m; J > I, (ko, k1, ---, kw) is any permutation of

b
<O7 17 ) m)7 Po(b7 e) = O; p]'(b, 5) = e—hf ki(”: e) da’;

(iii) the coefficient functions @.(e) # 0, @.(e) = O(1) as e — 0+.

For a discussion of the zeros of such exponential sums see Turrittin, ([10]).

All terms indicated in (ii) need not be present, however one is of particular
interest, namely the term @(e)e”? where w(e) = X 71 pi(b, €). (We note
that if £ = m, then w(e) = 0.) An explicit expression for the leading term of
the coefficient function G(¢) can be given as follows. Let the columns of RoH (a, €)
and S,H (b, €) be ai, o respectively, and let Q(e) be the n; + mth order
square matrix

Q= (0111 + gt Ony 1 + Ony,2 ¢ Opg41,1 ¢
(4.2)

© L Opgk,d  Ony4k41,2 ¢ 0" an1+m.2)-

The leading term of @(e) is the determinant of Q(e). In general for e suffi-
ciently small it can be shown that if () is non-singular (see Harris [5], page 88)

I, 0 0
Ale) =([eD | 0 I 0 ;
0 0 Enulbe)

where
Em—k(b: é) = (61] exp {Pk-'—j(b, G)}), .7 = 17 21 e, M — k;
and hence
I,, 0 0
(4.3) A ) =10 I 0 (27" (e)D).
0 0 E%Db,e

It will be shown that the computation of the limit (3.1) as e — 0+ is essen-
tially the limit as e — 04 of the first n; rows of @7 (¢). To establish the nature
of the elements in the first n; rows of Q"(¢) a detailed analysis of the trans-
formation H(t, €) can be made (see Harris [7]) where it is shown that in general
the elements in the first n;, rows of Q" (¢) are 0(1).

We make the hypothesis

H3: The matrix Q(e) as given in (4.2) satisfies

(1) Q(e€) s non-singular, 0 < ¢ < €,
(ii) the elements in the first ny rows of @ '(e) are O(1) as e — 0.

Hypothesis H3-(i) assures us that A™"(e) has the form shown in (4.3).
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5. Evaluation of lim X (Z, e)A~1(e)c(e)
>0+
Combining (2.14) and (4.3) we have the following representation of the unique

solution of (2.12) and (4.1).

14, &) = X(t, 9A(e)cle) = (II]) <I(7)” Ek((z, €) 8 ><[ﬂ‘1(e)])c(e).
0 0 E,.ut, 0B, e
We have
Bt e) =0, a <8 <t<bh,
Epi(t, OB k(b €) = Oms a <t < 8 < b,

exponentially fast due to H2-(ii), and uniformly in ¢ for the indicated intervals.
Thus

. —1 . I _ 013(0)¢1(0) + 242(0)¢2(0) _
(5.1) E1_1}101:1L X(t, e)A 7 (e)e(e) = <0> = ( 0 > =,

a <8 <t<d <0l
It is clear that the limiting constant vector [ is defined for the interval

a<t<b

and as a function of ¢ is a solution of the degenerate differential system (2.13).
We shall now show that this limiting solution satisfies n; degenerate boundary
conditions.

6. Boundary conditions satisfied by the limiting solution

Multiplication of the boundary form (4.1) on the left by any non-singular
matrix of constants will give rise to an equivalent boundary form.
We have partitioned Q(e) and Q7"(e) as follows

(O Qo —1 O O
2(e) = (921 sz)’ @7(e) = (5_221 sz>'

We note that My (0) + Nu(0) = ©,(0), Mu(0) + Nxu(0) = Qx(0), and
Qui(e)ie) + o(e)Qu(e) = I, together with the nature of 2::(0), 9 (0)
and H3-(11) lHlply Qu(O)Qn(O) =+ 912(0)921(0) = I»,,,l and the matrix (QH(O)Z

$:12(0)) has rank n; .
Thus, we have

(6.1) 01 (0) (M1(0) + Nu(0)) + £12(0) (M2(0) + Nu(0)) = I,.

Further, there exists constant matrices Fa and Fj such that the matrix

(6.2) P (911141(2?) 91;2)))
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is non-singular. Let us replace (4.1) by the equivalent boundary form
(6.3) M(e)u(a, ) + N(e)u(b, ) = &(e),
where M(e) = FM(e), N(e) = FN(e), and é(e) = Fe(e).
The corresponding degenerate boundary form to (6.3) is
(6.4) M(0)u(a) + N(0)u(db) = &(0).
By direct computation and (6.1) we have
Mu(0) + Nu(0) = I,

and

M (0) (g) + N(0) (8) = (gml(o) J[rlz\'fn(m)ll)'

- & (0) 0:(0)  £12(0) (¢2(0)
20) = <ez<o>) = (F)e(0) = ( Fa  Fa )<c2<o>>’
Se] 0-1(0) = Qu<0>01<0) + Qu(O)Cz(O) =1.

Thus, the limiting solution [ satisfies the first n; degenerate boundary condi-
tions of (6.4) corresponding to the boundary form (6.3).

Without loss of generality we may assume that the boundary form (1.1) has
been replaced by the equivalent one obtained by multiplication on the left by F
as given in (6.2). Further, the solution of the canonical problem will provide
the solution of the original problem thru the transformation of H1-(iii),

(6.5) z(t, ) = H(t, )l(t, €).

The transformation H(t, ¢) was defined for a <t < b, 0 < ¢ < &, and
limg,op H(¢, €) = H(¢, 0) exists, @ < t < b. Thus the limiting solution for the
problem (1.1), (1.2) will be

(6.6) z(t) = H(t, 0)I, a<t<hb.

Also

THEOREM 1: Under hypotheses H1, H2, H3, the two point boundary problem
(1.1), (1.2) has a unique solution x(t, ¢) on a <t <b, 0 < ¢ < e, such that
the lime.os. x(t, €) = x(t) exists on the open interval a < t < b, and uniformly
on any closed sub-interval. The function x(t) satisfies the degenerate differential
system (1.3). The limits z(a + 0) and z(b — 0) exist and satisfy the first my
boundary conditions of the degenerate boundary form (1.4).
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